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Abstract

In this thesis the central charge of the vector-tensor multiplet is gauged, giving rise
to N = 2 supersymmetric models in four dimensions which involve nonpolynomial yet
local couplings of 1-form gauge potentials to an antisymmetric tensor field.

Following an introduction to the N = 2 supersymmetry algebra with a local central
charge and a discussion of the massive Fayet-Sohnius hypermultiplet as a simple re-
alisation, we investigate deformations of the superfield constraints that determine the
vector-tensor multiplet. The supersymmetry and central charge transformations of its
tensor components as well as the Bianchi identities for the field strengths are given
for arbitrary consistent deformations, which facilitates the formulation of a particular
model. To verify the validity of a given constraint, we supply a set of consistency
conditions.

We then focus on the coupling to an abelian vector multiplet that gauges the central
charge. The consistency conditions yield a system of partial differential equations, and
two classes of solutions are presented which provide superfield constraints for both the
linear and the self-interacting vector-tensor multiplet.

With these as the foundation, we first consider the linear case. It is shown how the
particular structure of the Bianchi identities is responsible for the nonpolynomial cen-
tral charge transformations of the vector and antisymmetric tensor. From a general
prescription for the construction of invariant actions by means of a linear superfield we
derive the Lagrangian, whose nonpolynomial vector-tensor interactions turn out to fit
into the framework of new (nonsupersymmetric) gauge field theories found recently by
Henneaux and Knaepen, to which we provide an introduction.

The nonlinear version of the vector-tensor multiplet is investigated in the last chap-
ter. We explain in detail how the superfield constraints give rise to couplings of the
antisymmetric tensor to Chern-Simons forms of both the vector and the central charge
gauge field. We are unable, however, to construct a corresponding Henneaux-Knaepen
model.
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N=2 SUPERSYMMETRISCHE EICHTHEORIEN
MIT NICHTPOLYNOMIALEN WECHSELWIRKUNGEN

Zusammenfassung

In der vorliegenden Arbeit eichen wir die zentrale Ladung des Vektor-Tensor Multi-
pletts, was auf N = 2 supersymmetrische Modelle in vier Dimensionen fiihrt, welche
nichtpolynomiale, jedoch lokale, Wechselwirkungen zwischen FEins-Form Eichfeldern
und einem antisymmetrischen Tensor beinhalten.

Es wird zunéchst die N = 2 Supersymmetrie-Algebra mit zentralen Ladungen vorge-
stellt. Als ein einfaches Beispiel fiir ein Modell mit lokaler zentraler Ladung diskutieren
wir das massive Hypermultiplet nach Fayet und Sohnius. Anschlieend untersuchen
wir Deformationen der dem Vektor-Tensor Multiplett zugrunde liegenden Superfeld-
Constraints. Die Supersymmetrie- und die von der zentralen Ladung erzeugten Trans-
formationen der Tensor-Komponenten sowie die Bianchi-Identitiaten der Feldstarken
werden, soweit als moglich, fiir beliebige konsistente Deformationen bestimmt, was
eine spatere Spezialisierung auf bestimmte Modelle erleichtert. Eine wesentliche Hilfe-
stellung fir das Auffinden moglicher Constraints bieten eine Reihe von Konsistenzbe-
dingungen, welche wir aus der Supersymmetrie-Algebra ableiten.

Danach konzentrieren wir uns auf die Kopplung an ein abelsches Vektor-Multiplett,
welches das Eichfeld fiir die zentrale Ladung bereitstellt. Die Konsistenzbedingungen
lassen sich in ein System partieller Differentialgleichungen iibersetzen, fiir das zwei
Klassen von Losungen gewonnen werden. Die entsprechenden Superfeld-Constraints
beschreiben das lineare sowie das selbstwechselwirkende Vektor-Tensor Multiplett.
Wir betrachten zunichst den linearen Fall. Wir zeigen auf, wie die spezielle Struk-
tur der Bianchi-Identitdten die nichtpolynomialen zentralen Ladungs-Transformationen
des Vektors und des antisymmetrischen Tensors hervorruft. Mittels einer allgemeinen
Vorschrift fiir die Konstruktion invarianter Wirkungen vermoge des sogenannten lin-
earen Superfelds bestimmen wir die Lagrange-Dichte, deren nichtpolynomiale Vektor-
Tensor Wechselwirkungen sich einordnen lassen in eine neue Art von (nicht supersym-
metrischer) Eichtheorie, welche erst kiirzlich von Henneaux und Knaepen gefunden
wurde. Zu dieser geben wir eine kurze Einfiihrung.

Im letzten Kapitel untersuchen wir dann die nichtlineare Version des Vektor-Tensor
Multipletts. Detailliert wird gezeigt, wie die Superfeld-Constraints Kopplungen des
antisymmetrischen Tensors an Chern-Simons Formen sowohl des Vektors wie auch des
Eichfelds der zentralen Ladung hervorrufen. Wir sehen uns allerdings auflerstande,
auch diese auf ein Henneaux-Knaepen Modell zuriickzufiihren.

Schlagworte: Supersymmetrie, Eichtheorien, Zentrale Ladung
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INTRODUCTION

Despite the lack of experimental hints, supersymmetry counts among the most popular
and promising concepts in theoretical high energy physics. It features prominently
both in quantum theories of point particles and of extended objects; in particular it is
a prerequisite to the formulation of realistic string theories, which are assumed to unify
the standard model of strong and electroweak forces with Einstein’s gravity.

Although less attractive from a phenomenological point of view, models with extended,
i.e. more than one, supersymmetry have provided much insight into nonperturbative
phenomena of quantum field theories as well as into various (mostly conjectured) du-
alities between different superstring theories. N =2 supersymmetry in four dimensions
in particular has received great attention lately due to the seminal work of Seiberg and
Witten on N =2 supersymmetric Yang-Mills theories. While these are usually formu-
lated in terms of vector multiplets, there exists another multiplet describing the same
kind of physical states, which trades one scalar for an antisymmetric tensor field. Such
multiplets with 2-form gauge potentials occur universally in string theories, and the
so-called vector-tensor multiplet especially has recently been shown to be part of the
massless spectrum of four-dimensional N = 2 supersymmetric heterotic string vacua.
It was this discovery that has renewed interest in the long known, yet largely ignored,
vector-tensor multiplet and its possible interactions, and in the present thesis we offer
a novel derivation of the most important results obtained on this subject in the last
three years.

An off-shell formulation of the multiplet requires the presence of a central charge in the
supersymmetry algebra, at least when only a finite number of components is desired.
This central charge generates an on-shell nontrivial global symmetry of a rather unusual
kind. It can be promoted to a local symmetry by coupling the vector-tensor multiplet
to an abelian vector multiplet that provides the gauge field for the local central charge
transformations. These and the couplings of the vector-tensor components in the in-
variant action share the peculiar property of being nonpolynomial in the gauge field.
What at first had been considered a completely new type of gauge theory, turned out
to fit into a larger class of models found somewhat earlier by Henneaux and Knaepen
outside the framework of supersymmetry. In four dimensions, these bosonic models de-
scribe consistent interactions of 1-form and 2-form gauge potentials, which in general
are nonpolynomial in both kinds of fields. While recently an N = 1 supersymmetric
formulation of all Henneaux-Knaepen models has been given by Brandt and the author,
so far all attempts to go beyond the vector-tensor multiplet in order to construct more
general HK models with two supersymmetries have been unsuccessful. On the other
hand, we are going to show that the vector-tensor multiplet itself suggests a possible
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generalization, for we find gauge couplings that do not conform to the models originally
formulated by Henneaux and Knaepen.

The thesis is organized as follows: In the first chapter we give an introduction to
rigid N = 2 supersymmetry with central charges. We review how to incorporate
gauge symmetries into the algebra, with special attention paid to local central charge
transformations. A general prescription for invariant actions is then derived from the
so-called linear multiplet, and as a demonstration of the previous results we gauge the
central charge of the massive Fayet-Sohnius hypermultiplet.

In the second chapter the free vector-tensor multiplet is introduced. We then consider
deformations of the corresponding superfield constraints and employ the supersym-
metry algebra to derive consistency conditions that impose severe restrictions on the
possible couplings of the vector-tensor multiplet to itself and to other multiplets. Fo-
cussing on the coupling to an abelian vector multiplet that gauges the central charge,
we make an Ansatz for the constraints and translate a certain subset of the consistency
conditions into a system of differential equations on the coefficient functions. An en-
suing analysis shows that there are essentially two classes of solutions; one of which
generalizes the free vector-tensor multiplet, while the other one will turn out to describe
additional self-interactions.

In chapter 3 the first solution is discussed in detail. We demonstrate how the nonpoly-
nomial central charge transformations of the vector-tensor complex arise as a result of a
coupling between the Bianchi identities the field strengths are required to satisfy. Then,
by means of the prescription derived earlier, the supersymmetric and gauge invariant ac-
tion is constructed, which is also found to be nonpolynomial in the central charge gauge
field. After extending the model by couplings to further nonabelian vector multiplets,
which introduces, among other things, an interaction of the antisymmetric tensor with
Chern-Simons forms of the additional gauge potentials, we discuss four-dimensional
bosonic Henneaux-Knaepen models and their relevance to the vector-tensor multiplet.
The last chapter is devoted to the self-interacting vector-tensor multiplet. We present
the nonlinear superfield constraints that underlie the construction and give a detailed
derivation of the Bianchi identities, their solutions and the invariant action, which again
displays the typical nonpolynomial dependence on the central charge gauge field.
Following the conclusions, we compile some useful formulae and list our conventions in
an appendix.



CHAPTER 1
(FAUGING THE CENTRAL CHARGE

There exist basically two approaches to theories with N = 2 supersymmetry. While
without doubt the more sophisticated harmonic superspace [1] offers some advantages
over ordinary superspace, in this thesis we shall nevertheless employ the latter only,
which makes it easier to switch back and forth between superfields and components.
For a treatment of theories with gauged central charge within the framework of har-
monic superspace we refer to [2], where several results presented here have already been
published.

The reader might want to have a look at the appendix first to become acquainted with
our conventions concerning Lorentz and spinor indices.

1.1 The N=2 Supersymmetry Algebra

Extended supersymmetry algebras in four spacetime dimensions involve in addition
to the Poincaré generators P, and M, two-component Weyl spinor charges @, and
their hermitian conjugates QLZ-, which are Grassmann-odd and generate supersymmetry
transformations. The index ¢ belongs to a representation of an internal symmetry group
and runs from 1 to some number N that counts the supersymmetries. In [3] Haag et al.
have determined the most general supersymmetry algebra compatible with reasonable
requirements on relativistic quantum field theories. It contains an invariant subalgebra
that is spanned by the generators of translations and supersymmetry transformations,
and for N > 1 additional bosonic generators, denoted by Z¥, may also occur. These
must commute with every element of the supersymmetry algebra and for this reason
are called central charges. The odd part of the subalgebra reads

{Qla ) ng} = 5;'0-de# ) {in ]5} = 861,6'Zij ) {QL’L ) Q;J} = 8@52;; ) (1‘1>

while all commutators vanish. It is evident that the central charges Z% must be anti-
symmetric in the pair ¢5. For N = 2 this implies that there are at most two hermitian
central charges,

N=2 = Z29=ei(Z+iZy), 2| =-c;(Z1—i2). (1.2)

When central charges are absent the above algebra is, among others, invariant under
unitary transformations

Q) =U4Q, . QL) =UvQl,, P.=P,, UecUWN). (1.3)
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In the N = 2 case the presence of central charges reduces this symmetry from U(2) to
SU(2), under which €% is an invariant tensor.

The algebra (1.1) with NV = 2 can be represented on a so-called central charge super-
space [4] with coordinates z#,60%, 6% and a further bosonic complex variable z. On

A A

superfields infinitesimal supersymmetry transformations are generated by differential
operators

Qh= 0 — K"l + 3000.  Qui=—

0
0094

+ %(Hiau)oﬁu + %ém»@g (14)

with commutation relations

{Qla 5 de} = 1(5;05@8#

{QL, Q%) =ieape0, {Qai, Qp;} = —icape”0s . (1-5)
The commutator of two rigid supersymmetry transformations
A(§) = QL+ 607, (&) =6, (1.6)
yields global translations in the bosonic directions,
[A©), AQ)] =1(&0"C" = Gio"€")D, +i€'Gi0: +i&iC0: . (1.7)
Supercovariant spinor derivatives
D — aieg 30" 0)aD = 3030 . Dai = =0 = H(0:0") a0 — 0ai0: (L8)

anticommute with Q°, and Q4; and therefore map superfields into superfields. Their
algebra involves a minus sign relative to the algebra of the @’s,

{Dg, de} = —15”‘:0“.8“

77 ad

o y _ 3 (1.9)
{D;,, D/jg} = —ieape” 0, {D,,, D[;}j} = igape"0; .

The coefficient functions in the #-expansion of a superfield constitute a supersymmetry
multiplet. Their supersymmetry transformations are generated by differential operators
D!, and Dy,;, whose action can be read off from the relation

D, (x,6,0,2) = Ql, (x,0,0,7) . (1.10)

where D! acts only on the components and anticommutes with the #-variables. The
algebra of D¢, and Dy; is the same as for the supercovariant derivatives. The components
of a superfield ® may be regarded as the lowest components of superfields obtained
from applying an appropriate polynomial P(D, D) of supercovariant derivatives to ®.
Eq. (1.10) implies that the generators D!, Dg; act on components P(D, D) ® |,_s_,
according to

D!, [P(D,D)®], , = [DLP(D,D)®], ;. (1.11)
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If p(x,z) = ®(z,0,0, z) denotes the lowest component of @, it follows that

[P(D,D)®],_s_, = P(D,D)yp(x,2) . (1.12)
While the f-expansion of a superfield terminates after a finite number of steps, the z-
dependence in general is nonpolynomial, giving rise to an infinite tower of component
fields. The supercovariant derivatives may be employed to impose constraints on su-
perfields that eliminate all but a finite number of components without restricting their
x-dependence. It is convenient, and we shall make use of it from now on throughout this
thesis, to consider superfields living only on the subspace parametrized by z, 6%, % and
to regard central charge transformations not as translations in some additional bosonic
directions, but simply as transformations that map one superfield to a new superfield.
Instead of 0, we denote the generator by ¢§., which then maps from one coefficient
in the z-expansion of a general superfield to the next. Also, we confine ourselves to
only a single real central charge, as the presence of a second one usually inhibits the
formulation of finite multiplets. In symbols, one has the equivalence

O(x,0,0,2) = 0(x,0,0,0) + 20.9(x,0,0,2) |.—0 + . ..

= 8. D(2,0,0) — D (2,60,0)— ...,

and similar for the components. The purpose of superfield constraints then is to express
all but at most a finite number of the images ®*), ®*2)_ etc. in terms of the primary
superfield ® and its spacetime derivatives.

The main reason why we altered our point of view concerning the central charge trans-
formations is the similarity to (abelian) super Yang-Mills theories that arises when
gauging the central charge. Let us briefly review the basics of supersymmetric gauge
theories, mainly to introduce our conventions and notations. We shall denote an in-
finitesimal gauge transformation with spacetime dependent parameters C’(z) by A8(C').
Tensor fields T' are characterized by their homogeneous transformation law

A(O)T = C'6,T (1.13)

whereas the transformation of the gauge fields .Aﬁ involves the derivative of the param-
eters O,

N(C) AL = —0,07 — CTAE fric" (1.14)

Here the generators ¢; form a basis of a Lie algebra G with corresponding structure
constants fr;%,

(67, 6;] = fr."0K , f[IJLfK]LM =0. (1.15)

The transformation of the gauge fields is such that the covariant derivative

D, =0, + Ald; (1.16)
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of a tensor transforms again as a tensor. This implies that the generators d; commute
with the D,,, which in turn requires the gauge fields to transform in the adjoint repre-
sentation of the Lie algebra G under the d;, i.e. 5[Ai = fKI‘]Aff. Note that the 6; do
not generate the full transformations of the gauge fields.

The commutator of two covariant derivatives involves the field strength FI

pv
Dy, D)= F,, 61, (1.17)
which is given by
f;{u = auAII/ - 81/"4;11 - A;{AffJKI ) (118)
and which satisfies the Bianchi identity
e D, Fl =0 . (1.19)

The field strength is a tensor that also transforms in the adjoint representation of the
Lie algebra G,

N(C)FL, =—=C i FR, . (1.20)
Hence, in the abelian case the field strength is gauge invariant.
In [5] Grimm et al. have shown how to embed 1-form gauge fields into N = 2 super-
symmetry multiplets. Let us first discuss the case without an explicit central charge,
5, = 0. In analogy to eq. (1.16) one extends the flat supercovariant derivatives D, to
super- and gaugecovariant derivatives D’ and imposes constraints on the field strengths

such that only a minimal number of components survives. The Bianchi identities then
fix the algebra to read

{Dza, ‘de} == —i(si-O"u-D‘u

77 ad
{927 D]ﬂ} = 5aﬂ5ijq§15] [Dla ) gu] = %(Uu‘bié])a 51 (121)
{ﬁdw (Dﬁ]} = 5aﬂ5ij¢161 [‘Edh (Du] = %(Dzﬂs]o’u)d dr .

The generators 0; act trivially on the supercovariant derivatives, i.e. they commute.
We do not give the explicit realization of the D¢ as in the following we need only
their commutation relations. The calligraphic D, shall always generate supersymmetry
transformations of component fields, and we remark that the relations (1.11) and (1.12)
apply also to the present case when the D! are replaced by D°,.

The so-called vector superfields ¢! transform as tensors in the adjoint representation
under gauge transformations. The Bianchi identities imply that they are subject to
constraints

Dai¢! =0=Di ', DDVl = DEDIG! | (1.22)
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which lead to the field content of a complex scalar, a doublet of Weyl spinors, a real

SU(2) triplet of auxiliary scalars and a real antisymmetric tensor?,

o'l X =D’ DY =3DIDV| (1.23)
Fuw = 1(D'0,,Di¢" — D;i5,, DY) ,
the latter providing the field strength for the gauge potentials Ai. Here and henceforth
we shall employ the convention of labeling a superfield and its lowest component by the
same symbol. As we are going to deal with up to three multiplets simultaneously and
introduce a fair amount of abbreviations, a large number of symbols is needed, which
calls for an economical notation. It should be clear in each equation which is which;
when ambiguities might occur, we explicitly state whether the full superfield or merely
a component field is meant.
From eq. (1.11) and the algebra (1.21) one derives the supersymmetry transformations
of the tensor components of ¢’. The action of D!, is found to be

Do’ =Xy, Dyd' =0
DiXY = £0p DI+ 0 FT oM+ Lensell 9705 frpd | DLXY! = ie D!
D! DI = iU (D ( XF 4 ix 5 f i (1.24)
D.F, = iDp(0)X")a

while the action of D, is readily obtained by complex conjugation. Since the gauge
fields .Aft do not occur linearly and undifferentiated in a f-expansion of the ¢!, their
supersymmetry transformations cannot be derived from eq. (1.11). We define the action
of D}, on Al by

DL A, = 3(0,X")a (1.25)

which is compatible with the transformation of F, lfy. Then the supersymmetry algebra
reads on all component fields

{Dfx ) 75dj} = —i5;- Uga (au + Ag(-Au))
{Dl,, D}} = cape” 2(¢) {Dsi» Dy} = eapeii X8(9) -

On tensors the combination 0, + A#(A,,) is just the covariant derivative. We conclude
that the commutator of two supersymmetry transformations yields a translation and a
field dependent gauge transformation,

(1.26)

[A(6), A(Q)] = "0, + 28(C) (1.27)
with parameters
e =i(GotE = &oM(Y), COT=eAL —&C T +EG o (1.28)

LA bar denotes projection to the lowest component of a superfield by setting # = 6 = 0.
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Now let us compare the anticommutator of two spinor derivatives in egs. (1.9) (substi-
tuting ¢, for 0, = 9;) and (1.21). Evidently, an operator §, generating a rigid central
charge transformation may formally be incorporated into the latter algebra by first ex-
tending the gauge group by an extra U(1) factor, the generator of which one identifies
with ¢, and then replacing the corresponding superfield with the constant background
value i. Accordingly, the central charge is promoted to a local transformation by rein-
troducing the full vector superfield, denoted in the following by Z. This differs from
the other ¢! in that it has a nonvanishing vacuum expectation value (vev),

(Z) =1, (1.29)

It seems the dimensions have gone awry. If the generators d; are taken to be dimen-
sionless, the corresponding vector superfields must have mass dimension unity. As is
clear from its representation as a space derivative, however, 9, has the dimension of an
inverse length, which results in a shift of the dimension of Z. To compensate for this,
the central charge coupling constant g, that will be introduced with the Lagrangian
(see next section) carries mass dimension —1.

To distinguish the components of the central charge vector multiplet from those of
ordinary gauge multiplets, we denote them by

(Za AN? )\fx | Y”) )
and the abelian field strength of A, we write as
F,=0,A,-0,A, . (1.30)

The tensor components are invariant under an infinitesimal central charge transforma-
tion A*(C'), while A, transforms into the gradient of the parameter C(x),
A (C) (Z7 Mo, F

nv

Y7)=0, A(C)A,=-0,C . (1.31)

Note that the above discussion implies that the central charge multiplet is invariant
under gauge transformations A, while the ordinary gauge multiplets are invariant
under central charge transformations A?.
The supersymmetry transformations can be copied from above. They are linear due to
the abelian nature of the central charge,

D' Z=)\,, D'Z=0
Dé)\% =eo3 Y7 +EF, 0“25 , Dé}\i =i 0,07
D! YTk = il g AP (1.32)
Dfou = %(Uuy)a ) DfoMV = ia[u(“ﬂ]j‘i)a .

Note that the nonvanishing vev of Z does not break supersymmetry spontaneously.
Since the vector-tensor multiplet transforms trivially under gauge transformations As
(see next chapter), the algebra we shall be dealing with mostly in this thesis includes
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only the central charge generator ¢, and for reference we list the commutation relations
as they are to hold on tensor components,

{D(i)z ) ﬁdj} = _15;' UgozDu [Du , D] = Fu o,
{D.,, D)} = capc” Z6. (D, Dy] = L0, 0)ab- (1.33)
{Dai, Dy}t = €43€i3402 [Dai» Dul = 5(Xioy)ad:

The commutators involving ¢, vanish.

1.2 The Linear Multiplet

Once we have found a multiplet that realizes the N =2 supersymmetry algebra, be it
with gauged central charge or not, the task is to construct an invariant action. In this
section we discuss a procedure first developed by de Wit et al. [6] to derive possible
Lagrangians from the so-called linear multiplet. By definition a linear superfield is a
real Lorentz-scalar SU(2) triplet »” which satisfies the constraints

P =g, (@) =gy, DEPP =0=Dip" . (1.34)

Let us first neglect a possible central charge and suppose that the linear superfield
transforms in some representation of the Lie group generated by the d;. As seen in the
previous section, a central charge can easily be introduced by assigning to one of the
07 the role of a central charge generator. The constraints then lead to a field content
of two Weyl spinors, a complex scalar and a real vector in addition to the three real
scalars which comprise the lowest components of the superfield,

oI, o, =Dap”|, S= %’Diﬂjgoiﬂ , Kt = %Dia“ﬂ_)jgoiﬂ : (1.35)
Note that if ©” has (mass) dimension one, S and K* have dimension two and so must
assume the role of auxiliary fields or, in the case of K*, field strengths. In the presence
of a central charge the multiplet is larger as the action of J, on the components listed
above remains undetermined and so leads to further fields d,¢%, etc.
We obtain the supersymmetry transformations of the multiplet (1.35) by evaluating
the algebra (1.21) on each component subject to the constraints on . This gives

Dl = 300l
D.oh = 3eap (675 — 3¢"6,07) . Diol, = —3(e¥ Kag + 3Dact”)
D.S = ¢'010, . D,S = —2iDuad™ — 3X},;0107 — ¢'0,0}, (1.36)
D, K" = (20"D,¢" + 30" X607 +i¢' 0#0,0") .
However, these transformations realize the supersymmetry algebra only if the vector
K" satisfies a differential constraint, namely
1

D, K" =~ (¢"01S + ¢"6,S + 2x1 610" — 2X"610; + 3DL6107) (1.37)
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Evidently, this equation can only be solved when the linear multiplet is gauge invariant.
Then the constraint reduces to a Bianchi identity which identifies K* as the dual field
strength of a 2-form gauge field,

Sigt =0 = 0,KF=0 = Kr=1""9,B,, . (1.38)

In this form the multiplet is known as the tensor multiplet, cf. [7].

What happens when we consider local central charge transformations instead of ordi-
nary gauge transformations? We can simply replace the generators ¢; with §, and the
multiplets ¢’ with Z in the above equations. Then the constraint on K* reads

1

Dy K" = =2 0.(28 + Z8 +2Nig" = 2)'3i + 3Y;0) = — 5.L (1.39)

DO | —

for now the gauge multiplet transforms trivially under the generator §,. While it cannot
be solved unless §,¢% = 0, the constraint implies the existence of a gauge invariant
action. Let us consider the expression

L=L+24,K".

Applying a local central charge transformation, we can replace §,L with the covariant
derivative of K* using the constraint and then combine this with the transformed of
the second term into a total derivative,

N(C) L = Cb,L — 20,0 K* +2CA,0, K"
=—-2CD,K" —20,(CK") +2C(0, K" + A0, K")
= —20,(CK") .
Thus upon integration over spacetime [d*z £ is invariant under gauged central charge

transformations. Amazingly it is even supersymmetric, for we find after a little calcu-
lation

DLL = —i0,(2Z0" 0" + 3o 0" \; — 4iA, 0" (") . (1.40)

Altogether we have found a general prescription to construct invariant actions: If the
components of the multiplets under consideration can be combined into a superfield
LY = L7 = (L;;)* such that it satisfies the constraints

DL =0 =DLLM (1.41)
then the Lagrangian
1 S S A : S\ i
L=3 (ZD;D; + ZD;D; + AND; — 4\ D; + 6Yi; + 2iA, D" D;) L7 (1.42)

provides us with a supersymmetric action that is invariant under local central charge
transformations. Note that if the linear superfield £ is also invariant under gauge
transformations A8, this rule extends to ordinary gauge theories as well. When we do
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not consider fields that are subject to local central charge transformations, we replace
the superfield Z by its background value (Z) =i, and the Lagrangian reduces to

L= ﬁ (D/D; — DiD;) LY] . (1.43)
Occasionally we shall call £¥ the “pre-Lagrangian”. There is no guarantee, however,
that one can always find an £¥ which gives rise to a nontrivial Lagrangian, i.e. one
which is not merely a total derivative.
It will not have escaped the reader’s attention that, although we started from a super-
field, we did not write the action formula as a superspace integral. Indeed we cannot
with the formalism introduced so far. Only recently Dragon et al. [2] have found a man-
ifestly supersymmetric version of eq. (1.42) using the harmonic superspace approach.

As a first application we use this recipe to determine the invariant action for N = 2
vector multiplets. The most general linear superfield one can construct from superfields
¢! is given by

L = —iD'DIF(¢) +1D'DIF (), 6:F(¢) =0, (1.44)

where J is a holomorphic function of the ¢’ and F its complex conjugate. That £
is symmetric in its SU(2) indices follows from the gauge invariance of JF, and the
constraints (1.41) are satisfied by virtue of the chirality of the ¢/,

DULM) | = i DIDIDIF(¢) + i DIDIDHF(¢) = i DIDIDVF () =0 .

Using the algebra and the properties of F, it is easy to show that the mixed generators
D,;D,;D'D’ in eq. (1.43) give rise only to a total derivative,

Loyrt = 11_2 D;D; D'DIF($) + 00, F(¢) + c.c. . (1.45)
To obtain the usual super Yang-Mills Lagrangian, we choose

F(¢) = 5 511867 (1.46)

where d;7; is an invariant tensor in the case of a compact gauge group and g a dimen-
sionless coupling constant (see also section 3.4). Dropping all surface terms, we arrive
after some algebra at

¢ Lo = =3 FIFh, + 3 DG Dy’ — S X" DX] + 4 DD
(1.47)
1 ity d 3K gl 1
Ty (XX % = XXV M) fri" + 3 (070" fr")? .

For the central charge multiplet, which is abelian, interaction terms do not occur, and
the Lagrangian is given simply by the sum of kinetic energies and the square of the
auxiliary scalars,

2 Log = —i PR, + % P77 — L N O\ + i YUy, . (1.48)
Here the coupling constant g, carries mass dimension —1 in order to render the action

dimensionless.
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1.3 The Hypermultiplet

A simple yet instructive example for a multiplet with a nontrivial central charge is the
massive Fayet-Sohnius hypermultiplet [8, 4]. Although it contains no gauge fields by
itself, we shall nevertheless demonstrate, as a warm-up for more complicated things to
come, the gauging of the rigid transformation associated with the central charge. The
hypermultiplet is described by two complex scalar superfields ¢, @; = (©")* that form
a doublet of the automorphism group SU(2) and, for rigid central charge, satisfy the
constraints (for simplicity we take ¢’ to be gauge invariant, d;¢° = 0)

Dl =0 =Dl . (1.49)

These imply that only ' itself contains independent components, while those of the
central charge images ¢*(), etc. can be expressed in terms of the ones of ¢ and deriva-
tives thereof. It is now a fundamental question whether, upon gauging the central
charge, it suffices to simply replace the flat spinor derivatives with gaugecovariant ones
in the constraints on a superfield, or whether there are obstructions that require mod-
ifications of the constraints. As we shall see in the next chapter, in general a naive
“covariantization” leads to inconsistencies, and finding the proper constraints for the
vector-tensor multiplet is quite an effort. However, in the case of the hypermultiplet
it turns out that the first attempt is successful, i.e. the hypermultiplet with gauged
central charge is described by

Pl = = Dl . (1.50)
Let us define the component fields as
‘Pl| ) Xo = %@az90z| ) 'J)d = %®QZ¢Z| ) FZ = 6ZSOZ| ) (151)

where the auxiliary scalars F' do occur also in a #-expansion of . One may easily
verify that the supersymmetry transformations

Do’ =X, Do’ = —a
DiXg = —cupZF", D'Xgy=—iDuad’ (1.52)
Ditby = —iDasp’ , Ditbs = eapZ F"
DFI =£§,X, , DLF/ = -5,

represent the algebra (1.33) when ¢, acts as follows,

5 Xa = —L (i0"Dyip + NFY) | 6.bs = —% (iDXo" + N FY).
Z . 1 0‘ . _ Z_ g : (1.53)
O F" = Vi (D'Dug’ + N6 X+ XNo.0 — YY) .

These equations have a peculiar structure. The covariant derivative acting on v in the
expression for §,X contains the central charge generator ¢, whose action is given by the
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second equation, which in turn involves a covariant derivative of X. Hence, the central
charge transformation of X is given only implicitly as the equations are coupled. Let
us insert the second one into the first,

1Z)26. X0 = —1A0a 200" — Z(100ath® + Aai F")
= —iAaa(iD¥X5 — NSFY) — Z(i0060% + Mai FY)
= Aaa A5, X5 + Aaa(0%°X5 + N FY) — Z(i1006b™ + Aai F)

According to eq. (A.23) A,a A% = ArA,L6P, so we have isolated 0,X,. Doing a similar
calculation for v, we conclude that

5. X = —% [1Z(00s 0 — iAaiF') — Aaa (09X 5 + NS FY)] s
5. = —é [12(Bas X — iAaiF7) — Aaa (0705 +1IACFY)] | '
where the abbreviation
E=|Z]? - AMA, (1.55)

has been introduced. Since Z has a nonvanishing vev, €& may be inverted at least
formally. We can restructure the central charge transformation of F* in like manner,
for the covariant d’Alembertian acting on ¢* may be expanded as

D'D,¢" = O + F'0, A" + 2A10,F' + A*A,0.F" .

Thus one finds
0. = % (O¢' + F'9,A" + 2449, F" + N'.X + N0 — YVE;) . (1.56)

Note that in the limit Z = i, which corresponds to a rigid central charge, the transfor-
mations reduce to

5zX = —U“a;ﬂ; ; 5,2& = _5uaux ) 6ZF1 = Dgpz ’ (157>

hence in the massless case they are trivial on-shell (cf. the Lagrangian given below).
In order to determine an invariant action, we apply the prescription (1.42) derived in
the previous section. The constraints (1.50) imply that the combinations

L) =—¢Uop?, L =-2img"”, meR (1.58)

are both linear superfields, thus giving rise to two independent invariants. Let us
consider the first; a straightforward computation leads to

Lo— —% 5 D"D,pt — % P DDy — 5 (X" DX + Yo" D) + |Z]PF'F,

+ % A (GD"F; + @D'F' + iXo"S.X + ipo6.9)) .
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We observe that the terms in the second line exactly cancel those in the first which
involve a gauge potential, thereby reducing the covariant derivatives to partial ones.
All that remains is a Lagrangian of (at least classically) free fields,

Lo=0"3; 0" — % (Xa“@if( + @/10”0:15) +EF'F; (1.60)

where a total derivative has been dropped. Now consider the second linear superfield
L. Tt yields the Lagrangian

1 . _ 5 3 Y. n . i — I n : =% ]
L = 1A"(2:0,¢") + A (Xo"'X — o) —1E(F'g; — ©'F) — 1Yi;¢'¢
—1(ZXY = ZXp) =1 (NX — Nith) + 1@ (XN + N'9)

(1.61)

This one involves couplings of the gauge potential to combinations of the scalars and
spinors which are reminiscent of U(1) currents, and indeed we find that the complete
Lagrangian, i.e. the sum Lo + L, + Le,
L=V'g Vo' — % (Xo"V, X + "V, 1) + E |F' + img'[?
—m?|Z*@ip" — im(ZXeh — ZXp) —im V4"’ (1.62)
= im ' (AX = M) +im @i (XX + N') + Lee ,

describes nothing but (a special kind of) N = 2 supersymmetric electrodynamics. Here
the operator V, is defined by

@’ @’
Vo | X | =@, —ima,) | x (1.63)
(0 (0

Hence, on-shell the gauged central charge generates just local U(1) transformations
with an electric charge that is given by m (or rather mg, after a rescaling A, — g.A,).
This may also be seen from the equation of motion for the auxiliary scalars F; (the
relation ~ denotes on-shell equality),

oL T,
= = C(F" ) =0 . 1.64
5T E(F'+imy') = 0 (1.64)

Since two superfields are equal if the lowest components coincide, we thus have
5,0" ~ —imy" (1.65)

for the full superfield. One may verify that this is in agreement with the eqs. (1.53).
Note that since (Z) = i, the masses of the “electron” (X,) and its superpartners ¢*
are given by the parameter m (where we assume m > 0),

M(Xﬂ/_’) = MQO =m, (166)
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so in the massless case the central charge is trivial on-shell as observed above. In
this regard the model is different from conventional supersymmetric electrodynamics,
where charge and mass are not related. What is more, whereas usually interactions
of the matter fields with the gauge potential are tied to the kinetic terms through
the covariant derivatives (the so-called minimal coupling), here these two derive from
actions that are (off-shell) gauge invariant separately.

At last we remark that the prefactor 1/€, which accompanies the local central charge
transformations, will prove to be a universal feature that we shall encounter again
in the discussion of the vector-tensor multiplet. Note however, that here only the
transformations are nonpolynomial, while the action is perfectly regular even off-shell.






CHAPTER 2
THE VECTOR-TENSOR MULTIPLET

The discovery of the vector-tensor multiplet by Sohnius, Stelle and West [9] dates back
to the year 1980, yet our current knowledge about its various incarnations and possible
interactions has been gathered only in the last three years. Its renaissance was triggered
by the work of de Wit et al. [10] on N =2 supersymmetric vacua of heterotic string
theory compactified on K3 x T?. The massless states in this theory comprise a vector
and an antisymmetric tensor along with the dilaton, which organizes the perturbative
expansion of a string theory. These three fields could be shown to fit into a vector-
tensor multiplet. In string theory, an antisymmetric tensor is usually dualized into a
pseudo-scalar, the axion, which in the case at hand results in an abelian N =2 vector
multiplet, whose couplings have been studied extensively. However, not every vector
multiplet can be converted into a vector-tensor multiplet (see [11] for details), which
experiences much more stringent restrictions on its couplings. In any case, the duality
transformation can be performed only on-shell, for the off-shell structure of the two
multiplets is considerably different: the supersymmetry algebra of the vector-tensor
multiplet contains a central charge in addition to the gauge transformations that are
always present when gauge fields are involved.

The rediscovery of the vector-tensor multiplet spawned a lot of activity in this field.
In [12] the superfield for the free multiplet was constructed for the first time, which
subsequently could be generalized to include Chern-Simons couplings to nonabelian
vector multiplets [13, 14]. In [15] an alternative formulation utilizing the harmonic
superspace approach was presented. Already somewhat earlier, the central charge of the
multiplet was gauged in [16, 17] as a preparatory step towards a coupling to supergravity
(later achieved in [18], see also [19]), where the corresponding transformations would
necessarily have to be realized locally. In the course of this, a second variant of the
multiplet was discovered with nonlinear transformation laws, which give rise to self-
interactions. These results were obtained by means of the so-called superconformal
multiplet calculus, yet their complexity called for a formulation in terms of superfields.
While in [20, 21] the nonlinear vector-tensor multiplet with rigid central charge could
be derived from a set of superfield constraints in harmonic superspace, the problem
of finding appropriate constraints describing the linear vector-tensor multiplet with
gauged central charge was first tackled by Dragon and the author in conventional
superspace [22, 23]. Finally, a general formalism for theories with gauged central charge
was developed in [2], again employing the virtues of harmonic superspace, and a natural
interpretation of the central charge of the linear vector-tensor multiplet as a remnant

17
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of translations in six-dimensional spacetime was presented.

In the following chapters we give a derivation of the superfield constraints that underlie
both the linear and nonlinear versions of the vector-tensor multiplet with gauged central
charge. Furthermore, the origin of the nonpolynomial transformations and couplings is
discussed in detail. Since we aim for an off-shell formulation, we shall not pass to the
dual picture, however, but keep the antisymmetric tensor instead of replacing it with
a scalar field.

2.1 Introducing the Multiplet

The multiplet consists of a real scalar, a vector and an antisymmetric tensor gauge field
and a doublet of Weyl spinors, which accounts for 4 + 4 (on-shell) degrees of freedom.
An off-shell formulation requires in addition a real auxiliary scalar field, and we shall
use the following notation for the components

(L, V., Bu, ¥, |U) .

The field strength of V), and the dual field strength of B, we will denote by V,,, and
H* respectively,

Vi =0,V, —9,V,, H"=L1""9,B,, . (2.1)
These are invariant under abelian gauge transformations
A(O)V,=-0,0(z), AP(Q)B,, =-20,%(), (2.2)

the latter being reducible, i.e. they are inert to a change of the parameter €2, by the
gradient of some scalar. From our experience with super Yang-Mills theories we should
expect that the supersymmetry algebra can be realized on the vector-tensor multiplet
only modulo such gauge transformations, with field dependent parameters © and €2,,.
The multiplet, the supersymmetry transformations of its components and an invariant
action can be derived from a real scalar superfield, which we shall again label by its
lowest component, subject to the constraints

DDIL =0, DID)L=0. (2.3)

«

These give rise to the independent components
L, o, =iD.L|, U=4.,L|

_ 1 ) o 1 i — (24)
Gaﬁ_i[DomDﬁi]L|7 Waéc__i[DO”Ddi]L|-

The bispinor G,3 = G, and its complex conjugate can be combined into a real anti-
symmetric tensor G, according to eq. (A.21), while W, is equivalent to a real vector
field WH.

Similarly to the case of the linear multiplet, the algebra (1.9) is realized provided that
G, and W* satisfy Bianchi identities,

WP =0, e™9,G,y=0. (2.5)
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This allows to identify these components with the field strengths® (2.1) of the gauge
potentials V,, and B,,. The reason for using different labels in the definition of the
component fields will become clear when we investigate deformations of the superfield
constraints (2.3) in the next chapters. There the relation between G, and W* and
the field strengths V), and H* will be more complicated as the differential constraints
(2.5) on the former also get modified. As we shall see, the transformations and actions
can be formulated most easily in terms of components defined as in eq. (2.4) when
interactions are introduced. In this section, however, in which only the free case is

presented, there is no distinction between G, W# and V,,,, H".

The supersymmetry transformations of the components (2.4) read

D.L= -y, , DU = —i(c"0,0")a
Vi = =20 (00" )a , DLH" =2(c"0,0")4 (2.6)
Dbl = 169 (capU + 1V 0tp) . Ditl = 370, (0,L —iH,)

D,
while those of the potentials are given by
IDZVM = _(Uui}i% ) DQBW =—21 (Uuﬂ/’i)a : (2.7)

The commutation relations of these involve a global central charge. The action of the
generator ¢, reads

S.L=U, 6U=0L, & =9,

(2.8)
0.V =—-20,H,, 4H" =0,V
on the tensors, and on the gauge fields one has
0.Vy=-H,, 0.B, = —%ew,pan" . (2.9)

We refrain from giving a detailed derivation of these results, as this will be done later
on in the more general case of an algebra with a gauged central charge.

On the potentials V,, and B, the algebra (1.9) holds modulo gauge transformations
(2.2). The commutator of two rigid supersymmetry transformations is given on all the
fields? by

[A), A(Q)] = 0, + &(C) + A"(0) + A%(Q) | (2.10)
with € as in eq. (1.28), C = i(&¢° + £°¢;), and field dependent parameters
0 ="V, — L& - £G)
Q,u = EuL - Buueu - V/L(SZCZ - gzé)

'Occasionally we call H* the field strength of By, for short, hoping not to confuse the reader by
this abuse of denotation.
2Tt is understood that AV and AP act nontrivially only on V., and B,,,, respectively.

(2.11)
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in the gauge transformations of V,, and B,,. Furthermore, A* commutes with a super-
symmetry transformation only modulo gauge transformations,

[AX°(C), A()] = A"(8) + A%(Q) (2.12)
where the parameters now read

To construct an invariant action for the vector-tensor multiplet it suffices to combine
its components into a linear superfield, as shown in the previous chapter. From the
constraints (2.3) on L it follows that the field

L9 =kD'LD'L+kD'LDL (2.14)

with k € C constant has the desired properties, i.e. it is real, symmetric and satisfies
DY® = 0. When calculating the Lagrangian using eq. (1.43) we find that the real
part of k gives rise to a total derivative, while the imaginary part provides the kinetic
terms for the multiplet components. For x = i one obtains

Lot = %8’% 0,L — % H'H, — i VIV, — ot + % U2 (2.15)

We observe that the central charge transformations (2.8) of the tensor fields vanish by
virtue of the equations of motion. The gauge fields, however, transform nontrivially
even on-shell. The conserved current that corresponds to this global symmetry of the
action is given by

J=V"H,. (2.16)
Upon gauging the central charge transformations we therefore anticipate a coupling of

this current to the gauge field A, to first order in the deformation of the free theory.

At last we would like to clarify the above statement about the conversion of the vector-
tensor multiplet into an abelian vector multiplet. The equation of motion for B, may
be solved in terms of a real scalar field a(x), which is then constrained by virtue of the
Bianchi identity of the dual field strength H*,

a[MHV} ~0 = H,=O0ua

2.17
0,H"=0 = Ua=0. ( )

Hence, the antisymmetric tensor B, describes one spin- and massless degree of free-
dom. Alternatively, one may consider H* to be a fundamental field and incorporate
the Bianchi identity by means of a Lagrange multiplier,

—1H"H, — a0, H" = 10"a8,a — (H, — 9,a)* — 0, (aH") .
The supersymmetry transformation of H*,

'DZCHM = Q(O'lwaz/wi)a = (Uua'yauwi - 8Hwi>a ~ _aﬂwé )
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implies

Dia = —! (2.18)

o )

which suggests to combine a and L into a complex scalar field that is then chiral,
p=1i(iL—-a) = Dio=4v,, Dud=0. (2.19)
Using U ~ 0, the Lagrangian (2.15) turns into
Lawa =20°6 0,0 = 1 V"V = 000,01 (2.20)
while the transformations of " and 1; read
Doy = 567 Viwoas . Doyl % 16 0o (2.21)

Thus an on-shell equivalence has been established between the vector-tensor multiplet
and an abelian vector multiplet.

2.2 Consistent Deformations

To couple the vector-tensor multiplet to an abelian vector multiplet such that the
central charge transformations are realized locally, it will be necessary to modify the
superfield constraints (2.3) which determine the multiplet. This is different from the
hypermultiplet where the constraints could be retained when gauging the central charge.
But also self-interactions and couplings to nonabelian vector multiplets are obtained
from suitable deformations of the constraints. Instead of starting from a distinct Ansatz
for each single case and then working out anew all the transformations and Bianchi
identities, we treat all models simultaneously as far as possible by considering the
most general deformation that does not alter the field content of the vector-tensor
multiplet. The supersymmetry algebra imposes conditions on the constraints that
restrict the possible deformations. These consistency conditions come in two kinds:
First there are conditions that involve spacetime derivatives like the Bianchi identities
(we shall call the differential constraints on W# and G, so generically even if they
cannot be solved, in which case the constraints are inconsistent), and second there are
algebraic conditions without derivatives. We shall use the latter to single out possible
constraints before trying to solve the conditions of the first kind. In the course of this
we will encounter constraints that pass all hurdles save said Bianchi identities, so the
consistency conditions of the second kind are necessary but not sufficient. Furthermore,
seemingly different superfield constraints may be connected by a field redefinition. We
do not distinguish such constraints as they do not lead to different theories. This will
be of great help, for it allows to simplify the calculations by choosing certain “gauges”.
Let us consider the constraints

N

DD = MY | DUDIL = 1IN, (2.22)
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M and NZ. i », being arbitrary superfields with appropriate Lorentz and SU(2) transfor-
mation propertles. The M% are (possibly complex) Lorentz scalars while the N, may
be converted into real Lorentz vectors NNV, /ij by means of the o-matrices,

M9 = M = (Mz])* : N;ij = %6301]\/1] sz (ij)* ) (2.23)
Although at this stage there is no apparent reason for taking L to be gauge invariant,
we shall nevertheless require

6;L=0, 6;M7=0, 6N =0 (2.24)

from the outset. We will justify this restriction in due course. Note, however, that M¥
and N Zja may well depend also on superfields ¢’, etc. as long as these combine in a
gauge invariant way. Moreover, d;L = 0 does not exclude the possibility of B, or V,
transforming nontrivially under A%, cf. section 3.4.

The independent tensor components of the multiplet can be defined similarly to the
free case in the previous section,

L, ¢, =iDL|, U=246.L|

) o 2.25
D%, Dy L], Was = (DL Do L] . (2:25)

Gop = 3
We will now evaluate the supersymmetry algebra (1.33) on each component, starting
with the component of lowest dimension and using the results in the evalutation on
the next component and so on, until the commutation relations have been verified on
the whole multiplet. Note that, although we are going to work at the component level,
every equation which involves only tensor fields may equally well be read as a relation
for full-blown superfields.

From evalutating the anticommutators of D, and Ds; on L we obtain the supersym-
metry transformations of ¢ and 1;,

Diwh = 367 (capZU — Gag) + teap MY (2.26)
DL, = 167 (Dos L — iWas) + AN, (2.27)

Whereas in the free case the parts symmetric in the SU(2) indices vanished, these are
given in general by the deformations M% and N, ] . The requirement that §, commutes
with the supersymmetry generators relates the transformation of U to the yet unknown
central charge transform of °,

DU = —id.)" . (2.28)

This already completes the evaluation on L. Next we consider the spinors with di-
mension 3/2. Here we must go into greater detail, for the equations contain many
irreducible components and actually provide all the missing transformations as well as
all the consistency conditions! Let us start with

{D.,, DL}y = cape’ Z5.0%
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Using eqs. (2.26) and (2.28), this gives
0 =ie" (i3, Z 6,07, + D Gpy) +iegy DEMI* — e05e" Z 5,405 + (1, = %) .

Symmetrizing in ijk, we obtain our first consistency condition (the second equation
being the complex conjugate of the first),

DipR =0, DinH =0 . (C.1)

Only such deformations M%¥ that obey this condition can be taken into account. In
the following we will assume M" to satisfy eq. (C.1).

If we symmetrize in the spinor indices a3y, we find that the spin-3/2 part of D! Gp,
vanishes. This must be so as the maximum helicity in nongravitational theories is +1.
The remaining components all involve D*G,3. Thus we can express the action of D!,
on the self-dual part of G, through d,¢" and M*. We find

D, Gpy = —2¢ea(s (1Z 0.0 = §D;MY) ) . (2.29)
Now we consider
(DL, DL}k = i Doatfls .

With the supersymmetry transformations of Y as above and using [D, Dy )L =
—ieap ALU, this can be written as

0 = ie" (Dpatl, + eaprolU — DiWsy) — i D%, Gop — 16 Dot}
+igap ™ (NU +1Z 6.40L) + DLNYS + ey DL M™

We decompose the equation into parts which are symmetric and antisymmetric in the
indices a3, respectively. Let us consider the former: symmetrized in ijk it provides us
with a second consistency condition,

DUNY =0, DN

N ~0. (C.2)

(87 @)a

The remaining components determine the action of D on G4, of which we give the
complex conjugate expression,

N i 2:/ AT
D, Gyp = 2D, %’) —31D;5Ns,

(2.30)

and supply the relation Déan 6 = %@QGQB. From the part antisymmetric in o3 follows

first of all a relation between M%¥ and N“

ad?

which is a third consistency condition,

UM — il gh)
DYMY = i DU N

ao )

S Y
Moreover, we obtain the central charge transformation of 1; and thus of 1,

Z8:4b;, = 1 Dagh™ — MU + %’DajMij _ %@JaN(i]a
(2.31)

ad

26,40l = Dagt® +iIN,U — § Day MY + L DIN
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and finally the part D*W,4, which together with eq. (2.30) gives the complete super-
symmetry transformation of W*,
T — Ty coe T Vi i Y ij
DeWss = —Dgsthe, — €ap (212 0,0 + A U>B + 5605 D] Nwﬁ' Dj(aNm (2.32)
Before going any further, let us examine egs. (2.31). We observe a structure similar
to that of the central charge transformations of the spinors in the hypermultiplet, egs.

(1.53), namely the equations for §,7 and 4,1’ are coupled by virtue of the covariant
derivative. Let us try to solve for d,1*. For convenience we introduce the abbreviation

i i 1 rij i e AT
na = >\04U_ EDQJMJ — ngNajd
and calculate

|Z 6.4, = 1400 2040 +1Z(Daath™ — n;,)
= Aaa(DYPP, — 1) +1Z(Daath™ — 111
- AaozAaﬁé wﬁ + Aaa(aaﬂwl - Oﬂ) + IZ( OlO'élEdi - 77;) .

Again the prefactor €, defined in eq. (1.55), emerges. We have now eliminated §,9°,
provided that 7’ or its complex conjugate does not contain such a term. We assume
this to be the case®. Then the action of the central charge generator on 1 reads

0.5 = é [1Z(00at0™ — L) + Aaa (070 — 71°)] . (2.33)

This expression does not appear to be covariant with respect to local central charge
transformations, as the gauge potential occurs explicitly. However, from eq. (2.31) it
should be clear that §,7" is indeed a tensor, and one may verify that all the differentiated
gauge parameters cancel when calculating the central charge transformation of 6,
proceeding from eq. (2.33). In what follows it is advantageous to use the manifestly
covariant expression (2.31) rather than the complicated equation (2.33).

We resume the evaluation of the supersymmetry algebra with the anticommutator

(DL, D4k L e 28,05

From eq. (2.27) we see that this involves DéWad, which is given in eq. (2.32). We find
that the equation is fulfilled identically provided the consistency condition (C.2) holds,
so we obtain no new information.

Next we investigate the consequences of the requirement that the central charge gen-
erator J, commute with the supersymmetry generator D!,

(6., DL]wh =0.

In this equation we encounter two generators D! D acting on the deformations M*
and N J . From now on we assume the supersymmetry transformations of these fields

3All consistent constraints that we present in the following chapters have this property.
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to satisfy the commutation relations (1.33). This we can take for granted if M% and
N Zfa are composed only of the covariant components of the vector multiplets to which
we wish to couple the vector-tensor multiplet. Of all the components of the latter only
L and the spinors 9° can also enter the deformations, as we have already verified (by
construction) the algebra to hold on those.

Let us first symmetrize in ij. The result can be rendered antisymmetric in o3 using
eq. (C.3), and we obtain

5, (yijL _ iA(i¢j) + i;\(’ﬂj) + %ZM” + %ZM”) _

— DN 4 % DyDU I ¢ %ﬁkﬁ(iMﬂ“) .

(C.4)
This consistency condition differs from the ones found so far in that it is inhomogeneous.
Whereas egs. (C.1-3) admit vanishing M% and N we infer from eq. (C.4) that it
is actually necessary to modify the constraints on L when gauging the central charge!
According to eq. (C.3) we can express the term D DUMI* and its complex conjugate
through N“. | so in the special case N j = 0 condition (C.4) may be solved for the real

ad?

part of ZM",
HZMY + ZM7) = i\t —id0gd) — YL+ M9 5. M7 =0 . (2.34)

This fact we shall exploit extensively in the next two chapters.

From (C.4) also follows why the vector-tensor superfield cannot transform nontrivially
under gauge transformations A%, i.e. 6;L = 0. If we relax this condition, then eq. (C.4)
would read for Z =i

DijI(SIL 1X1Z5]1/JJ —|—1X 1/}1)__ (Mij_Mij)_%qsl(s[Mij_%qgf(hMij
+DFNY + g DDA + % DD M)

and it is easily verified that no choice of M¥ and N Zfa can yield the expression on the
left-hand side of the equation. Thus, there is no minimal coupling of the vector-tensor
multiplet to a Yang-Mills potential.

Now we contract the commutator with ;;. The result can be further reduced to parts
symmetric and antisymmetric in a3, respectively. Taking the imaginary part of the
latter we derive the first Bianchi identity,

DWH = = 5, (Nah; — Aap') — — D D; MY + E DD, M . (BL1)

[\3|P—‘

Note that the covariant derivative contains the central charge transformation of W*
which we have not yet determined. The real part gives rise to

5.[1ZIPU = L\’ + Nig) | = DPD, L + %Dm“ﬁj]\fﬁj
1 1

D,D;M" + — D;D;M" .
+12 +12

(2.35)
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Here we discover again the factor € accompanying the central charge generator, for the
covariant d’Alembertian acting on L may be written as

DD, L = OL + UdA, + 2A¢0,U + A*A,8.U .

The last term then combines with |Z|?5,U on the left-hand side of eq. (2.35) into £4,U.
It remains to consider the part symmetric in a3. Using eq. (A.21) we readily obtain

0.(IG,w — RG,y — 8,) = =2 DLW, + teupe D'o?DINY, (2.36)

ij

with the abbreviations

I=ImZ, R=ReZ (2.37)
Y = LE,, +iNou ' — i, A" (2.38)
At last we require
(6., DL = 0.

We again decompose the commutator into SU(2) irreducible parts. Symmetrized in ij
the equation is fulfilled identically when the conditions (C.1-3) hold. Antisymmetrized
the real part provides the second Bianchi identity,

ID,G" + RD,GM — —% U Z|? — %5Z(ZW0”5\¢ + ZNo%p)
i _ .. 1 _ _ — ..
— L Dot D, MY — L 7 D,ohD, Y .
122517 5 127717 5 (BL2)
1

T (ZD;D; + ZD;D;) N

while the imaginary part gives rise to the central charge transformation of W#,

S| ZPWH + SL(Z0"Z — ZO"Z) + S(Z' ot N, — ZN'o™yy) | =
— ID,G" — RD,G™ + 11—2 Z Dyo"D; MY — % Z Dio"D; MY (2.39)

- é (ZDiD; — ZDiD;) N

With this the evaluation of the supersymmetry algebra on ¢ is completed. We could
already determine all the supersymmetry and central charge transformations of the
covariant components of the vector-tensor multiplet. Evidently we cannot obtain any
information on the gauge fields V,, and B,, as long as the deformations M% and N7,
have not been specified and the Bianchi identities solved. It is now a tedious exercise
to check that the algebra holds also on W#, G, and U and that we obtain no further
consistency conditions.



2.3. The Ansatz 27

2.3 The Ansatz

In this section we confine our investigation to couplings of the vector-tensor multiplet
to just one abelian vector multiplet that gauges the central charge, which is our main
objective. To this end we make an Ansatz for the constraints on L and apply the
consistency conditions (C.1-3), i.e. those that do not contain spacetime derivatives.

Since the only fields in the multiplets under consideration that transform nontrivially
under the automorphism group SU(2) are given by D¢ L, D! Z, D'DIZ and their com-
plex conjugates, the most general Ansatz compatible with the properties (2.23) reads

DUDIL = aDZ D)L —aDVZDIL+bDZD)Z + cDILDIL (2.40)

DDA, = ADUZ DI + BDUZDIL + CDDIZ+ DD ZDZ (2.41)

Here the coefficients are arbitrary local functions of the superfields L, Z and Z. a is
the complex conjugate of a, and b and ¢ must be real. Recall that since Z is an abelian
vector superfield, it satisfies

DDIZ =DUDIZ =DDIZ, DZ=0=D.Z. (2.42)
The first consistency condition (C.1), now written as a proper superfield equation,
requires

DPEDIDH L =0 | (2.43)

which simply expresses the fact that the spinor derivatives D°, anticommute when
symmetrized in the SU(2) indices,

DIDIDH = —PDYDL DY = — 179, DYDDY = —1DIDIDH =0 .  (2.44)

When the Ansatz (2.41) is inserted, condition (2.43) translates into a set of nonlinear
partial differential equations for the coefficient functions. Differentiations with respect
to L and Z arise from the action of D? on the coefficients?, while quadratic terms
appear because we have to use the constraints (2.40), (2.41) when the spinor derivative
acts on D! L or D L. Introducing the abbreviations

0

2z

O =0 (2.45)

0 0 oL

N

we have for instance

D (FD'LDYL) = (OF DYZ + 9, F DYL) DL DVL — 2F DL DI DY L
= FDUZDILDYL — FDULDIDVL

4There is no differentiation with respect to Z since it is antichiral.
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where the expression proportional to 0pF vanishes by the same reasoning as for eq.
(2.44). In this way condition (2.43) decomposes into ten linearly independent terms
whose coefficients must vanish separately,

1) 0=0F—30,A

2) 0=09,C0—-3A—-CF

3) 0=0C—-D—3;AC

4) 0=0,G+G(2c—F)

5) 0=0G—3G(A— 4a) (2.46)
6) 0=0,E— EF+aB

7) 0=0F —;AE +bB

8) 0=0.B+ B(c—F)+ 2aG

9) 0=0B— 1B(A—2a)+2bG

10) 0=0,D— DF — $0A+1A%.

Condition (C.2) may be recast into the form
(i pE 7 _
DI DL DYL=0. (2.47)

Using the Ansatz (2.40) and proceeding as above, we obtain further differential equa-
tions,
11) 0=0ra—0
) ra—oge (2.48)
12) 0=0rb—0a+ aa+ be .
Condition (C.3) we write as

DIDIDY L = DUDFDIL . (2.49)

This must hold as the anticommutator of D! and D’ involves an ¥ and thus vanishes
when symmetrized in the SU(2) indices. The condition gives rise to ten more differential
equations,

13) 0=0,(F —¢c)— GG +c(F—c)

14) 0=0F —dra— 1BG+a(F —c)

15) 0=0C—-E—L1BC—-b—aC

16) 0=0D —9b—iBE —aD +b(A — a)

17) 0=0,C—3B—-CG—a—cC (2.50)
18) 0=0.D —0a— EG —cD + a(A —a)

19) 0=0.L(A—a)—0c— BG + 2a(F —¢)

20) 0=0A—0a—0rb— BB —aa+ b(2F — ¢)

21) 0=0G — 10;,B+ 3G(A —2a) — s B(F — ¢)
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22) 0=0,E —10B— DG —cE + 3B(a+ 3A) .

We may eliminate several derivatives in the above equations by virtue of the conditions
(2.46) and (2.48),

17) 0=C(F—c¢)+3(A—2a) —iB-CG

18) 0=0(A—2a) — (A —2a)*>+2D(F —¢) — 2EG

19) 0= 0.,(A—2a) — BG4+ 2a(F — ¢) (2.51)
20) 0=0(A—2a) — 1BB + 2bF

21) 0=0G+ $AG+iB(2c—F —F)

22) 0=0B —2E(F —c) — sB(A—2a) + 2DG .

Before we are trying to solve these equations, it is important to note that the solutions to
the consistency conditions decompose into mutually disjoint equivalence classes, where
two sets of constraints are deemed equivalent if they are related by a local superfield
redefinition

L - L=L(L,Z2). (2.52)

Each representative of such a class effectively describes the same physics. We may
employ this to choose representatives which simplify the subsequent calculations as
much as possible. Using

DIL=LD L+0LD: Z (2.53)

and similar for D% L, where L' = 0; L # 0, we rewrite the Ansatz (2.40), (2.41) in terms
of L. The coefficients as functions of L are then given by

a+cOL—0oL /L

=(b+adL+adL+cOLIL —IL)/L

cl! —L"/I

A+2F0L —20L' ]I/

B +2G oL (2.54)
(C—oL)/L

=(D+AOL+ FOLOL—9°L)/L’

=(E+ BOL+GOLOL)/L

FL' - L"/L

GL' .

Q T = @> oy o o o oo
I

The differential equations (2.46), (2.48) and (2.50) are invariant under the above trans-
formations in the sense that if A, B, etc. are solutions to the consistency conditions,
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then A, B, etc. satisfy the same equations with 8y, replaced by 0; . Consider for instance
eq. 1) in (2.46),
OF —10;A=0(FL' —L"/L') — 19; (A+2F 9L — 20L' /L)
— OFL +0LO,FL' + FoL —aL"/L' + L"dL' /L
— N LopA+ 2L/ 9 F OL +2F OL' — 20L" /1 + 2L"L' | L%
=L'(0F — 30,A)=0.

A superfield redefinition induces changes of the component fields. If we define the
components of L similar to those of L in eq. (2.25), then one has

Wt = L' +10L N (2.55)

according to eq. (2.53). From this we readily obtain also the relations for W#* and G,

W = LW* — LIV o), — LOOL Nioh\; — L(OL No, — DL/ ia™X;)  (2.56)
Gy = L'Chy + (0L + OL)F,y, — (0L — L) Eyy — LL" (00,005 + 05 10, -
+ 2@ LNo N + PLNG ) — (0L Noth; — OL ¢'5,,N;) |

A~

while the auxiliary field simply transforms as U = L'U.

2.3.1 Invariant Actions

Once a set of consistent constraints has been found, the construction of a linear super-
field is the crucial step towards an invariant action. Similar to the derivation of the
constraints themselves we start in full generality from an Ansatz for the pre-Lagrangian,

- e T (2.58)
+NDDIZ 4§D ZDIZ+5DZDZ |

with v real. The coefficients are again functions of L, Z and Z. Whereas reality
and symmetry in ¢ have already been taken into account, the coefficients are further
constrained by the requirement

PULIK =0 .

Again this yields a set of differential equations analogous to the evaluation of the
consistency condition (2.43). They read

OzaL'y—% —aC
0287—5—%50
0=0ra— aG + 2ac

0 = da — 318G + 2aa
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Oz@a—%@Lﬁ— %ﬁF—i—%aA (2.59)
0= 0.8 — aB + 2aa + Bc

0=083—18B+2ab+ fa

0=08— 2016 +2aD — 134

0=0,0 —aFE + Pa

0=05—iBE+pb,

and for given functions A, B, etc. determine the unknown coefficients a, 3, etc.

Note that when DN i? = 0, for instance in the special case N7, = 0, the combination
kMY +RMY | keC

is real and hence a linear superfield by itself according to egs. (C.1) and (C.3),

DEONT =0 = DU(kM® 4+ ZMP) =0 . (2.60)

& —

Thus it will turn up as a particular solution to the conditions (2.59).

2.3.2 Solutions for 7 =1

The general Ansatz (2.40), (2.41) does not reduce to the free constraints (2.3) in the
limit Z = i but there remain terms quadratic in D!, L. This suggests that the constraints
(2.3) may not be the only possible description of the vector-tensor multiplet, and indeed,
as mentioned in the introduction, Claus et al. have shown in [16] that there exists a
nontrivial deformation® which gives rise to self-interactions. With the set of consistency
conditions given above we can reproduce this result:

The case Z =i corresponds to

a=b=A=B=C=D=E=0, 0=0=0.

The equations (2.48) are satisfied identically, whereas (2.46) and (2.50) each provide a

single condition on the remaining functions ¢(L), F/(L) and G(L), namely
0=, +¢c)G—(F—-0¢)G

0=, +c)(F—c)—GG .

A

These are invariant under field redefinitions L = L(L) and transformations
é:CL/—L”/L,, F:FL,—LH/L/, G:GL/

as in (2.54). Since ¢ transforms inhomogeneously, we may choose a gauge in which
¢ = 0. Note that this does not fix the gauge completely, we are still free to shift and
rescale L by real constant parameters,

L=kL+o, keR, peR = L'/I'=0. (2.62)

5Nontrivial in the sense that it may not be removed by a field redefinition.
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For ¢ = 0, i.e. Nozfa = 0, the consistency condition (C.4) can easily be evaluated. It
reduces to

0=46.[DYDIL - DUDIL]

=0.[(F-G)D'LD’L+ (G- F)D'LD’L] . (2.63)
Hence G' = F, and the equations (2.61) both imply
oF =FF . (2.64)
From this we infer first of all that the imaginary part of F' is L-independent, thus
F=f(L)+ik, k€R = 0Opf=f*+r>. (2.65)

When x = 0, we have two solutions. On the one hand F; = 0, which corresponds to
the free constraints (2.3) as then all coefficients vanish. The second solution is

1
Fr=——"— R 2.66
2 L+M ) /’LE ) ( )

where p may be removed by a field redefinition (2.62). In the case k # 0 the general
solution reads

ng/{(tan(ﬁL—i—g)—l—i) , o€eR. (2.67)

We may choose k = 1 and ¢ = 0. Since we have fixed the gauge, the three solutions
evidently yield distinct constraints that are not connected by a field redefinition. This
may also be seen from the transformation law of the coefficient G: If G = 0 for one
representative of a class of constraints, then this holds in the whole class. Moreover,
there is no transition from the second to the third solution since (G5 is real while G35 is
not.

The constraints that correspond to F3 were first discovered by Ivanov and Sokatchev
in [21]. However, these are inconsistent, for the Bianchi identities (BI.1) and (BIL.2)
admit no local solution. We shall not demonstrate this fact, but remark that it shows
that the conditions (C.1-4) are by no means sufficient.

The solution Fy implies constraints

pipYL =0, DUDIL = _% (D'LD'L+ D'LDIL) , (2.68)
which are indeed consistent and describe what is known as the nonlinear vector-tensor
multiplet. We shall first generalize these constraints to admit a gauged central charge
before investigating them in any more detail. This will be done in chapter 4. At this

point we just emphasize that the constraints may be rendered regular for L=0 by a
field redefintion

L=exp(—kL), keR", (2.69)

which gives (omitting the hat)
DDV =kDYL DL, DYDIL=2kD'LD'L+ xkD'LDL . (2.70)
In this form they were first derived in [20] and are evidently a deformation of the free

theory. While here the coefficients are constant, we shall nevertheless generalize the
constraints (2.68), for these have the useful property of vanishing N7 .
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2.3.3 Generalization to Z(z)

In the general case of an z-dependent field Z the consistency conditions (C.1-3), which
we have translated into a set of differential equations, do not determine completely the
unknown coefficients in the Ansatz. This is quite obvious as the number of equations
is not sufficient to fix the dependence of the coefficients on all three variables L, Z, Z.
Our goal is to generalize the solutions found in the previous section. To this end we
simplify the Ansatz by setting

a=b=c=0 = N’ =0, (2.71)

which can be justified a posteriori by showing that the resulting constraints do indeed
yield the linear and nonlinear vector-tensor multiplet with gauged central charge. Note
that we are still allowed to redefine

L=kL+f(Z)+f(Z), weR". (2.72)
This is the general solution to the differential equations
L'=0L'=00L =0,

which according to eq. (2.54) guarantee the preservation of Ansatz (2.71).
The simplification is motivated by the fact that now condition (C.4) may easily be
evaluated. With the reduced Ansatz put in, it reads

0="06.|(AL+ ZC)D'DIZ + (1 + ZA) DO ZDIL + (1 + ZB) DZ D)L
L ZDDZDIZ+ ZEDZDIZ + ZFDLDIL + ZG DL @jL] (2.73)
+ c.c.

from which we infer
23) 0=2+ZA+ZB 24) 0=ZF+ ZG (2.74)
as well as
25) w(Z,Z2)=L+72C+ ZC 26) v(Z,Z)=7ZD+ZE (2.75)

u and v being arbitrary L-independent functions that contribute only to J.-invariant
terms inside the square brackets in eq. (2.73). Equations 23 — 26) allow to eliminate
B, D and G in the egs. (2.46), (2.50) and (2.51), leaving the four unknown functions
A, C, E and F, whereas u and v may be removed using the gauge freedom (2.72). To
show this, let us first consider eq. 16) in (2.50). Replacing B and D according to the
relations above, we obtain
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Eq. 7) then implies v = 0. Next we consider eq. 15). Using eqgs. 25), 3) and 26), we
find

0=0u—Z(0C —L1AC)—ZE =0u—wv .

Since v does not depend on Z and w is real, we conclude that there is a function w(Z2)
such that

wZ,2)=w(Z)+w(Z), v(Z)=0w(Z). (2.76)

Now let us perform a field redefinition (2.72) in eq. 25). With the transformation of C'
as in eq. (2.54), we calculate

A

L+2C+ZC = (L f- f)+—(c af)+—(c of)
L1, (w+m— f—F— 20f — ZOJ) .
The same redefinition applied to eq. 26) gives

7D+ ZE = Ll (2D + ZE+0f (ZA+ ZB) + 0f f (ZF + ZG) — Z>f)
_ 1 o
Lo(w—f - Z0f) .

where eqgs. 23) and 24) have been used. So provided there is a function g(Z) such that
0g = w, a field redefinition with f = g/Z yields (omitting the hats)

25) 0=L+ZC+ ZC 26) 0=ZD+ ZE . (2.77)
Note that there remains a residual gauge freedom

L=rL+ —1—%, keER", peC, (2.78)

1%
Z
for g may be shifted by a complex constant o.

Working in a gauge where u = v = 0, the 26 consistency conditions can be reduced to
a set of 11 independent equations,

1) 0=20F —0LA

0=0,C—-CF —

[\

A

1
2

w

)

)

) 0:00—§AC+%E
) 0=0,F —FF
)

)

)

S

_oap 2\ &

0= 20F <A+Z>F

0=0,F— EF (2.79)
0=0F — 1AE

=)

7
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9) 0=8A—%<A+%><A+%>

10) 0=04-1A4? —2E(F—F)§

2
_ _ 2\ 5
19) 0=09,A (AJE_Z)F
25) 0=L+ZC+ZC .

The trivial solution MY = 0 = N%. is now excluded as some of the equations are
inhomogeneous. Eq. 4) in (2.79) we have already solved in the previous section, only
now the integration constants may depend on Z and Z. The solution that corresponds
to F3 we discard again since, as mentioned, it leads to inconsistent constraints, and the
situation certainly does not improve when gauging the central charge. This leaves the
two possibilities

1

F=0, F=-——",
! T L+h(Z,2)

h real . (2.80)

In the following two chapters we shall explore the consequences of each in detail.






CHAPTER 3
THE LINEAR CASE

In this chapter we present the linear vector-tensor multiplet with gauged central charge.
Starting from the consistency conditions derived in the previous chapter, we determine
the constraints that underlie the model and work out the supersymmetry and central
charge transformations of the component fields. The Bianchi identities will be com-
puted and solved in terms of gauge potentials. Then we follow the procedure outlined
in sections 1.2 and 2.3.1 in order to derive an invariant action. After generalizing
the model to include couplings to additional nonabelian vector multiplets, we conclude
with a brief review of Henneaux-Knaepen models and their relation to the vector-tensor
multiplet.

3.1 Consistent Constraints

Having singled out two possible coefficient functions F' in the previous chapter, we shall
now attempt to solve the consistency conditions (2.79) subject to the first solution
Fy =0.

Egs. 4) and 5) are satisfied identically, while from egs. 1) and 19) we infer that A does
not depend on L. The same holds for E according to eq. 6). Now consider eq. 10),

0A =147, (3.1)
The general solution is given by A; = 0 and
2
Ay = —= , 3.2
= (3.2)

where h is an arbitrary function of Z. Next let us differentiate eq. 25) with respect to
L; using eq. 2) it follows that

0=141ZA+1ZA+ZCF+ ZCF . (3.3)
With F' = 0 we find
2 Z i
A+ = =-ZA 3.4
+o =74, (34)
which excludes first of all the solution A; = 0. When inserted into eq. 9) we obtain
0A =144, (3.5)

37
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which gives a condition on A,

oh=h=2 (3.6)
Z —h

h(Z) being the complex conjugate of h(Z). Differentiating once more with respect to
Z yields

=07 oh h—2Z
Ph = — =
Z—h (Z-h)?

thus Oh is constant. Furthermore, the absolute value of the right-hand side of eq. (3.6)
equals one, hence

Oh=c% = h=c™Z4c, (3.7)
where ¢ € R and ¢ € C are constant. Inserting this expression back into eq. (3.6),

eQiSD B e2i<pZ +c— 7 _ 62150 7 _ e—QIwZ + e—21§00
Z —e Mg ¢ Z —e My —¢

Y

we conclude
e ?e=—-¢ = c=ire?, reR, (3.8)
which eventually leads to the solution

A= 27 (3.9)
e¥Ys —e YL +ir

Eq. (3.4) requires r = 0, while the parameter ¢ may be removed by a U(1) rotation
Ze¥Z , Dl e 2D (3.10)
Having determined A, we continue with eq. 7),
O0E=1AE = FE=31AZ0q, (3.11)

where g(Z) is independent of Z, and the peculiar form chosen for E will soon proove
beneficial. Eq. 2) fixes the L-dependence of C,

o0.C=3A = C=3iLA+v(ZZ), (3.12)
while eq. 25) implies
0=Zv+Zv . (3.13)

It remains to solve eq. 3). When C' and FE are inserted, the L-dependent terms cancel
and we arrive at

0=0v—1A(v+ Zdg) , (3.14)
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which is readily solved by making an Ansatz v = $AZ u(Z, Z) leading to
0=0u—090g9 = u=g(2)+k(2)
for some function k. Eq. (3.13) then requires k = g, so the general solution is given by
__Z
Z -7

v (g(Z) + g(Z)) . (3.15)

This finishes the solution to the consistency conditions (C.1-4) subject to the restriction
(2.71) and F' = 0. The complete set of coeflicient functions reads

2 1

A:B:f = = 7 7 G
= C Z_Z(L+Zg+Zg)

20 209 (3.16)
p=2%9  p=2%  4=b=c=F=G=0,

77 77

with some arbitrary function ¢g(Z). When inserted into the Ansatz (2.41), the g-
dependent terms can be written as

2 [Dg D7) + D D2)] | (3.17)

and if there is a function f(Z) with 0f = g, they simplify to
_Z_[D'Dif(Z)+ DDIf(Z)] . (3.18)
AA
We shall first consider the simplest case g = 0, which corresponds to the constraints
DIDIL =0

DUDIL = 2 (DOZDIL+DOZDIL+LLDDIZ)

(3.19)

In the limit Z = i they reduce to the free constraints (2.3). We return to g # 0 in
section 3.4.

3.2 Transformations and Bianchi Identities

By construction, the constraints (3.19) satisfy the necessary consistency conditions
(C.1-4). The task now is to solve, if possible, the Bianchi identities (BI.1) and (BI.2).
Then we would have shown the constraints to be consistent and could proceed to
determine the invariant action. To do this, we need to compute D,,;M*, D;D;M" and
@ai@ag‘M % which suffices as in the case at hand M¥ is imaginary and N ga =0, cf.
section 2.2.

In terms of component fields the deformation M¥ reads

M — _ N — (M%J‘) — XD 4 iLYij) ) (3.20)

~=
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Applying a supersymmetry generator D,; and summing over j, we obtain

ij 3 v, 0 i V1 i i . = =i iq
Doy MY = 2 (Fuo™ ' + 5Gu0™ N 4 g W' N =10, 204 + Y ), o1
— Lo"9,\' = §D,Lo" N — 3 ZUN + 3\MY)

where eqs. (2.26) and (2.27) have been employed. This expression enters the central
charge transformation of ¢ as well as the supersymmetry transformations of W* and

G, which may be cast into the form

DIW" = (iZo"6.4" + U N — D'y |

, . . _ (3.22)
DGy = (210,00 + U N + ieype 0 D7Y1)

Next we calculate
DD, M = —% (G (E, +iF,,) + 2W40,Z + %D, (LO"Z)
+ X0 Db + iDab ot N + 219 ", N (3.23)
+ 211 06.4" — 3 (NiD; + \iD; + 3Yi; ) MV] |
and insert the result into eq. (BL.1),
DW= é [DD; MY — LI Ng. + c.c. = —WHO,I + D, A" + LE,, G |
where we introduced the abbreviation
Ay = LO,R+ (o N + XNoyiy) . (3.24)
The first Bianchi identity thus reads

D, (IWH — A*) = LF,,GH . (3.25)

-2
To determine the second one, we first apply Dg; to eq. (3.21),
DaDay MY = % 0" [Cu@R+ G 0”1 + DS, + F W 520
—1U8,|Z? — 36.(Z¥ o )i + ZN'o,005)]

¥, has been defined in eq. (2.38). When put into eq. (BI.2), it follows that

ID,G" + RD,G" = LI Dio"D;M" — LU0\ Z* — L5.(Zd o, N + ZN o,3)

6

= —-G"9,I — G"d,R — D,X" — F"W,, |
and combining the derivatives, we eventually obtain

D, (IG" + RG"™ +$") = =17 [, W, . (3.27)
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We observe that the Bianchi identities of W* and G, are not independent of each
other but constitute a coupled system of differential equations. We cannot solve them
yet as the covariant derivatives contain the central charge generator ¢., whose action
on W# and G, needs to be determined first. Since N, ;]a = 0, eq. (2.36) immediately
gives

5.(IG" + RG"™ + ") = - D, W, , (3.28)
whereas the determination of §,W* is somewhat involved. According to eq. (2.39),
16 [|ZPWH + SL(Z0"Z — ZO"Z) + L(Zy o™ Ny — ZN'oty) | =
= I’D,G" — IRD,G" + LIRD;0"D;M"
= I’D,G" — G"RO,R — R[D,(IG" + S") + F"W,]| + SUR"| Z?
+ %R (SZ(Zin'u;\i + Z)\iauq/;i) .

The expression in square brackets can be rewritten by means of the Bianchi identity
(3.27),

IS, [|ZPWH+ LL(Z0"Z — ZO"Z) + L (Zy'o" Ny — ZN'ot)y) | =
= |Z?D,G" + sUR"|Z|” + LR6.(Z¢ o )i + ZN' o)) |
from which follows
0. (IW* — A") = D,G* . (3.29)

One can now easily check that the Bianchi identities, together with the central charge
transformations just obtained, satisfy the integrability condition

D[,u,lDl/] = %F,uzzéz )

which is the covariant analogue of d? = 0.
We first solve the constraint on W*#. Let us split the covariant derivative in eq. (3.25)
into the partial derivative and the central charge transformation, which we then replace
using eq. (3.29),
O (IW“ — A“) = %FW,G“” — A0, (IW“ — A“)
= (3F,., — AD,)G"™

= 0,(G"A,) .

In the last step we employed the identity Ay, D, = A|,0,). We conclude that the terms
in parentheses equal the dual field strength of an antisymmetric tensor gauge field B,,,,

IWH = 1em07(9,B,, — A,Gpy) + A" . (3.30)

Note how the first two terms on the right-hand side resemble a covariant derivative,

and indeed we shall find that B, transforms into —G,, under §,. In the limit Z =i
we recover the relation W# = H* just as in the free case.
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To solve the Bianchi identity (3.27) we proceed along the same lines,
9, (IG" + RG" + £) = —e"* (LF, W, — A,D,W,)
—etP?0,(A,W,) .
Hence there is a vector field V, such that
IG" + RG™ = e"P?(9,V, — A,W,) — SH . (3.31)

Again the terms in parentheses will turn out to be the covariant derivative of the
potential V,,. For Z = i the equation reduces to G, = V.
We are not done yet, as the equations for W# and G, are still coupled. To simplify
the following calculations let us introduce the abbreviations

H! = 1770, B, + A (3.32)
_ I = R (¢
Vo = i (Vi +3) + ZF (Vi —Zp) - (3.33)

Then we first solve eq. (3.31) for G,
21

G = Vi — \Z|2 AWy — ’Z|2 Epvpe AYW (3.34)
and insert this into eq. (3.30),
[WH = H¥ 4 VA, — |§]|2 Arwia, | (3.35)

Collecting the terms with W# this can be written as
IK"W, = |Z](H" + V*A,) | (3.36)
where the field dependent matrix K*” is given by
K" =nh"E + AFAY | (3.37)

€ being the expression (1.55) that we have already encountered in the central charge
transformation of the spinors 1. To solve for W*, we need to invert K*¥. It can be
easily checked that

_ 1 _
(K 1)/w = 3 (nuu —|Z| 2A,uAy) . (3.38)

Due to the appearance of € in the denominator, this expression is nonpolynomial in
the gauge field A,,.

Having determined W*#, we obtain G, from eq. (3.34). The final solution to the Bianchi
identities then reads

2P

B
W IE

(H* + V™A, — | Z| 2 AMAHY) (3.39)
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Gy = Vi — %A[# (Hy) + Vi A”) — % Erpa AP (HT + V7)) (3.40)
The fundamental fields of course are the gauge potentials V,, and B, rather than
W# and G, so we now have to determine their supersymmetry and central charge
transformations as well. These can be obtained most easily from egs. (3.30) and (3.31).
Applying A* to the former we have

N(C) (IWH — A*) = 2779, (N (C) B,y) — G*'0,C + CA, 6.G" .
On the other hand it follows from eq. (3.29) that
AN (C)(IWH — A" = CD,GH = CO,G* + CA, I.GM |
and comparing the two expressions we find
"0, (X(C) By + CGpy) = 0.

It comes as no surprise that the action of A* on B, is determined only modulo a gauge
transformation A®. We are free to choose a homogeneous transformation law, however,
which is then generated by

0.Buy = — €00 G, (3.41)

and the terms in parantheses in eq. (3.30) constitute a proper covariant derivative of
B,,. The central charge transformation of V), is derived in like manner. From the egs.
(3.31) and (3.28) we obtain

P70, (N (C)Vy + CW,) =0,
so that we set
0, Vy=-W,. (3.42)

Thus, formally the action of the central charge generator 6, on V), and B,, has not
changed upon gauging the symmetry, cf. equation (2.9). The difference is that now W*#
and G, are not merely the field strengths but composite expressions that are moreover
nonpolynomial in the gauge field A,. Therefore we expect that also the action will be
nonpolynomial. Since E contains no derivatives this should not spoil locality.

The supersymmetry transformations of the gauge potentials can be determined in the
same way as demonstrated for the central charge transformations. As this is a lengthy
calculation we just give the result, again choosing the simplest form possible by ne-
glecting any contribution that is a gauge transformation,

D.V, = —(iZoy' + 5Lo, X — AuY) (3.43)
D! By, = —2i (I,,0" + Lo, X + Apoyi’) (3.44)

o
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There is a short cut, however, that immediately yields the supersymmetry transforma-
tions modulo possible §,-invariant terms: Using egs. (3.22), we calculate

5. DV, = —D'W, + 6., DLV,
= 6. (iZo, ' + L Lo N — A) 4+ 0,00 + (8., DLV,

and similarly for B,,,

0.D! B, = —D.G, +[6., D] B,
= -2 59: (]O'w,@bi + %LO‘NV)\i + A[udy]&i)a — 21 8[M(JV]1Ei)a + [5Z , 'D;] B,“, .

Comparing the d,-exact terms on the left and on the right, one obtains the previously
found relations. In addition, the equations show that central charge transformations
commute with supersymmetry transformations only modulo gauge transformations, a
result we have stated already in the presentation of the free multiplet, section 2.1.
Indeed, a more careful analysis reveals that eqs. (2.12) and (2.13) hold even in the
present case, but with an z-dependent parameter C.

At last, we determine the commutator of two supersymmetry transformations. To this
end, and to check the compatibility of the results just stated, we need to compute the
anticommutators of two supersymmetry generators on the gauge potentials. This is
again a tedious exercise of which we give no details. On V), one finds

(D, DI}V, = capc” (26.V, —i0,(ZL))

;= . (3.45)
{D,,, Do‘aj} V= _15]‘ (Dadvu - auvad) )
while on B, the relations read
(D, D)} By = €ap? (26, By + 21 0 (Ay L +1V))) (3.46)

{DZ ) ﬁdj} B, = _15;‘ (DadBW +201,(By)p — n,,]pIL)aZd) :

On the other components of the vector-tensor multiplet the algebra (1.33) holds exactly
by construction. We conclude that the commutator of two global supersymmetry trans-
formations yields in addition to a translation and a local central charge transformation
also gauge transformations of the potentials V,, and B,,,

[A€), A(Q)] = €0, + &(C) + AY(8) + A%(Q)
where the parameters are given by
e =1(¢ote = &o(")
C=eA,+&G7 - 607 (3.47)
© =€V, —iL (& Z +EG7)
Qu = E,u[L - B;W‘EV - Vu(&zcz - gléz) + IA;LL (&CZ + 5151) .
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3.3 The Lagrangian

Now that we have found a consistent supersymmetry multiplet, the task is to construct
an invariant action. With the general method outlined in section 1.2 and the Ansatz
(2.58) this is pretty straightforward though tedious. At first we have to solve the
differential equations (2.59) subject to the constraints (3.19) on L in order to determine
the linear multiplet. With the coefficient functions as in eq. (3.16) (for g = 0), the
equations (2.59) read

_ 9~ _1g_ _aL 95 PLI2
1) 0=0ry— 358 77 2) 0=0v—-9 7
3) 0=0La 4) 0= 0a

22

5) 0:0a—§8L5+ZfZ 6) ozaLﬁ—Z_O‘Z

_97__B a3 B
N 0=03--— 8) 0=08-2010— "
9) 0=20.6 10) 0=206 .

From egs. 3), 4) and 9), 10) it follows that o = «(Z) and § = 6(Z), respectively. Since
a does not depend on L, we can integrate eq. 6),
2aL

Next we insert this into eq. 8); the L-dependent terms cancel and the Z-dependence of

~

[ is fixed,

7 —

N

Now we can determine « from eq. 5),

aa:% = a=ikZ+0), Ko0€eR. (3.48)

We use this in eq. 7) to derive an analogous condition on h(Z),

oh = -t

=~ _z h=-2i(vZ+pu), v,ueR.

With a and 8 known, eq. 1) may be integrated. The reality of v requires v = 0, and
we find
i20+K(Z+2)

_ T Z) g2 g 7.7 3.49

with o real. It remains to solve eq. 2). When ( and v are inserted, the L-dependent
terms drop out and we are left with 6 = do. Eq. 10) then implies

o(Z,2)=f(Z2)+ f(2), (3.50)
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where f is an arbitrary function of Z. We have thus found the most general linear
multiplet one can build from the linear vector-tensor multiplet with gauged central
charge.

When the coefficients are inserted into the Ansatz (2.58), it comes as no surprise that
several terms group together to form the expression iDUDI L, as this is evidently a
linear superfield by itself (cf. the remark in section 2.3.1). The complete pre-Lagrangian
finally reads

L7 =Ly yr + L3, (3.51)
where
L yr =10 (D'LD'L — D'LDIL + LDUVDIL) +ipDVDIL

L ZDLDIL - Z@im‘)jL] . o mKER,

and L% is the super Yang-Mills pre-Lagrangian as in eq. (1.44) with 0F(Z) = f(Z).
Without going into detail, the terms proportional to s, which in the limit Z = i
reduce to the real part of D'L D’ L, can be shown to yield a Lagrangian that is a total
derivative. Therefore we confine ourselves to x = 0 in the following. The constant u
on the other hand can be removed by a shift of L, hence we also take 1 = 0.

This leaves the terms proportional to o, where without loss of generality we can take

o = 1. Actually, they constitute a linear superfield irrespective of the precise form of
M as long as N, =0 and M"Y = —M", for we have

DHUDILDYL -~ DILDYL + LD'DYL) =
= 2D L DIDYL + DILDIDIL =0 .

For this reason we shall first compute the Lagrangian without specifying M%, the result
of which then may also be used in the following section, where we extend the model by
additional vector multiplets such that the properties of the deformations just mentioned
are preserved.

Let us consider therefore

L9 =i — PP - IMY) | =M NS =0, (359

and work out the Lagrangian according to eq. (1.42), with the supersymmetry trans-
formations given in section 2.2. The first step is to apply a supersymmetry generator
Daj to ,Cij,

D, LY = % [ZUY" — G0t — (W, +iD, LYoty — M74p; — 2ILD;MY] . (3.54)

Next we apply a second generator Df*, sum over a and i, multiply with Z/6 and take
the real part of the result. We find after some algebra
1 1

5 ZD;D;LY + c.c. = 3 I[D'LD,L — WH*W, — 2i¢'c"0,; + | Z|?U?]
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1 v ~ i n
— L GGy — RGyy) = RW'D,L + RO, ('0",)

1A, (6,075 D + D5 o D) + i IMYM,
- 1—12 L(ZD/D; + ZDiD;) M" — %I(%Dj +¢D;) MY

* %Au(%‘cf”@j + ¢, 5" D) MY

We already recognize the properly normalized kinetic terms for L and 1, keeping in
mind that (/) = 1. The naked gauge field A, appears due to the splitting of the
covariant derivative of 1)’ as in the calculation leading to eq. (2.33). It remains to
compute the mixed derivative of £ that couples to 4, in eq. (1.42). It reads

é A, D;o"D; LY = RUAWH" — [UA,D"L — G*A,W, + G"A,0, L

— 1A, (D 4 DI DH;) — é A, (" Dy + 9" D;) MY (3.56)

+ % LA, Do"D; MY
and we observe that the terms in the second line cancel the corresponding ones in
the previous equation. While in general M*“ has to be specified before the action
of the supersymmetry generators can be computed, the last term in eq. (3.56) may
be simplified by virtue of the Bianchi identity (BL.2). Since by assumption M"Y is
imaginary and N.. = 0, one has

% LA, Dot DM = % ALL[T9,G" + RO,G™ + LU0"|Z|? -

+15.(Z¢ 0N + 2N o) . '

The effect of the terms (3.56) is twofold; first they introduce the anticipated coupling
of the current (2.16) to the gauge field A, (contained in the term G**A,,W,,, see below),
and second they reduce the covariant derivatives to partial ones, similar to the case of
the hypermultiplet (cf. £y in eq. (1.59)). One finds for instance

D'LD,L —2UA,D'L = "L 9, L — A*A,U* .
The resulting Lagrangian eventually reads

[ — %[(aML 8, L — WHW, — 2i wio'“é—';&i + EU?) + ? LA, 0,G" + Ly

- i G (IG,, — RGy + 4A,W,) + WA, + %éwzw — W9, (LR)

+ L LUA9,|ZP - Lo, (Wior N — No) + LV (il — 0) (359)

- % U(ZX\' — ZXN';) + %AMU(WU“;V — Not;) + RO, (Y o)
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+ L B (o + Ja) + % LA, 6.(ZY ot N + ZX a'4)y)
— 0, [LG™A, +1A, (hio™ " + ' )]

(\]

where the part

Lo = —-1 LZDDMT — L (LN + 219D M7 + L 10,07
12 A ® (3.59)
— Z (AZ¢J — AZ¢] + lLYZ])MU + c.c.

has to be determined separately for each model, which however is easy as all the terms
have been computed already for the Bianchi identities.
Now let us consider M% as in eq. (3.20). Using eqs. (3.21) and (3.23), we find

Lo = —WFHA, — %(wzw _ LRO,W* — ?LAuaVGW - 2_11 LUA D, | Z|?
+Lu@nw - 205 - AU WA — Notiy) + 20015, 0,R
. % L2001 — iL( 0" — D Niotah;) — 1Y (wind — i) (3.60)
— B (G D) — % LA, 6.(Z0io" N + ZNo;)
+ i]MijMij - %au [LO"] +iL('o N — Mo )] |

When put into eq. (3.58), several terms cancel or combine into total derivatives, and
we arrive at

Linyr = 5 (0L O,L = WHW, = 200, + EU?) — 5 L0

— LG (1Gy — RGyy +44,W,) = 1V (0! — i)
= L B @i+ dio ) - L LW g+ Nata ) (361)
+ it 9,R + i IMUM;,
— 9 [LRW*H + LGM™A, +1A, (o ¢ + 5 ;)
+ LLP0MT — ot R +1L (Yot N — Natay)] .
At last, we have to replace W* and G, by the solutions to the Bianchi identities found

in the previous section. We first insert G, from eq. (3.34), which allows to combine
the terms containing W* in a nice way,

—i G (IGy — Gy + 4A,W,) — % [WHW, =

1 724 ¥ I 14
= =2V (I — RVu) — 5o WHEL WY
V" (Vi — RV,0) 77 .,
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with K, as in eq. (3.37). Next we replace W# using eq. (3.36). As each W* contributes

an inverse of K, the result
1 o v o__ ’Z‘Z " wp -1 v vo
~327 WHEK,, WY = -5 (H" + VA, (K1), (R + V7A,) (3.62)

also involves the inverse matrix, giving rise to nonpolynomial but local couplings to the
gauge field A,. When K~ is inserted, we obtain
—i G (IGy — RGy + 4A,W,) — % [WHW, =

_1zP
21€

(3.63)

(M + VA2 + 1 (A, 12

N _ DY
= 4V (IVW RVW) 5T€

To conclude this section, let us concentrate on the gauge field part of the model by
freezing the scalars to constants (in particular Z = i and L = 0) and neglecting the
fermions. Dropping the total derivative, the complete Lagrangian (3.61) reduces to

1
28

(H" + VA2 + (A2 — L pop (3.64)

_ _Llywy
L= 4V Viaw 2€ 4¢2

where a kinetic term for A, originating from L., eq. (1.48), has been added. Super-
symmetry has now been broken explicitly of course, but the gauge invariances remain
intact. After a rescaling A, — ¢,A,, such that all fields have canonical dimension one',
we can expand the Lagrangian in powers of the coupling constant g,, which gives up
to first order

1
4

vy, — e, - Ypep g A v, 0> (3.65)

L=- 2 1

and we recognize the coupling of A, to the current J# from eq. (2.16).

The Lagrangian (3.64) had previously been found outside the framework of supersym-
metry in [24], and is actually but one example of a whole class of gauge theories known
as Henneaux-Knaepen models, which we review in the last section of this chapter.

3.4 Chern-Simons Couplings

Let us now consider the more general solution (3.16) to the consistency conditions
(C.1-4), containing an arbitrary holomorphic function g(Z). We note that in every
coefficient it is accompanied by a factor Z. This may be removed by a field redefinition

L=L+f(Z)+f(Z)
with df = g, for the transformation rules (2.54) give (dropping the hats)

1 - oh oh
C=—(L+h+h pD—_9  p__0h 3.66
Z—Z(+ +h) 7—7" 77" (3.66)

'Recall that the coupling constant g, has mass dimension —1.
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while the other coefficients are unchanged. Here h = Zg+ f. The functions u and v in
egs. 25) and 26) do not vanish anymore, but one has

L+2C+272C=—(h+h), ZD+ZE=-0h,
which however is compatible with condition (C.4). We now write the constraints as

DUDIL =0
DIDIL = —2— (D2 DL+ DOZ DL+ ILD'DIZ (3.67)

_iDDIF i DDIF) |

and it is easily verified that these satisfy the consistency conditions (C.1-4) for any
function JF that is chiral, D4;F = 0, and invariant under central charge and gauge
transformations. In particular, ¥ may be a gauge invariant combination of vector
superfields ¢!, with appropriately extended spinor and covariant derivatives, i.e.

Dy =0, + A, + Als, ete.

where L and Z transform trivially under the ;. This provides a means of coupling
the vector-tensor multiplet to additional (even nonabelian) vector multiplets, as long
as the Bianchi identities admit such a coupling. We shall see that this is the case only
for a very specific function F(Z, ¢).

To determine the Bianchi identities, we follow the steps in section 3.2. With the benefit
of hindsight we take F to depend only on the ¢!, which simplifies the calculations
considerably. The deformations then read

N9 =0, MY=—MI =M+ M (3.68)
with M}’ as in eq. (3.20) and

M;] = % [X”XjJHTIJ - XUXJ.JS_:’[J + 2D”I(gj] - gjf):| ’ (369)

where a subscript on F denotes a differentiation with respect to ¢ and similar for F,

0 0

0 0 =
aqsh“'%g’ F

@ e @ . (3-70)

?Il...ln =

Fn..1, =
The derivatives of F are not independent of each other, for gauge invariance implies
0=06F =6;0" T = —f1,5¢"Fx | (3.71)
and differentiating once more with respect to ¢ we obtain another identity,

0= fr,"Fr + frr " F sk . (3.72)
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We observe that, modulo the prefactor 1/1, the expression Mgij is precisely the linear

superfield from which one constructs the super Yang-Mills Lagrangian, cf. section 1.2.

Applying a supersymmetry generator to M% yields

% [DijIXJ.l}r[J + fl UMVXUS:]J —1iD (G_TIGMXU) -+ iS:IO'MDMXH
— 1X11¢Jf JKH‘HK + 3 (XZIXJJ) XK Frog + 3+ )\ MZ]} + .,

DM =
(3.73)

where only contributions from M, ' have been written explicitly, while the dots denote
the terms already given in eq. (3 21) (where now M% = M}’). Next we apply Dgj.
Making frequent use of the above identities for the derivatives of F, we arrive at

Dei Doy MY = _% ioh D" [2(F; — F1)Fp, — 2(F1 + F)Fp, + Fry X ouX] (3.74)
— T XouW X+

Here the covariant derivative actually reduces to the partial derivative since the terms
in square brackets are gauge invariant, and a similar remark as above applies to the
dots. With the result from section 3.2, the second Bianchi identity (BI.2) takes the
form

D,(IG" + RG"™ +£") = —F"™W, | (3.75)
where i),w is given by

S = S —1[2(F7 — F1)FL, — 21 (T + F1)FL,

- 3.76
+ T XX = T Xleu X . (376)

Since (EA]W — X,,) is 0,-invariant, we can replace X, with the extended expression in
eq. (3.28) and thus in the solution (3.31). Hence, the second Bianchi identity does not
restrict the ¢-dependence of the function F. It is the first Bianchi identity for W*#,
however, that imposes a constraint on F. It now reads

1

D, (IW* — A =L 6w+ L DD — = @Yy + AD)MY +cc.

4 12

where the last term originates from D;D;M{’. So let us apply a generator D¢ to eq.
(3.73); the contribution from My’ is

DM = 12 [F1yD46! Db’ = 35 15(Fu = iF ) F#! = 81, X DX,
+ 3F DDV 4+ 1T XIXE O i — 3T 1 X X Gh frer”
—15,,(0% &7 frer" ) (oM SN frrn®) + 0, ((F1 — F1)DH¢") (3.77)
+ %EF[L]KDUIX;]XJK -+ %?[JK flfV X;']UMVXiK

L (Vi + \D;)MY

5T XIXTXEXT ]+
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Clearly the imaginary part? of the expression inside the square brackets can combine
into a total derivative only if F;; is constant and real. For a compact gauge group this
fixes ¥ modulo a normalization,

F(¢) = % 510" 7 (3.78)

e being a coupling constant of mass dimension —1. Then the first Bianchi identity
reduces to

D, (IW" — A*) = 1F,,G" | (3.79)

-2
where
Al = A" — e[ 2607 (ALY, AL — TALAT AL £y (3.80)
+i(¢ — 3)'DH(p+ ¢)T — XTomX! |

contains the nonabelian Chern-Simons form that lends its name to this section. It
originates from the term F, ,fl,}" #I which can be written as a total derivative using the
Jacobi identity and the antisymmetry of the structure constants f7,%0xz,

% 5“”’”.7-1{,/.7:50 = 2ehvP? (3“./4{, apA£ — fJKIAiAIIf 3PA£
+ iA,{AfA,EA?f fo! frar®)
= 2eo ), (AT, AL — LALAT A fcT)
Again, one can replace A, with [\u in eq. (3.29), and we conclude that for the function
(3.78) the constraints (3.67) are consistent, since the Bianchi identities can be solved

exactly as in section 3.2. Note however that, although Aris § r-invariant, a full gauge
transformation A yields

NE(C) A" = 2e %79, (C1D, ALY . (3.81)

Hence, in order to render the solution (3.30) to the first Bianchi identity AS-invariant,
we have to cancel the contribution from A* by assigning to B, the nontrivial trans-
formation law

N(C) B,y = —4eC'0, Al (3.82)

V,, on the other hand remains gauge invariant.
What happens when we choose e = Z, i.e. F = Z%/2e? This corresponds to the
function h = —2iZ/e in the coefficients (3.66), and by a field redefinition

L=L+1(z-2) (3.83)

we can achieve o = 0. Thus the Bianchi identities have singled out a function F (Z)
that may be gauged away, which shows that, modulo field redefintions, the constraints
(3.19) uniquely describe the linear vector-tensor multiplet with gauged central charge.

2The real part is exactly the super Yang-Mills Lagrangian (1.45) for an arbitrary prepotential F.
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An invariant action can now easily be written down, as in the previous section we
have used only the two properties N = 0 and M% = —M?% in the derivation of the
Lagrangian (3.58), and these are also valid in the case at hand. Therefore, we just need
to determine £); according to eq. (3.59). As all the ingredients have been given above,
this is merely a matter of inserting and combining terms, and we proceed immediately
to the final Lagrangian, which reads (modulo a total derivative)

L= Linyr (A" = M, S — 5) + Leo
— 2 [iF}, 0" X! = 0" X[ Dyud" + (¢ — ) ' 0" D X; + 1D ;X ]
+ 19X/ o  fri' ¢ +ce.] — e L (¢ + §) 0"+ ¢) (3.84)
+ (eL +1/4g%) [2D"¢! D' — FIF!, —ixio#D,X! + DL D!
+ (XUX;JQ;K _ XZ{)—CUQSK) fJKI + %(QSJQEKJL‘JK[)Q] ‘
LinyT has been given in eq. (3.61) and depend§ on A* and X, through the composite
fields W# and G,,. Upon replacing A* with A* in the generalized field strength H*,

eq. (3.32), a coupling of the Chern-Simons form to the tensor gauge field B, emerges
to zeroth order in g,, cf. (3.63). For the pure gauge field part we find

]_ v ]_ - v 1 2 1 v
L= =3 V"V = 55 (H' + VA + o (AH") — 25 F
g
1 L ? (3.85)
T 42 FFuw s
where
HY = 20 [0,B,, — de(AL9,AL — LALAIAK £1:1)] (3.86)

2

3.5 Henneaux-Knaepen Models

We conclude the chapter by showing how the special gauge couplings we have found
as a result of supersymmetry fit into a more general scheme devised by Henneaux and
Knaepen in [25]. When formulated in D spacetime dimensions, these models involve
interactions of (D — 2)-form gauge fields with gauge potentials of lesser form degree and
include as a subset the so-called Freedman-Townsend models [26, 27|, which describe
nonpolynomial self-couplings of (D — 2)-forms. In four dimensions the field content
consists of 2-form and ordinary 1-form gauge potentials. While it has been shown by
Brandt and the author in [28] that every four-dimensional Henneaux-Knaepen model
admits an N = 1 supersymmetric generalization, the only known example of such
a model possessing two supersymmetries is the (linear) vector-tensor multiplet with
gauged central charge.

Let us now collectively denote the antisymmetric tensors as B, 4 and the vector fields
as Aj, with field strengths

HY = 1e"%°9,B,ps , F2, =0,A% —0,A% . (3.87)
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In the case of the vector-tensor multiplet with gauged central charge we would have
two 1-forms A}, A2, one of which being identical to what we used to call V,, and just
one 2-form B,,.

A Lagrangian that is invariant under abelian gauge transformations

N(C) A% = —9,C%,  AP(Q) Buya = —20,,80)a (3.88)

is given simply in terms of the field strengths,

L= —% HYHA — iFyF;,, . (3.89)

The key observation is that the action has in addition global symmetries generated by
A T
0, AV = —HIT} . . 0aBua = —3€umpo L Th, (3.90)

where the T¢, are, at this stage, arbitrary real constants. The corresponding Noether
currents read

Jh=T8 F'"HA (3.91)

Comparing with section 2.1, we observe that the §, generalize the rigid central charge
transformations of the free vector-tensor multiplet. When more than one antisymmetric
tensor is considered, there are also nontrivial second-order currents

J,uzxA — %fBCAgﬂVPUHpBHg ) (392)

which are conserved on-shell for any constants fap® = I AB}C, but do not correspond
to any global symmetry of L.

Henneaux and Knaepen have been able to simultaneously deform the free action (3.89)
and the gauge transformations (3.88) such that the symmetries generated by the ¢, are
realized locally. At first order in the deformation parameter g the gauge fields couple to
the respective currents, giving rise to so-called Freedman-Townsend vertices. At second
order in g a condition arises on the as yet arbitrary constants 7§, and fag®, namely
the f4p“ have to satisfy a Jacobi identity, which identifies them as structure constants
of a Lie algebra, while the matrices Ty are required to define a real representation of
the same,

Jus"fap® =0, [Ty, Tp] = fas°Te . (3.93)

It is possible, and convenient, to present the resulting model in a first order formula-
tion, where the Lagrangian and the transformations are polynomial. To this end, we
introduce auxiliary vector fields W/j‘, which may be eliminated later on to obtain the
nonpolynomial form. The complete Lagrangian then reads

Lik = =2 WA Bpos = L3900, 30, + cah) + 2 0asWHAWE (3,99
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where ¢, € R and

Wi, = 0,W = 0,W + gfpc* WEWS (3.95)
Fo, =V, AL -V, AL, VAL = 0,A% + gW i T, AY (3.96)

W/ﬁ, resembles a nonabelian Yang-Mills field strength, in particular it satisfies the
Bianchi identity

eI, Wi = P (0,W, + gWr fec' W) =0, (3.97)
but due to the presence of the last term in Lyk there is no gauge transformation
associated with Wlf‘ that leaves Lyk invariant. The term proportional to the constants
Cap, Which may be chosen arbitrarily, slightly extends the original model of Henneaux
and Knaepen. As we shall see, it gives rise to Chern-Simons couplings, which however
neither include the nonabelian ones of the previous section, nor do they describe the
nonlinearities of the self-interacting vector-tensor multiplet we are going to construct
in the following chapter. This suggests that the Henneaux-Knaepen models presented
here admit a further generalization.
The conditions (3.93) are sufficient® to render [d*z Lyxk invariant under the following
two sets of gauge transformations: First one may vary just the B, 4,

AP(Q) Buya = =2V Qua, A°(Q) AL =0, A°(QW! =0, (3.98)
where the action of the “covariant derivative” V, on the parameters (2,4 is given by
VMQVA = a/,LQVA - ng,BfBACQVC . (399)

By means of the Bianchi identity (3.97) one easily verifies that Lyk changes by a total
derivative only. The second set subsumes what we have previously encountered as local
central charge transformations (hence the denomination A%),

N(C) A% = —V,C%, N(C)WH=0
o (3.100)
N(C) Bua = g (carT2, — 6F2,) TH.CC .

Here V,, acts on the C as it does on the Af, eq. (3.96). In view of the relation
N(C) T, = =V, V, ] C* = —gW, T§,C" (3.101)

the variation of the B, 4 evidently cancels the one of the AZ, thus Luxk is A*-invariant.
Since Wl‘:}j ~ 0 by virtue of the equations of motion for the B, 4, the transformations
commute on-shell, so the algebra of gauge transformations is in fact abelian to all orders
in the coupling constant.

3We emphasize that the Lie algebra need not be compact and that the metrics §qs, da5 as well as
the constants ¢, need not be invariant tensors.
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Let us now eliminate the auxiliary fields in order to make contact with the vector-tensor
multiplet. We rearrange Lyk such that the W:‘ effectively decouple from the dynamical
fields. Dropping a total derivative, this gives

]_ v ]- rva
Lyk = iwaZBWuB_Wf%i_ ZdabFu Fﬁv

1 _ M| va
:—E}Cj (K 1)ﬁ55{3—15abF" F,QV

1 A —INAC A ] v B ~1\BDq o (3.102)
+ 5 [Wu - (K )up :H:C] KAB [Wu - (K )I/O’ :H:D} )
with the abbreviations
Hh = HY + g T8 A (ap F*° + cop F*?) (3.103)
KHv 5 pr 1 C’g;u/pUB -
AB ABT] ngAB poC (3.104)

— PTG (Sap ™ APAL — 6, AFIAYE — et P AC ALY

and (K1) 1Ky = 6/ 6. Hence, on-shell we can replace W with (K~')/\2H% in the
above transformations and omit the second line in eq. (3.102), leaving a Lagrangian
that is nonpolynomial in the fields and the coupling constant g. Since K%'; and its
inverse do not involve derivatives, the action remains local, however. Note that the
H*} include Chern-Simons terms F #hA¢ which in the Lagrangian couple to the field
strengths of the 2-forms with coefficients ¢y, 7%,

The pure gauge field part of the linear vector-tensor multiplet, given in eq. (3.64), is
now recovered by making the identification

Al =A,, A=V,, Bui=B., (3.105)

2 p

together with the choice

/00
16 — (1 O) y  Cab = 0 5 (3106)

which conforms to fi;! = 0 for a single antisymmetric tensor. When substituted in eqs.
(3.103), (3.104), these coefficients yield the expressions

H"' = H' + gF"?A, . K" = (1 — g?AP'A}) 4 g2 AMAY!
Nuw — QZALAi

Kl=21 - #rY ,
7 1_92A1pAF1)

which coincide exactly with their counterparts in the supersymmetric model after re-
placing the scalars by their background values.

At last we point out that what made the construction of the bosonic Henneaux-Knaepen
models possible in the first place was the introduction of auxiliary fields, resulting in
polynomial actions and transformations (a feature shared by the N = 1 supersymmetric
versions in [28]). As yet, we do not know how to do this in the N = 2 supersymmetric
case.



CHAPTER 4
THE NONLINEAR CASE

In section 2.3.2 we have argued that there exist two inequivalent sets of constraints
describing the vector-tensor multiplet. So far, we have been dealing only with the
first one and its generalizations to admit couplings to vector multiplets. We shall now
show how the second set gives rise to a new feature, namely self-interactions of the
vector-tensor multiplet. As announced, this will be done from the beginning in the
presence of a gauged central charge, but in somewhat less detail than in the previous
chapter, for the steps from the constraints to the Bianchi identities and ultimately to
the Lagrangian are essentially the same. From the latter in particular we give only the
purely bosonic part, as we are mostly interested in the gauge field interactions.

4.1 Consistent Constraints

Let us resume the evaluation of the consistency conditions in section 2.3.3. We recall
the second solution to eq. 4) of the system of differential equations (2.79),

F = 1 h real.

L+nZ,2)°
We now continue by solving eq. 5) for A,

9
A4 2 . 41
t7°TF L+h (1)

Then it can easily be checked that also egs. 1) and 19) hold identically. When put into
eq. 9), we obtain a condition on h, namely

d0h =0 . (4.2)
From eq. 10) follows another condition,

A1z 2 (g2 2
0=0A-14 L+h<ah+28h>, (4.3)

which allows to determine h completely,

h:%jt%—l—u, 0eC, pelkR. (4.4)

57
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We observe that the combination L + h is, modulo the constant pu, precisely of the

form (2.78), thus we can achieve p = 0 by a field redefinition, thereby fixing the gauge

modulo rescalings of L by a constant parameter. Next we insert A and F into eq. 2),
1

(L+m)orC +C = - (L+p) , (4.5)

the general solution to which is given by

v(Z,Z)  L+p
¢ L+p 27 (46)

Eq. 25) then implies
W L+p)=2Zv+2Z0 = pu=0. (4.7)
From eqgs. 6) and 7) we obtain the dependence of F on L and Z, respectively,
09

where g(Z) is independent of Z. At last, we consider eq. 3), which requires
Zov+v=-0g . (4.9)

By differentiating eq. (4.7) with respect to Z, we find

0=Z0v+v+ 200 =0(Zv—g) = iﬁz%—%MZ), (4.10)

and finally from eq. (4.7) the relation u = —g/Z. The coefficient functions thus read

2 L 1 _ g 9g
A=-=, C=-%—-—(9-39), E=->, D=-_%
Z 27 ZL_ ZL ZL (4.11)
1 Z
F=—= === =b=c=B=
, G , a=b=c 0,

where g(Z) is some arbitrary holomorphic function. Similar to the case of the linear
vector-tensor multiplet, the g-dependent terms combine to

_1
ZL

provided g can be integrated, df = ¢g. In the following we consider the case g = 0
only, for it can be shown [2] that the Bianchi identities again single out a function
g(Z) which may be removed by a superfield redefinition. We shall not generalize the
model to include Chern-Simons couplings to nonabelian vector multiplets (this can be
found in the reference just mentioned), but Chern-Simons-like terms for V), and A,
arise automatically, as we will see. The constraints we are now going to investigate
read

DIDIL =0,

@WﬂL:-éZ@L@@HWL+yPWD@+Z®%®%—Z®%®uy

[ﬂ@@@-@@@@ﬂ:-%ﬂﬂ@ﬂ@-@@w@ﬂ, (4.12)

(4.13)
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4.2 Transformations and Bianchi Identities

To determine the Bianchi identities, we need to calculate the action of the supersym-
metry generators on the deformation

M = ﬁ (20 LAGD) — L2 4 Zpipd — Zapiad) | (4.14)
Note that contrary to the case of the linear vector-tensor multiplet, A% is neither real
nor imaginary, which makes things a little more complicated. Applying D,;, we obtain

ij 3 T i - i 7 i V(i i
DoyM" = 577 [21LY"74p; —iL*0* 0N + ZLUXN + G,0™ (123" — LNY)
+ 2L 0" — Z(D,L — iW,) o™’ + M9 (iZy; — L) (415)
+ ()N + (N ]

while the action of @aj now cannot be derived by complex conjugation of the above
expression but needs to be computed separately. One finds

A ij 3 i : i i : i

Do M" = === [2L4y'0"0,Z +iL D, (LN'o") — LW, N'o" +i|Z|*Ut
+ Z(D,L +iW,) Yo" +1Z G, O'o™ —iZ M) (4.16)
+ ()N + (N )y ]

The central charge transformation of W* and the Bianchi identity for G, involve the
real and imaginary part of ZD;0"D;M" | respectively. After a lengthy calculation, we
arrive at

é Z Dot DM = UGZO"Z + NotN;) — (GM +iG")8, Z — (iF™ — Fr)W,

— D, (LF"™ +iLF" + 2'a™ \;) +1Z No"6,1;

+ % [(IG"™ — RG"™)D, L + (IG" + RG"™)W, (4.17)
— | ZPUWH 4 219 0 4); 0,7 — 2i7Z )" DH1);
— 2i N'o" (W, —iD, L) + 2iZ ;0" D;M" + c.c. | .

When inserted into eq. (BL.2), only a few terms survive,

ID,G" + RD,GM — _% UZ0"7 — % 7 Noh§.; — 1—12 Z D" DM + c.c.
= —G",I — G",R — D,(LF"™ + i\o" " — ith;G,,\)
_ ﬁwva ’

and the second Bianchi identity is found to read

D,G" = —Lemro W, (4.18)
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where we have introduced the abbreviation®
Guw =1G,, — RG,, — %, . (4.19)

A comparison with eq. (3.27) shows that this is exactly the same constraint as for the
linear vector-tensor multiplet! This was to be expected, however, for according to eq.

(2.36) the action of the central charge generator &, on G, depends only on N7, which
we chose to be zero in both cases,
5.G" = —e"P"D,W, . (4.20)

Therefore, the second Bianchi identity in the case at hand could have deviated from
eq. (3.27) at most by d,-invariant terms under the covariant derivative. Due to this
correspondence, we can simply copy the solution from section 3.2,

g,uz/ = V,uu - 214[,11‘/[/1/] ) (421)

and it is obvious that also the central charge and supersymmetry transformations of
the gauge potential V}, are the same,

5, V,=-W,, D.V,=—(Zo, '+ Lo X — A") (4.22)

a

for the second relation follows from the first, which in turn is a consequence of egs.
(4.20) and (4.21).

We observe that the expressions just derived are linear in the components of the vector-
tensor multiplet. Nonlinearities enter through the constraint on W#, the central charge
transformation of which we obtain by multiplying eq. (2.39) with L and inserting the
real part of expression (4.17),

LO[|ZPWH 4+ AL(Z0"Z — 20" Z) + (200N — ZNio™y) ]| =
— ILD,G" ~ RLD,G" + 5 [2 D DM + c.c.]
= —|ZPUW* + G*"'W,, + D, (LIG"™ — LRG*) + | Z)?6, (V' o*;)

— LD,S" — SL6.(Zy ot N, — ZNoty;) —iU(Zy o N, — ZX ot 1))
—ILU(Z0"Z — ZO"Z + 2i X'o" \;) + (Nio™ Y + ¢,;0"\') D, L
+1D,(ZY' 0"y — Z'T" )

Here we have expressed D;M¥ in terms of 61" rather than using eq. (4.16),

L2000 Dy MY = Zapo" (IN'U — i6" D' — Z6,47) .
The above equation can now be written as

SV =D, (LG" + SL2F™ + TI™) + G*'W,, , (4.23)

IThis we could have done already in section 2.2, where the combination occured for the first time.
However, it is only now that equations simplify considerably when formulated in terms of G,,,,.
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where the real composite fields
WH = | ZP(LW* — o) + S L (Z0"Z — ZO"Z + iN' ot \;)
AL (ZWi "N — ZNoMp,)
1" = i(Zy ot h; — Z e a);) (4.25)
are both bilinear in the components of the vector-tensor multiplet. In view of eq. (2.56)
i

one might search for a superfield redefintion which simplifies WW*. In the limit Z =
we would have

(4.24)

W — ity = LL'W* — (L + LLL") {lotd),; |

so the spinors could be removed indeed (with L ~ LY 3). However, this would merely
shift complications from one place to another, as both W* and W* occur in the Bianchi
identities and their solutions. Hence, we stick to our original choice (4.13) for the
constraints.

It is quite an effort to derive the first Bianchi identity from eq. (BL.1). Applying D¢ to
eq. (4.16) gives

17D, D;M" =iLOZ — 2(W* —iD"L) 0,7 — ZX6, 4" + 21 N ot

Lri : i A i
-7 [iZ(W, —iD,L)* + 1ZG"™ (G, +iG ) + 1 Z| Z|?U?
+ Notah; (W, —iD,L) +iF,, V6" — Z D, (v o)  (4.26)
— 29 0" 0, Z + ZUY' N, — 1Y IPyap; — S Z M MY

+ 37 (¥;D;MY —;D;M7)] .

(@)

This we insert into eq. (BI.1) and multiply the equation with |Z|*>L, upon which the
covariant divergence of YWH emerges,

DW! = —Y(IG,, — RG,,)(IG" + RG") — 1G,(Z X\io"" V" + Z ;" \')
+ 5 Fu I — 5[ 12(ZMiy — ANty ) MY + (ZYy5 = Nidg) 'y
/\iwj )\ij — C.C.] .

By virtue of eqs. (A.35) and (A.25) the four-fermion terms that remain when M¥ is
inserted can be written as the product of an antisymmetric tensor with its dual,

Z(Z My — 4Nty ) MY + (ZYi5 = NdJP™ — Ny N7 — c.c. =
= =LA U+ N VYY) — e
- _iguvm ()‘iouvwi - &Zﬁuu;‘i) (Ajapawj - @j‘?pcr;‘j)
= i<2/w - LFIW) (EW - Lﬁuu/) )

2

1
4

which together with the relation

—1Gu(Z Mo + Z g™ N) = —3(IG,, — RG,,) (S* — LE™)

1
2
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results in
DW= -1G,,G" + 1F, (LG" + L2 Fm + 1) . (4.27)
Let us now split the covariant derivative and express 6,W* by means of eq. (4.23),
oWH =D W — A0, W
(3F. — A.0,) (LG + LL2FM +TI™) — L(G,, + 44,W,)G
0, (LG"A, + %LZF“”AI, +11"A,) — %5“”””(@1/,, +AW,) (0,V, — A W,)
A

(LG™A, + LL2FWA, + TIA, — L7 V,8,V,) .

Here we have inserted the solution for G,, in the third step. The first Bianchi identity

may thus be solved in terms of an antisymmetric tensor gauge field B,,,,

WH = e (9,Byy — V, 0, Vo) + (LGM + SLPF* +TI") A, (4.28)

which proves that the constraints (4.13), and their flat limit (2.68) in particular, are
indeed consistent. We observe that they give rise to abelian Chern-Simons terms both
for the gauge potential V), of the vector-tensor multiplet and for the vector field A,
associated with the central charge.

We are interested in W*# rather than in W*, of course, as the former determines the
central charge transformation of V, (and also the one of B,,, see below), while the
latter had been introduced merely as an auxiliary means to simplify our calculations.
When G, is replaced in eq. (4.28), we find that the prefactors of W* combine into the
matrix K given in eq. (3.37) just as for the linear vector-tensor multiplet,

LE™W, = H" — Vv, + L2 FMA, + (LVM™ +TI") A, | (4.29)
where H* is now defined by
H = 1e"770, B,y + | Z[*Y 0" — L (ZY'o" Ny — ZN t1)y)

. _ - 4.30
— %Lz(Za“Z — ZOMZ + 1Nt \;) . (4.30)
Inverting K* then yields
1 1y pv 172 uv v v
WH = — (H!' — V'V, + SL*F"A, + (LV" +11") A,
LE ( 2 2 ( ) (4.31)

—|Z|T2AMAHY + 3| Z| T2 ARV ALY,

with € as in eq. (1.55). It remains to determine the transformations of the gauge field
B,,. The central charge transformation we obtain most easily by applying A*(C') to
eq. (4.28) and comparing the result with C,W* as it follows from eq. (4.23). This
gives

0=e""9,[ N(C)Bpy + C(LG,o — AL Fpp + 11,5 — V,IV,) |
- 6/“/[)00 Wu(gpa - ‘/p0'> 9
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and as the terms proportional to C' vanish by virtue of the antisymmetry of the e-tensor,
we conclude that

0. By = Vi, W) = LEpe (0°V° — APW) + LL*F,, — 11, . (4.32)

As we had seen in section 3.4, the occurence of a Chern-Simons term in the generalized
field strength of B,, requires the gauge transformation associated with the correspond-
ing vector field to act nontrivially on B, in order to render the field strength gauge
invariant. According to eq. (4.28), the change of V}, by the gradient of some scalar field
© is to be accompanied by the transformation

AY(©) B, = -0V, . (4.33)
At last, the supersymmetry transformation of B, follows from the one of 6,B,,,
5ZDZ¢BMV = Dg (V[uWV] - LEWWDPVU + %LQFW - ﬁ/w) + [5z ) D;] B/w
= 0. [ Viuow) (24" + 1 LX) = Vi Ay ¥ — Z Loy, (21 Zy' — LX')
— iLApoy (20" + 5LN) | 4 0 (Vgt' + 2Z Loy )" — L0,
+ 306V + [0, DL ] B -
From this we infer that (modulo J,-invariant terms, which can be neglected however)
D! By, = [Vju0, (1Z¢" + LLX) = V[, A" — Z Lo, (21 Zy¢' — LX) (43
—iLAyo, (2 2+ 3L |

and it is easily verified that on all the component fields supersymmetry and central
charge transformations commute modulo gauge transformations,

[A°(C), A()] = A(8) + A%(Q)
where AV now acts on both V,, and B,,,. Here the parameters read explicitly
0 =C(Y' + &), Qu=CRe(V,é' +2ZL&o, 0" — L% &o, N') . (4.35)

Finally, a straightforward though tedious computation of the supersymmetry commu-
tation relations on B, results in

{D,, D4} Buy = €ape? (26 By — 0, (\VyZL + AyZL%) — 2LV, )

D! D.:YB,, = —i6*(D,.B 20,(B,, — 0, | ZI2PLY) " . — LV .V (4:36)
{D.,, Daj} Buw = lj( ad Dy + [,U( vlp 277V]p| “L7)ots 3 Vaa /W)7

which implies that the parameters ¢, C' and © on the right-hand side of the equation
[A(€). A(Q)] = €9, + &(C) + AY(8) + A"(Q)
coincide with those for the linear vector-tensor multiplet, egs. (3.47), while €2, reads

Q, = %eM]ZPLQ — B’ — %VML(é"Z-CiZ + ¢ 7) — %AHLQ(&CZ'Z —&¢7) . (4.37)
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4.3 The Lagrangian

Now everything is set to determine the invariant action, which we again derive from
a linear superfield that is the solution to the differential equations (2.59). When the
coefficient functions (4.11) (with g = 0) are inserted, they read

— oyl L P S
1) 0=0ry 27+2Za 2) 0=0v 5%425
—oa_ L —da— 2
3) 0=0La 77 @ 4) 0= 0a 2ZLﬁ
— Oy — 1 b« =0;0
5) 0 = da 28L6+2L 7 6) 0=0.0
7)) 0=20p 8) 0206—20L5+§
9) 0=0.0 10) 0=200 .

From eqs. 6), 7) and 9), 10) we infer that § = 3(Z) and § = §(Z), respectively. [ is
then fully determined through eq. 8),

p=-0 o pg=_28  ,cc. (4.38)

Eq. 5) now fixes the Z-dependence of «,

_ 1 K —ZnZ. 1) -k
8a_Z( +L) = a=ZMNZL)- T,

which we insert into eq. 4) to obtain a condition on the function h,

oh = ——_ h=k(L)+ Lo

Eq. 3) holds if

Lok=k = k:i%—gL, o€R.

Eq. 1) requires ;1 = 0 due to the reality of 7, so « finally reads

kS — KkZ
== = _o7L. 4.39
57 0 (4.39)
We can easily integrate eq. 1) and obtain
1 .3 RZ+kZ >
”y—égL —WL—l—J(Z,Z), o real . (4.40)

Eventually, eq. 2) yields the same relation between § and o as in the case of the linear
vector-tensor multiplet,

d=00 = o=f2)+f2).
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This of course is not surprising as these functions determine the Lagrangian for the
central charge vector multiplet, which does not depend at all on the constraints on L.
Again similar to the case of the linear vector-tensor multiplet, the terms proportional
to x combine into the real part of Kk DUDI) L,

k7 — k7 (l_DingL_ l@iL@jL> _ 265Gy piyg _ 2E Pz i
L \z Z Z Z
- —“Zm;'{jz LD'DIZ = k DUDIL 4+ gDEDIL |

which is a linear superfield by itself. It has been shown in [2], however, that it gives rise
only to a total derivative Lagrangian for any value of k. Therefore we choose xk = 0.
Altogether the pre-Lagrangian for the nonlinear vector-tensor multiplet with gauged
central charge reads

LY = ‘CiﬂinVT + LY (4.41)

cc )

where the remaining parameter in
Lwr=—0L(ZD'LDL+ZD'LDL - LL*D'D'Z) (4.42)

may be chosen as ¢ = 1/(L), which turns out to yield the proper normalization of the
kinetic terms.

For the sake of simplicity we confine ourselves to the purely bosonic part of the action.
According to the general prescription (1.42) for the Lagrangian we need to compute
the second supersymmetry variations of £%. ... When acting with D,; on this field,

n

Doy L o= % [ZL(D,L —iW,) o™i +iZL G0 —i|ZPLU
L IBGRAN LAY, 20, — ), (443)
FRLW) A L) 4],
the fermion trilinears can be neglected. We now need to apply D¢ and Dg; only to the

remaining spinors, which results for the former in (the relation ~ denotes omission of
fermions)

ij 30 .
DiD; Loyt = 57 [2121°L (D“LZ?#L — WHW, = 2iW*D,L + | Z]*U?) (4.44)
— Z°LG" (iG,, — G — %L3ZDZ —L? Yij)/ij] ,
while the latter yields the expression
DiiDoj Ly = —3ioL oty [(IG, — RG )W — (IG,, + RG,,)D"L (4.45)

+|ZPUD,L + LL20F,, ] .
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Putting it all together, we find
Loyt = oL [% |Z2(0"L 8, L — WHW,, + EU?) — % [2(Z0Z + Z07)

_ i G (G + 4ALW, + 22000 O°(LAT)) + LW, ™A, (4.46)

1 rommw 1 ;245 } 0 3 [
— L°F"F, — —L°Y"Y,; =0, (L°F*A,) ,
+12 Iz 12 J +3 #( )

where for consistency the fermions contained in the composite fields W# and G, have
to be set to zero. The latter depends on the former according to eq. (4.21), so we first
replace G,

_i G (G + AA W, + 22,50 0P (LAT)) =
- _i VIV, = VIO, (LA,) — LW, F*A, + APWY AW,

Then the terms linear in W* cancel, while the bilinear ones combine into W*K ,, W"
just as for the linear vector-tensor multiplet,

Lowvr = oL [ H1Z(@"L 0,1 + BU?) = Lwoig, w - 1

1 rommw 1.9 5 | 7 1 72y
— L°F"F, — =L (Z0Z+ Z0Z) — = L*Y"Y;;
+ 12 a 6 ( + ) 12 J
60 (LPFMA, = BLPVIA,) |

1

VIV, — 1

LE™V,,

(4.47)

Again the nonpolynomial interactions arise from inverting K. Using egs. (3.38) and
(4.29), the substitution of W* gives

—g LWHK,, W = _% (LK"W,) (K™),., (LK""W,)

- _ﬁ [HF = LVHV, + LLAF™A, + (LV* 4+ 1) A, ] (4.48)
0 1A vy )2
AH:— A VH .
+2L8!Z\2( g AV

At last, let us neglect also fluctuations of the scalars around their background values
(Z) =1iand (L) = 1/p. Then only the gauge potentials V,, B,, and A, remain, and
after rescaling

A, —gA,, B,—Bu./o,

such that both fields have canonical dimension 1, we find? (dropping a total derivative)

L=V = 5 (1= G2/36)) " F
- % (H" — 1oVHV, + g.VA, + Lol g2 FvA,)? (4.49)
gz A o 1 A V0% 2
+%( pH" =504,V VL) :

2Evidently, positivity of the kinetic energies requires 302 > g2.
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Apart from the normalisation of A, this Lagrangian follows from the one in eq. (3.64),
when in the latter we make the substitution

H* — H" — LoVvmV, + 1o g2 FHA, (4.50)

which introduces couplings of H® to Chern-Simons terms of both V,, and A,. At
first glance, these seem to fit into the structure of the Henneaux-Knaepen models, eq.
(3.103). However, it is easily verified that no choice of the parameters ¢y, which govern
the Chern-Simons couplings, can result in the specific combination

H* = H"' — $oV™V, + Lo~ g2 F™A, + g. VA, (4.51)

as displayed above: A comparison with eq. (3.103) shows that again the second column
of the matrix 77, vanishes (otherwise at least one of the two terms V**'V,, F*V,, would
be present), hence the coefficients c,, 7. can at most yield a Chern-Simons term for
A}L =A,.

We conclude that the Henneaux-Knaepen models, in their current formulation, cannot
account for the type of gauge field interactions described by the nonlinear vector-
tensor multiplet with local central charge. Most likely, however, the former admit a
generalization which then includes also the case presented here. Work in this direction
is in progress, but as yet we cannot report on results.






CONCLUSIONS AND OUTLOOK

In the present thesis we have given a derivation of the superfield constraints which
describe the two versions of the vector-tensor multiplet in presence of a gauged central
charge. Key to this was the formulation of consistency conditions every deformation
of the free model has to meet. We stress that these may be, and have been to a
certain extent in [2], employed to determine superfield constraints that yield even more
general models than the ones presented here, like for instance the linear vector-tensor
multiplet with global scale and chiral invariance first obtained in [17] by means of the
superconformal multiplet calculus. This involves a coupling to another abelian vector
multiplet with a nonvanishing background value (the nonlinear one with gauged central
charge possesses these invariances without further modifications).

Even in the case of a single vector multiplet, however, the consistency conditions turned
out to be insufficient when starting from a completely general Ansatz for the constraints.
While we were able to find solutions to the differential equations on the coefficients
that provide the sought generalizations of the two different vector-tensor multiplets,
we cannot exclude further solutions which may not be obtained from the known ones
merely by a field redefintion. However, what has been shown is that each solution
must reduce in the limit Z = i to either of two possible versions with global central
charge. Since we have found two corresponding classes of deformations, we venture the
assertion that no third one exists.

Unfortunately, as yet we do not know how to determine in a manifestly supersymmetric
way whether a given set of constraints is really compatible with the supersymmetry
algebra. While the consistency conditions (C.1-4) provide a preliminary selection of
superfield constraints, it is still necessary in each case to solve the Bianchi identities at
the component level in order to verify their validity.

Of course, the ultimate goal is to describe the vector-tensor multiplet in terms of an
unconstrained superfield, as it is possible for the hypermultiplet in harmonic superspace
at the expense of a finite number of off-shell components [1].

What we consider the most exciting feature of the vector-tensor multiplet (rather than
its relevance to certain string theory compactifications, which is beyond the scope of
this thesis), is the similarity of its local central charge transformations to the kind
of gauge transformations that occur in the new class of theories by Henneaux and
Knaepen. It is natural to ask for supersymmetric versions of these models. While this
problem could be solved completely for N = 1, in the case of two supersymmetries the
only known example we have presented here suffers from the explicit nonpolynomial
dependence on the central charge gauge field. As is clear in view of the complexity of
our component calculations, a first-order superfield formulation is indispensable. It is
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likely to exist only in harmonic superspace, which admits unconstrained prepotentials
for N = 2 vector multiplets that could serve as the necessary auxiliary superfields.

In fact, the superfield constraints we have found in this thesis can readily be converted
into constraints on a corresponding harmonic superfield, cf. [2]. However, presumably
the 2-forms have to be embedded in other multiplets than the ones of the vector-tensor
variety, since the latter always introduce in addition as many vectors as there are
tensors, which is likely to prevent a formulation of pure Freedman-Townsend models.
The only other multiplet known to include a 2-form gauge field (apart from the yet
to be constructed double-tensor multiplet which, as the name suggests, would hardly
be an alternative) is the so-called tensor multiplet [7] we have encountered briefly in
section 1.2.

Finally, we note that also the purely bosonic Henneaux-Knaepen models deserve further
study concerning a possible extension of the Chern-Simons couplings. As has been
shown in the last chapter, the gauge field part of the nonlinear vector-tensor multiplet
with local central charge hints at a generalization that exceeds the one included already
in [28] and in our exposition of the models in section 3.5.



APPENDIX A
CONVENTIONS

A.1 Vectors and Spinors

We denote Lorentz vector indices as usual by small letters from the middle of the
greek alphabet, while those from the beginning are reserved for two-component Weyl
spinors, which are used exclusively in this thesis. Small letters from the middle of the
latin alphabet denote SU(2) spinors in the fundamental representation and run also
from 1 to 2.

The signature of the Minkowski metric follows the convention in particle physics,

N = diag (1, =1, =1, —1) . (A1)

Parantheses and square brackets denote symmetrization and antisymmetrization of the
enclosed indices respectively,

1
Vidian) = > Vagdn (A.2)
" TES,
1
Viai..a,) = p} Z SN (T) VA, (1) Ay s (A.3)
" wES,

where A € {u,a,c,i}. The Levi-Civita tensor 4144 is antisymmetric upon inter-

change of any two indices, and the following relations hold,

€Al Ay :nAlgl...nAdBd€Bl"'Bd, nAB:diag(l, —1,..., —1) (A4)
80...(cl71) =1, €0..(d-1) = (_)dfl (A5)
Eara el Be = (=)t targ ol (A.6)

The Hodge dual of an antisymmetric Lorentz tensor is denoted by a tilde,
o= %5“"‘”17,)0 . (A.7)

Our conventions concerning Weyl spinors agree with those in [29]. Indices are raised
and lowered by means of the e-tensors according to

wa - Eaﬂwﬁ 5 wa = €o¢ﬂwﬂ (AS)
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’QZO.C = 66&5&5’ > &d = 5@3&6 ) (Ag)
and the following summation rule is used,
PX = Na , X = PaX® . (A.10)

Similarly, an SU(2) spinor may be converted into a spinor transforming in the contra-
gredient representation by means of an e-tensor, which is invariant under SU(2),

Wi = €ij90j ) SOi = 5ij90j . (A-H)

However, we always spell out SU(2) indices even when contracted. Complex conjugation
raises and lowers SU(2) indices. Due to the reality properties of £,

() =€V = —E€ij » (A.12)

a change of sign has to be taken into account whenever complex conjugation applies
also to an implicit e-tensor,

@)=¢ = (p)'=-¢. (A.13)
A.2 o-Matrices

o (GO VY Vi R GO ST

provide the link between the proper orthochronous Lorentz group and its universal
covering SL(2,C). The index structure of these hermitian matrices is

The o-matrices

JZB- , (JZB)* = 0he (A.15)

and g-matrices with upper indices are defined by
gh = e*ePoll = (1, —5)* (A.16)
Lorentz vector indices can be converted into spinor indices and vice versa,

Vg =0, Vu, VE=1a"5V,,. (A.17)

1
2

The generators of the Lorentz group in the two inequivalent spinor representations are
given by

ot = i(o“&” —oat), o = i(&“a” —a’ct) ALS
(Uuuﬁa)* — _a_wde . ( . )
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We use a shorthand notation for ¢*“-matrices whose indices have been lowered by
means of the e-tensor,

Oy = ("o s Oy = (545 (A.19)

They are symmetric in the spinor indices,

oMap =050, s =0"5 (A.20)
Using the o#”-matrices, an antisymmetric tensor F),,, can be decomposed into its “self-
dual” and “anti-selfdual” part,
F &g = 5dgFaﬁ + EaﬁFdB , Fad,BB = iEaBFOéﬁ — igaﬁFdﬂ'

o7

(A.21)

Fop = =Fuo"ap s Fap = Fu ",

There are numerous relations between the quantities defined so far. The ones used
frequently in this thesis shall be listed here.
Identities containing two o-matrices:

0140 55 = 2eaptsg 0y 000 =260 87 (A.22)
(o"d")o” =" 65 + 20,7 (6"0”)% =M (52,‘ +2 6‘”% (A.23)
ag“aa;]ﬂ. = €ap 055 — ap "ap (A.24)
Mo,y = 210", P95, = =2ic" (A.25)
M0 a0 pp = —21(€ap 05 + €450 0p) - (A.26)

Identities containing three o-matrices:
oof = L(n"Pot — o’ + i 0,) (A.27)
g aP = $(nPat — et — i 5 ,) (A.28)
Ghavt = L(per — e — it G,) (A.29)
oto¥P = %(77“”0” —ntPo” 4+ 1P q,) (A.30)
008 Ova = —Ex80ma s 0" a0vay = —OnaCay - (A.31)

Identities containing four o-matrices:
o FPT — %(UWUV’) _ n“pa”” + n”pa“" _ nwgup) (A,32)
+ 1" — T 4 i)

Gl FPT %(nw&w — PGV 4 PPGHT — 7 GhP) (A.33)

+ 3 (P =ty — iehP7)

o B,p. 0 = L0555 ) 1 Ly (o, 95 19 9) (A.34)



74 Appendix A. Conventions

05 O s = —2Ea(y E5)3 s 06 5,75 =10 (A.35)

These identities imply among others the following two useful relations: Let F),,, G,
H,,, be antisymmetric tensors and V,,, W, be vectors. Then one has

F2Gs® 4+ F 4l = iF"™(Gy — Hpy) — F*(G + Hy) (A.36)

F.PVia + W3 FPy = 10" (VY = W) — ol F (V2 + W) (A.37)

A.3 Multiplet Components

In the course of the present thesis we encounter numerous supersymmetry multiplets.
For quick reference we now list their components. As explained in section 1.1 the cor-
responding superfields are labeled by the same letter as used for the lowest component
(if there are several components of the same dimension, the first in the respective list
provides the superfield label). Symbols separated by a semicolon denote field strengths.
Components of the vector-tensor multiplet:

L,V,, B, v,,U;G,, W, V, B H'.

Components of the central charge vector multiplet:

Z, 7, A, My, Y F
Components of additional vector multiplets:

I gI I T il . I

¢ 7¢ aA,u7XaaD] afuu‘

Components of the linear multiplet:

e (LY), 0p . S, S, K",
Components of the hypermultiplet:

gpi7@iaxa>&d7FiaFi'
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