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Kurzzusammenfassung

Diese Arbeit beschaftigt sich mit der Spiegelsymmetrie in der Singularitatentheorie.
Dies beinhaltet so genannte Calabi-Yau/Landau-Ginzburg und Landau-Ginzburg/Landau—
Ginzburg Spiegelisomorphismen. Diese Isomorphismen wurden fiir die einfach ellip-
tischen Singularitaten von Milanov, Ruan, Krawitz und Shen erhalten. Es handelt
sich um die Isomorphismen der Gromov-Witten-Theorie der Orbifolds P} , .. oder
der FJRW-Theorie auf der A-Seite und Kyoji Saito’s flache Strukturen einer ein-
fach elliptischen Singularitat auf der B-Seite. Die von Physikern vorgeschlagene Idee
ist, dass die B-Seite in Bezug auf Symmetrien der Singularitat “orbifolded” wird.
Die Spiegelsymmetrie fiir das “orbifolded” B-Modell ist das Hauptthema dieser Ar-
beit. Aber die Objekte, die an der Spiegelsymmetrie teilnehmen, sind bis jetzt nicht
vollstandig definiert.

Wir stellen die Axiome filir die Landau-Ginzburg-Modelle der A- und B-Seiten
auf. Mit dieser Axiomatisierung bauen wir die Calabi-Yau/Landau-Ginzburg Spiegel-
symmetrie fiir die Singularitit Fys mit der Symmetriegruppe Zs auf. Wir berechnen
auch das entsprechende B-Modell. Unserer Kenntnis nach ist dies das erste Beispiel
fiir eine Landau-Ginzburg B-Modell, die “orbifolded ” ist.

Als Ersatz fiir den Wechsel der primitiven Form stellen wir eine Aktion auf dem
Raum der Frobenius—Mannigfaltigkeiten dar, die aquivalent zu der Transformation
der primitiven Form bei einer einfach elliptischen Singularitét ist. Durch die An-
wendung dieser Aktion klassifizieren wir die Frobenius-Mannigfaltigkeiten, die die
Axiome des frither eingefiihren orbifolded A-Modells erfiillen. Mit Hilfe der Theo-
rie der Modulformen zeigen wir, dass es nur eine solche Frobenius—-Mannigfaltigkeit
gibt, die die Landau-Ginzburg/Landau-Ginzburg Spiegelsymmetrie fiir die Singu-
laritit Es mit der Symmetriegruppe Zs ergibt.

Als Nebenprodukt erhalten wir einige Ergebnisse zu der Gromov—Witten Theorie
der Orbifolds P35 5, und Pg 55

Keywords: Spiegelsymmetrie, Frobenius—Mannigfaltigkeiten, primi-
tive Formen, Gromov—Witten Theorie
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Abstract

This thesis is devoted to the mirror symmetry in singularity theory. This in-
volves the so-called Calabi-Yau/Landau-Ginzburg and Landau-Ginzburg/Landau-
Ginzburg mirror symmetry isomorphisms. These isomorphisms were established for
the simple elliptic singularities by Milanov, Ruan, Krawitz and Shen. This involve
the isomorphisms of the Gromov-Witten theory of the orbifolds P} . ,. or FJRW-
theory on the A side and Kyoji Saito’s flat structures of a simple elliptic singularity
on the B side. However the idea originating from physics is that the B side could
be “orbifolded” w.r.t. symmetries of the singularity. The mirror symmetry for the
“orbifolded” B-model is the major topic of this thesis. However even the objects
that take part in the mirror symmetry are not completely defined up to now.

We introduce the axiomatization for the Landau-Ginzburg models of A- and B-
sides. Using it we establish the Calabi-Yau/Landau-Ginzburg mirror symmetry for
the singularity Fy with the symmetry group Zs. We also compute the corresponding
B-model. This is the first example of an orbifolded Landau-Ginzburg B-model up
to our knowledge.

As a substitute for the primitive form change we introduce an action on the space
of Frobenius manifolds that is equivalent to the simple elliptic singularity primitive
form change. Applying this action we classify those Frobenius manifolds that meet
the requirements of the orbifolded A-model axiomatization introduced earlier. Using
the theory of modular forms we show that there is only one such Frobenius manifold
giving the Landau-Ginzburg/Landau-Ginzburg mirror symmetry for the singularity
Es with the symmetry group Zs.

As a side-product we get several results on the Gromov—Witten theory of the
orbifolds P, , 5 and Pg 5 5.

Keywords: Mirror symmetry, Frobenius manifolds, primitive forms,
Gromov—Witten theory
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CHAPTER 1

Introduction

Originating from physics the idea of Mirror symmetry has become nowadays a
very beautiful subject in mathematics. Starting as a correspondence between two
objects of the same kind, namely two Calabi-Yau threefolds (cf. [29] 8]), it is now
generalized to the relation between the objects being of completely different origin
and is even sometimes formulated in a very different form (cf. [47), 23, [45]).

Even so, an integral part of mirror symmetry in any form comes from singularity
theory. Conceptually the mirror symmetry is an interchange of the A-model with
the B-model. Following the idea of physicists (cf. [8, 48]) the B-model should
be treated in a family over some base & with a mirror phenomena occuring at
the “special points” s € §. Each special point should give a different “phase” of
the N = 2 supersymmetric QFT. The B-model at such a point should be mirror
dual to some A-model. Hence there could be several A-models of different kinds
corresponding to one global B-model. We focus on the approach of Chiodo and Ruan
[10] who introduce the rigorous program for the global mirror symmetry starting
from the hypersurface singularity. In this case the global B-model is called Landau-
Ginzburg B-model (cf. [46]). Physically interesting examples of a mirror symmetry
appear when the Gromov—Witten theory is given by a variety that is Calabi-Yau.
This type of mirror symmetry is called Calabi-Yau/Landau-Ginzburg (CY /LG for
brevity) mirror symmetry.

In the case of simple elliptic singularities CY/LG mirror symmetry was estab-
lished in [42], 33, 34, [27]. The other type of mirror symmetry that was proved in the
same articles is the so-called Landau-Ginzburg/Landau-Ginzburg mirror symmetry.
For the pair (W, G) consisting of the hypersurface singularity W and a symmetry
group G the Landau-Ginzburg A-model was constructed in [16]. Such an A-model
is nowadays called Fan-Jarvis-Ruan-Witten (or just FJRW) theory. In contrast with
the B-model, the FJRW theory is not global and the state space has a completely
different origin.

However, recent developments in physics suggest a more general understanding
of the Landau-Ginzburg B-models, taking into account the symmetry group on the
B side too (cf. [20]). Such B-models are called orbifolded B-models. Introducing
the symmetry group on the B side affects also the A side in the way that we explain
later in detail. The definition of an orbifolded LG B-model already appear to be a
problem in this case. The work in this direction was done by R. Kaufmann in [24]
from the physical and M. Krawitz in [26] from the mathematical points of view.
However only the first steps towards the mirror symmetry were done. A rather
different approach leading to the same predictions obtained by Kaufmann from the
physical ideas was given by W. Ebeling and A. Takahashi in [15].

We address the problem of the global mirror symmetry for a orbifolded Landau-
Ginzburg model in this thesis. In order to make precise the mirror correspondence
we have to put all these models in some unifying framework. This is done by
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the Frobenius manifolds theory. We do not give full details of it referencing the
classical textbooks [11], 12}, 19}, [31] original research paper of Saito [39] and modern
treatment of it [40].

Frobenius manifolds. Let M be a domain in C". Assume its tangent space
Tar to be endowed with the constant non-degenerate bilinear form 7,

U:TMXTM%C.

Let tq,...,t, be coordinates on M. We associate the basis of Ty, with the vectors
0/0t; and consider 7, as components of 7 in this basis. Viewed as the vector space
it is called the state space of the Frobenius manifold.

Consider a complex-valued function F = F(t1,...,t,) on M. In what follows we
assume JF to be represented by a convergent power series in tq,...,t,. The function
F(t) is said to satisfy WDVV equation if for every fixed 1 <4, 7, k, I < n we have:

O F Z PF »F
= OLdL,01, Un Otkatl 0t,:04,01, U 01,00,

(1.1)

where nP? = (77_1)7”‘7.
Let E € Ty be the vector field given in coordinates by:

0
E = Z (dktk + T atk) , dk, TE € Q

Where we also assume that rr # 0 only if dp = 0. This vector field is called Fuler
vector field. We say that the function F has (conformal) degree d € Q with respect
to the Euler vector field E if the equality holds:

(1.2) E-F = (3 —d)F+ quadratic terms.

Using the function F define an algebra structure on 7. Let cfj (t) be the structure
constants of the multiplication o : Ty x Ty — Tar defined by ¢f5(t) := Y- cijp(t)nP,
where
PF

ot;0t; 0ty
and 77 := Y7 1,,0"'0%. The structure constants cf;(t) define a commutative alge-
bra structure by the construction, while the associativity is equivalent to the WDVV
equation on F(t).

Assume in addition that F(t) is such that 0/0t; is the unit of the algebra.
Therefore we have:

ka(t) = 1 S Z.7j7k S n,

_OPF
i = otot0t,
Then n;; together with cfj(t) define the Frobenius algebra structure at any point

sesS:
0 g 0 o 0 0
M a3 °5, 059, ) ="\ 55, %5 |-
ot; ot;’ Oty ot;” ot; Oty

DEFINITION. The data n, o, F satisfying conditions as above define the rank n
Frobenius manifold structure on M. The function F is called Frobenius potential
of M. The number d is called (conformal) dimension and the coordinates t - flat
coordinates.



Sometimes we are given first the function F satisfying WDVV equation without
any underlying space M and holomorphicity property. In these ocasions F could
anyway define a Frobenius manifold structure that we call formal.

NOTATION 1.1. The algebra structure on Ty given by cfj le—o ts called Frobenius
algebra at the origin and denoted by Tas |e=o-

Symmetries of the WDV'V equation. Let F(t) be an arbitrary solution of the
WDVV equation. It is clear that for C € GL(n,C) and the change of variables
t = Ct the function F(t) is solution to the WDVV equation too. Such changes of
variables are called symmetries of the WDVV equation.

Consider two Frobenius manifolds whose potentials differ by such a symmetry.
For C' ¢ O(n,C) the pairing defined by F(t) is different from that given by F(t)
and the two Frobenius structures defined by them are different! In what follows we
use the notion of isomorphism of two Frobenius manifolds from the point of view of
the symmetries of the WDVV equation.

DEFINITION. Two Frobenius manifolds M and M’ are said to be isomorphic if
their potentials F(t) and F'(t) are connected by a linear change of variables t = C't
with C' € O(n,C):

F(t) = F(Ct).

Note that the WDVV equation has much more symmetries that just those given
by a linear change of variables (cf. Appendix B in [11]).

Saito’s flat structures. Let W : C¥ — C be a holomorphic function defined
on a neighorhood of 0 € CV. We further assume W to map the origin in CV to the
origin in C and define an isolated singularity at 0 € C. This is equivalent to the fact
that the germ of the hypersurface Xy := {W = 0} C (CV,0) at the origin has at
most an isolated singular point at the origin. Let x = (x1,...,zx) be coordinates
on CV. Let C{z} stand for the ring of convergent power series. Consider the Milnor
algebra of W

ﬁW = (C{.%'l, c ,mN}/(&“W, c. 78:5NW)'
Let p := dim Ly be the Milnor number of W (x). The fact that W(x) defines an
isolated singularity is equivalent to the finiteness of p. A universal unfolding of
W (x) is the function F' : C¥ x C* — C defined as follows:

F(x,8) == W(x) + ) sedx(x),

where ¢;(x) are representatives of a basis of Ly, and we assume also that ¢;(x)
represents the unit of the Milnor algebra.
Let W (x) be quasi-homogeneous. Namely there are ¢, ..., qy € Q¢ such that:
WAz, ..., Axy) = AW (x), VAeCn

Assign the weight ¢; to the variable x; and also the degree deg(¢) := > a;q; to ¢(x) =
it ...z, Assuming the unfolding F'(x,s) to satisfy the same quasi-homogeneity
condition as W (x) we assign the weights to the variables sj:

deg sy, := 1 — deg ¢p(x).
Let S ¢ C* and B C CV be some sufficiently small balls centered at the origin.
In particular we choose B such that F'(x,0) has only one critical point x = 0 and
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choose S such that for any fixed s € S the function F(x,s) : B — C has only
isolated critical points. We will call S the base space of the singularity unfolding.
Denote: X := B x §. In what follows we consider the unfolding F' as a function
germ at (X, 0). Consider the map:

p: X =S8, (x,8) —(s).
Let C be the critical set of the unfolding F'. Then C is the support of the sheaf:
Oc = (’)X,O/(@“F, Ce ,&BNF).

The sheaf p.O¢ has a natural multiplication. For any two ¢(x,s), ¥ (x,s) let ¢, €
p+Oc be their residue classes modulo (0., F, ..., 0.y F). The multiplication of p,O¢
reads:

pos = d(x,8)P(x,8) mod (O, F,..., 0. F).

By the universality of the unfolding we have the isomorphism:

that endows 7s with the multiplication structure depending on the point s € S. We
will denote it by o, too.

Choosing a volume form w = ¢(s,x)dx; ...dxy define the pairing n on Ts as
follows.

(s) 1 05, FOs, F

= w,

T Qi =DN S 00 F .. 00, F

where T, is given by |0,, F| = - -+ = |0, F| = € for small enough €. This pairing is

called the residue pairing.

THEOREM 1.1 (K. Saito). For every quasi-homogeneous hypersurface singularity
there is a volume form ((s)dx such that the residue pairing is flat.

In general existence of a primitive form for a hypersurface singularity was proved
by Morihico Saito in [41] (see also [19] for a subsequent explanation). Using Saito’s
theory of primitive forms it is possible to construct a Frobenius manifold structure

on S.

THEOREM 1.2 (Theorem 7.5 in [40]). For any quasi-homogeneous isolated hy-
persurface singularity W (x) and Saito’s primitive form ¢ of it the multiplication o,
and residue pairing n define the structure of Frobenius manifold on the base space
of the universal unfolding S (and hence of rank p = dimS).

The Euler vector field F is defined by the equality:
(E(F) le=Flc -

Big advantage of the Frobenius manifold built on the base space of the singularity
unfolding is that it could by defined at every point s € S be an appropriate choice of
the primitive form “at the point s”. Because of this fact Saito’s Frobenius structure
is called global. We will make this notion rigorous working with the simple elliptic
singularities.



Orbifold GW theory. In [1,, 9] the authors gave the treatment of Gromov—
Witten theory (GW for brevity) for an orbifold X'. Roughly speaking their work
allows us to mimic the “usual” GW theory to the case of an orbifold X'.

Fix 8 € Hy(X,Z). The authors defined the moduli space M, (X, 3) of degree
B stable orbifold maps from the genus g curve with n marked points to X'. Together
with the suitable fundamental cycle [M, (X, 8)]*"" one can introduce the correlators
like in the usual GW theory.

The key object in the orbifold GW theory is the wnertia stack of X. Consider
the diagonal map X — X x X and the fiber product w.r.t. to this map. Then the
inertia stack is:

X =X x XXX X.

In other words ZX consists of the pair (z,0), where x € X and o € Aut(x). For
the case of global quotient X = Y/G the inertia stack has a simple form:

zx =[] v?/C(9),
(9)
where the summation is taken over the conjugacy classes (¢g) and C(g) is the cen-
tralizer of g. The action of C'(g) factors through the action of (g) because the latter
one acts trivially on Y9. Hence consider:

Clg) :==Clg9)/(g), and ZX:=]] Y*/C(g).
(9)

We will call ZX the rigidified inertia stack of X.

DEFINITION. The orbifold cohomology of X is:
H: (X)) = H(IX,Q).

orb
Define ev; : My, (X, 8) — ZX — the map sending the stable orbifold map with
n markings to its value at the ¢-th marked point.
Let v; € H},(X) be elements of the Chen-Ruan orbifold cohomology ring. The

genus g n-point correlators of the orbifold GW theory of X are defined by:

(fyl,...,fyn>;‘fnﬁ = / B FIVA R AR M T
[Mo,n(X,8)]

It is convenient to assemble the numbers obtained into a generating function
called genus g potential of the (orbifold) GW theory. From now on assume that
{7} is a basis of H,(X,Q). Take t := ). ~,t; for the formal parameters ¢;. The
genus g potential reads:

1
X . X
F=) ot
n7ﬁ
The most important for us will be the genus zero potential. Due to the geometrical
properties of the moduli space of curves we have the following proposition.

PROPOSITION 1.3. The genus 0 potential F5* defines a formal Frobenius manifold
structure of conformal dimension equal to dim(X') with the algebra at the origin
isomorphic to H} ,(X).

orb
NOTATION 1.2. Denote by M$W or simply by My the Frobenius manifold of the
orbifold Gromouv—Witten theory of X.



Berglund-Hiibsch duality. Let W be a quasi-homogeneous polynomial in
x1,...,TN. Associate to it the matrix R = {r;;} defined by the equality:

M N
W(xy,...,xN) :Zainx;ij.

=1 7j=1

The matrix R allows one to define the dual polynomial W7 due to Berglund-
Hiibsch.

DEFINITION. The quasi-homogeneous polynomial W as above defines an invert-
ible singularity if the matrix R is square and invertible over Q. The Berglund-Hiibsch
dual to W is the quasi-homogeneous polynomial W (xy, ..., xy) defined by:

N N

T - -

Wh(zy,...,¢Mm) = g ainj“.
=1 j=1

We further assume that both W and W7 define isolated singularities at the origin
0eC.

The construction of Berglund-Hiibsch is beautiful and essential but it doesn’t
guarantee good properties of the polynomial W7

Symmetries of the invertible singularity. In what follows we restrict our-
selves to the quasi-homogeneous polynomials W defining invertible singularities only.
DEFINITION.
e The maximal diagonal group of symmetries Gy is defined by:
Gw ={a e (C) | W(a-x)=W(x)},
where o acts coordinate-wise on x.
e Define the exponential grading operator by:

Jw o= (2™ e,
Its cyclic group will be denoted by Gj:
GU = <Jw>

It is natural to consider the singularities W and W7 to be mirror to each other.
However it is not enough. Correct mirror symmetry pairs are tuples (W, G) and
(WT GT), where G is a symmetry group of the singularity and G* is in some way
dual to G.

Depending on the side of the Mirror symmetry we will be working with two
different types of the symmetry groups.

DEFINITION. The group G is called A-admissible symmetry group of W' if:
Go CG C Gy
and the group H is called B-admissible symmetry group of W if:
H C SLy := Gy N SL(CY).
For an A-admissible group G introduce the notation:
G = G/G,.

The definition of the dual group that agrees with the mirror symmetry assumption
was first introduced by Berglund and Henningson in [7].
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DEFINITION. For a subgroup G C Gy define:
GT .= Hom(Gw /G, C*).
EXAMPLE 1.4. For any invertible W we have: (Gy)" = {id}.

More explicit definition of a dual group was given later by M. Krawitz [26]. The
correctness of the definition is constituted by the following proposition.

PROPOSITION 1.5 (Lemma 3.3 in [26]). Let W be invertible singularity and G -
its A-admissible symmetry group. Then we have:

(G =G and G C Gyr NSL(CY).

Namely the dual group of an A-admissible symmetry group is a B-admissible sym-
metry group of the dual singularity.

The pair (WT,GT) is known nowadays under the name “Berglund-Hiibsch-
Krawitz dual” of (W, G).

DEFINITION. Let W and W' be invertible singularities and G, H - some A- and
B- admissible groups of symmetries respectively. The pairs (W, G) and (W', H) are
called orbifolded L.G A- and B- models respectively.

Mirror symmetry with the trivial symmetry group. Let W define an
invertible quasi-homogeneous singularity. Assume in addition that W satisfies the
Calabi-Yau condition ) ¢; = 1. In this case the zero set of it is indeed a certain CY
variety in some weighted projective space. Consider the GW theory of the orbifold
Xw.a,, defined by:

Xway = {W =0}/Gw.
The mirror symmetry conjectures read (cf. [10]).

CONJECTURE 1.1 (CY-LG mirror symmetry). Up to a linear change of variables
the Frobenius manifold potential of the GW theory of the orbifold XWTvng coincides
with the Frobenius manifold potential of W with the choice of the primitive form ¢
at the special point.

The choice of the primitive form (¢ giving the CY-LG mirror isomorphism is
called primitive form at the large complex structure limit or LCSL for brevity.

CONJECTURE 1.2 (LG-LG mirror symmetry). There is a Frobenius manifold
structure associated to the pair (W™, Gyyr) such that up to a linear change of vari-
ables its potential ]-";?,T G (t) coincides with the Frobenius manifold potential of W

D

with the choice of the primitive form ( at the special point.

The choice of the primitive form ¢ giving the LG-LG mirror isomorphism is
called primitive form at the Gepner point.

Because Saito’s flat structure appears in both theorems as the B-model while the
A-model is in the two cases different, the B-model is called global. The next con-
jecture essentially supposes that two A-models of the same B-model are connected.

CONJECTURE 1.3 (CY/LG correspondence). There is a group action R on the
space of Frobenius manifolds relating two A-models:

> A GW
R-F =F .
WT.Gyr XWT,GWT



The action on the space of Frobenius manifolds (or more generally on the space
of cohomological field theories) was developed by A. Givental in [18]. This is indeed
some Givental’s action R that has to be central in the CY-LG correspondence. We
do not use this theory later on considering instead some group action on the space
of Frobenius manifolds that arises from the analysis of the PDE’s and is special for
the class of Frobenius manifolds fixed.

Mirror symmetry with an arbitrary symmetry group. Let W be an in-
vertible quasi-homogeneous singularity and G an A-admissible group of symmetries.
Assume in addition that W satisfies the Calabi-Yau condition ) ¢; = 1. Consider
the Gromov-Witten theory of the orbifold Xy defined by:

Xwea = {W =0} /G.

CONJECTURE 1.4 (CY-LG mirror symmetry). There is a family of Frobenius
manifold structures Fj o associated to the pair (W, G) with a B-admissible G such
that up to a linear change of variables its potential taken at a “special phase“ coin-
cides with the Frobenius manifold potential of the GW theory of the orbifold Xy gr.

CONJECTURE 1.5 (LG-LG mirror symmetry). There is a Frobenius manifold
structure fv‘?/T or(t) with the A-admissible G associated with the pair (W', GT)

such that the Frobenius manifold structures Fyj,  associated to the pair (W, G) taken

at the “special phase“ coincides with .7-"{,?,T or(t) up to a linear change of variables.

CONJECTURE 1.6 (CY/LG correspondence). There is a group action R on the
space of Frobenius manifolds relating two A-models:

» A _ GW
R . ‘FWT,GT - .FXWT’GT.

Essential candidate for LG A-model is the FJRW-theory. However it is not yet
seen as the only possible candidate and another problem of it is that it is rather
hard to compute even in the first essential examples.

We depict the global mirror symmetry in the following diagram.

Aside: ?FJRW theory of GW theory of
e (WT,G7) > Xyr gr = {WT = 0}/GT
0 Dk 00
B-side:

Frobenius manifold of (W, G)

Open problems. The major problem in the global mirror symmetry is that for
a given singularity only the Gromov-Witten theory of Xy is well-defined.

e The Frobenius manifold of the Landau-Ginzburg B-model of the pair (W, G)
is not defined.

e There is no notion of the primitive form change for the Landau-Ginzburg
B-model with non-trivial G.

e F'JRW-theory is very hard to compute.
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Summary of the results. The first achievement of this thesis is the axiom-
atization of the Frobenius manifold associated to the pair (W, G) that is given in
Chapter[2] We use it later on in the thesis in order to establish the mirror symmetry
with the non-trivial symmetry group for one particular example.

Let W, define a particular simple—elliptic singularity Es:

6 3 2 4
W, (x) := 27 + x5 + x5 + ox] 29,

where ¢ is a complex parameter. For any & € C\{1} such that £&3 = 1 consider the
symmetry group G = Zs3 generated by:

h: (21,29, 23) — (5351,52902,333) :

The group G = (h) is a B-admissible symmetry group of W, for any ¢ € C. In the
rest of the thesis we establish the CY-LG and LG-LG mirror symmetry theorems
for the orbifolded LG B-model (W, Z3).

On the way to the CY-LG mirror symmetry theorem we review in Chapter
Gromov-Witten potentials of the orbifolds P} , , , and P§ 5 ,. We prove the following
proposition:

PROPOSITION 1.6 (Proposition [3.13)). The genus 0 correlators of the Gromov—
Witten theory of ]P%,z,z having degree 1 and 2 insertions only are completely deter-
mined by the genus O correlators of the Gromov—Witten theory of IP%’QQ’Q.

This is an interesting observation by its own building a connection between the
Gromov—Witten potentials of the orbifolds that are connected by the stack-theoretic
quotient.

The first main theorem of the thesis is given in Chapter bl In particular we estab-
lish the CY-LG mirror symmetry for the pair (Eg, Z3). According to our knowledge
this is the first mirror symmetry theorem for the orbifolded Landau-Ginzburg mod-
els.

THEOREM 1.7 (Theorems and [5.2). Consider the aziomatization of the orb-
ifolded Landau-Ginzburg B-model given in Chapter[d. Then we have.

e There is a unique Frobenius manifold structure associated to the pair (Eg, Zs3)
at the large complex structure limit.

e The genus 0 Gromov-Witten potential of the orbifold Py, , , coincides up to
a linear change of variables with the Frobenius manifold structure associated
to the pair (E’g,Zg) taken at the large complex structure limit.

We give explicitly the Frobenius manifold potential of the pair (Eg,Zg) and
also the change of variables connecting it to the genus 0 potential of Py, ,,. It is
particularly interesting to note that this mirror pair could be read off the mirror
theorem of W. Ebeling and A. Takahashi in [15] where the theory of orbifolded
Gabrielov numbers of a singularity was developed.

The next theorem of the thesis establishes the connection between the Gromov—
Witten theory of Pj,,, and the Frobenius manifold structure on the space of a
ramified covering. The latter one was given by B. Dubrovin in [11) Lecture 5].

THEOREM 1.8 (Theorem. The genus 0 Gromov—Witten potential of the orb-
ifold Pé,272,2 coincides up to a linear change of variables with the potential of the
Frobenius submanifold of the space of degree 8 ramified coverings of the sphere by a
torus having ramification profile (2,2,2,2) over oo € P!,

9



This theorem was published by the author in [4] and we repeat it in Chapter |§|
for completeness.

Important step towards the global understanding of the orbifolded Landau-—
Ginzburg model is the notion of the primitive form change. We introduce in Chap-
ter [7] the action A on the space of Frobenius manifolds that is equivalent to a prim-
itive form change of a simple elliptic singularity. By the idea of the global mirror
symmetry and also of the CY /LG, correspondence the Landau-Ginzburg A-model
dual to the pair (Es, Zs3) has to be in the orbit of PP} 555 under this action.

Finally in Chapter [8| we establish the second main theorem of this thesis.

THEOREM 1.9 (Theorem [8.1). There is a unique Frobenius manifold satisfying
the aziomatization of the Frobenius manifold of the orbifolded LG A-model (EY | ZY).

The last two chapters are based on the authors joint work with Atsushi Taka-
hashi.
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CHAPTER 2
Global mirror symmetry for simple elliptic singularities

The hypersurface simple elliptic singularities Eg, Ey, Ey are defined by the fol-
lowing polynomials:

Eg: W,(x)= o3 2l 4 x§ + ox12073,

(2.1) By Wa(x) =2 + 25 + 23 + ol
Eg: W,(x)=2%+a5 + 15 + oxlz,.

They are of the form:
Wo(x) = W(r1, 22, 23) + 091
where

o W(xy,xe,x3) = xf* + 252 +25° is a quasi-homogeneous polynomial with the
weights ¢; := 1/a; satisfying ¢; + ¢2 + ¢3 = 1,

e ¢»_1 € Ly - the algebra element of degree 1,

e 0 € C - is a complex parameter.

We will call a simple elliptic singularity W,(x) invertible if the polynomial
W (1, z2, x3) is invertible. Every simple elliptic singularity defines the elliptic curve
E, called elliptic curve at infinity defined as follows.

E,:{W,=0}C P2(01,02,C3),

where ¢; = d/a; and d is the least common multiple of the exponents ai, as, as.
Let ¥ C C be such that E, is non-singular for ¢ € ¥. Hence we get a flat family
of elliptic curves over ¥. K. Saito gave in [38] Section 1.11] the formulae for the
j-invariant of the elliptic curve E,:

~ 160°
By:jlo) = ——=2
6 j(O’) o3 + 277
< 16(0? 4 12)3
(2.2) Er:jlo) = oo
~ 403

Ey:i(o) = 1728—2
5:3(0) 103 1 27

These formulae allow one to take 7 = 7(¢) € H to be the modulus of the elliptic
curve E, such that we have:

(1) = j(o)
and consider the family of the elliptic curves parametrized by H:
(2.3) E:={C*xH | W,(21,29,23) =0} — H.
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1. Primitive form for the simple elliptic singularity

Let S be the base space of the universal unfolding F(x,s) of a simple elliptic
W,. Because ¢_1 € Ly, the parameter s_; of the unfolding can be identified with
o and the base space turns out to be S = ¥ x C+71L,

It was noticed already by K. Saito in [39] that every primitive form for a simple
elliptic singularity is fixed by the data of E, (it was also explained in more details
in [33]). In general the primitive form ¢ = ((s) depends on the point s € S. It
turns out directly from the axioms of the higher residue pairing and the axioms of
a primitive form that for a simple elliptic singularity W,, out of all coordinates of
s, the primitive form { = ((s_;) depends on s_; only. In addition to this it satisfies
the Picard-Fuchs equation of E, (where the identification s_; = o is assumed). In
what follows we denote the primitive forms of W, by w = w(o).

Consider the map:

p:C*xS—-CxS8, ¢x,58)=(F(x,s),s).

For any A € C and s € S consider X, := ¢ !(\,;s). Let D C C x S be the
discriminant of F. Namely D = {(\,s) | X, is singular}. For (\,s) € (C x S)\D
the union X’ of X, ¢ forms a smooth fibration that is called Milnor fibration.

The fibres X ¢ are compactified by adding the elliptic curve E,. Consider the
2-form:

_dxy ANdwy Ndxs

Q:
dW,

It is holomorphic on X, ¢ but has simple poles along E, C Xs. Then the form
resp, 2 is a Calabi-Yau form of the elliptic curve E,. Moreover it has degree zero in s
and hence depends on s_; = o only (cf. [30]). Hence for any family A, € H,(E,,Z):

wa(o) ::/ resg, ()
Ao

is solution to the Picard-Fuchs equation. Exact form of the Picard-Fuchs equation
depends on W,. For example for Fg it reads:

d27T A
do?

dm 7
+(2—5U)d—;—E7TA:O

30(1—o0)

THEOREM 2.1 (Chapter 3, Example 1 in [39]). The primitive form for the simple
elliptic singularity reads:

for any A, € Hi(E,,C).

The proof of this theorem can be found in [33, Appendix A].

1.1. Special points. As it was noticed earlier the mirror phenomena should
happen at the special points of the singularity unfolding. For the singularities Fy

12



these are {0, 00} L {px} given by:

2my/—1
3
I pe =2exp(mV/—1k), 1<k<2,
3 2/ —1
p = ok
It is not hard to see that the points p; are exactly the points such that j(px) = oo.

Eq : pr = —3exp( k), 1<k<3,

Ey : ), 1<k<3.

PROPOSITION 2.2. The j-invariant of the elliptic curve E, takes values 0, 1728, oo
at the special points.

PROOF. It is clear. O

For E6 and E7 we have j(0o) = oo however it is interesting to note that for Eg
we have: lim,_, j(0) = 1728.

Of course it is a subtle question to consider a primitive form, residue pairing
1;j(s) and structure constants cf;(s) at the special point. We do not address this
question here, but we will use explicitly computed flat coordinates by Milanov-Shen

and Noumi-Yamada [34), [36].

2. Flat coordinates defined by the primitive form

The connection between the flat coordinates of a Frobenius manifold and the
primitive form is established via the oscillatory integrals on the singularity side and
deformed flat coordinates on the Frobenius manifolds side.

2.1. Deformed flat coordinates. Let F(ty,...,t,) be the potential of a Frobe-
nius manifold M with the metric n and Euler field E. Let V be the Levi-Civita
connection of n. Consider the deformation of it:

Vo=V +z " uov, Yu,ve Ty,

where z is a formal parameter. It could be extended to the connection on M x C
by setting:

- d

VUE.—O,

- d

V%E::O’

@div = 20,v+ Eov—0(v),

for ©(0/0t;) = (1 — d; — d/2)0/0t;. The importance of this connection is approved
by the following proposition due to Dubrovin.

_ ProposITION 2.3 (Proposition 2.1 in [12]). The curvature of the connection
V defined on the Frobenius manifold M is equal to zero. Conversely if there is a

Frobenius algebra structure on the tangent space of M with flat metric n, and Euler
vector field E s.t.

Lgn=(2—d)mn,
and the curvature of V vanishes, then M is a Frobenius manifold.
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Flat coordinates of V could be chosen to be (2,11 (t, 2), ..., ,(t, 2)). Then let £
be defined by the equality > &¥dt, = dt;. We have:

z aagb’ = Clﬁg’w
Zazgﬁ = Ewcgﬁgoc - 6556
Define complex numbers A, ; by the following equality:

fo = hax(t) 27
k=0

LEMMA 2.4 (Lemma 2.2 in [12]). The coefficients hq . are determined recursively

by the relations:
ha,(] = Z na,etea

ayaﬁha,k—l-l = Cfg»yaeha,ka k> 0.

(2.4)

where 1 < a, 7, B < n.

The functions ¢, are called deformed flat coordinates of the Frobenius manifold.
From the system of equations above the functions ¢, are defined up to some matrix—
valued function G(z) = 1 + G127 + G272 + ... not depending on t.. However
different choices of this function G(z) dont change the “geometry” of the Frobenius
manifold and only give different calibrations of the same Frobenius manifold.

2.2. Oscillatory integrals. Let F(x,s) be the unfolding of the isolated quasi-
homogeneous singularity W (zq,...,zy) with the Milnor number p. Fix some pos-
itive p, § and v. Let B)Y ¢ C*, By C C and Bl C C* be respectively the balls of
radii p, 0 and v centered at the origin. Consider the space:

Xos0 = (BY x By N (B; x BY) c CV x C.

Taking p such that X is intersected transversally by OBY for allr: 0 <r < p
and 0, v such that X, is intersected transversally by 0B} for all (\,s) € B x Bl
we get the following proposition.

PROPOSITION 2.5 ([2,[13]). Thereis D C BjxBY such that for X' :== X, 5,\¢ (D)

the map ¢ : X' — (B; x BY)\D s a locally trivial fibration with a generic fibre
homeomorphic to a bouquet of u spheres of dimension N — 1.

For m € R consider the space X, C X, ;, defined by:
X ={(x,8) € X' | Re(F(x,8)/2) < —m}.

Because of the proposition above and exact sequence of the pair we get the following
isomorphisms:

(2.5) Hy(X', X)) = Hy-1(Xys) = ZF.
Consider the cycles E|:
Ae lim Hy(X', X ;C) = CH.

m—ro0

! These cycles have first appeared in [I8] and used later for example in [33] in the following
form. For (CV),, := {x € CV|Re(F(s,x)/z) < —m}. Define A € lim,, oo Hy(CY,(CN)_,,;C) =
C#F. However such a definition should be considered more like a notation based on the fact that
X' is contractible while the similarity of X, and (CY),, is clear.
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Introduce the oscillatory integrals:

Ta(s, z) = (_QWZ)—N/deS/ GFx8)/z,
A

The outcome of Saito’s theory of primitive forms is that in the flat coordinates t
with the volume form given by the primitive form we have:

20;Ta(t, 2) = Oy 0 Tal(t, 2),
(20, + E)JA(t, z) = OJA(t, 2).

where the 1-form dg € s is identified with the vector from 7s by the pairing n, F
is the Euler vector field and © : T¢ — Tg acts by: O(dt;) = (2 — d;)dt;.

(2.6)

2.3. From the class A, to A. We make the connection between the cycles
A introduced above and A, € H;(FE,) that was used to define the primitive form
for a simple elliptic singularity. Consider a tubular neighborhood of E, in 7)\,&
Its boundary in X, defines an injective map L : Hi(E,) — Hy(X)s). By the
Cauchy-Leray theorem we have:

(o) / d*x
T o) = —_.
A ) AF

By using the map L one can choose two of the generators of Hy(X)s) to be
defined by the elliptic curve E,. In case of a hypersurface simple—elliptic singularity
this means that two of the oscillatory integrals J4, are defined by the elliptic curve
E, (recall equation ({2.5)) ). This leads to the proposition due to K. Saito.

PROPOSITION 2.6 (Chapter 3, Example 1 in [39)]). For a simple elliptic singu-

larity W, the degree zero flat coordinate t is fized by the modulus of the elliptic curve
E,:

aty + b
= b,c,d € C,ad —bc # 0
CTO + d7 a? 7C7 E 7a C # Y
and
J,, resg, Q2
To = )
[, resg,

for v1,7ve - a free basis of Hi(E,,Z).

Note that the cycles v, and v, do not necessarily give a symplectic basis. However
this property is satisfied at the LCSL limit. It will appear explicitly in the next
section.

3. Flat coordinates of EN at the LCSL

The flat coordinates at the LCSL (recall CY-LG mirror symmetry conjecture)
for the simple elliptic singularities were given explicitly by Noumi-Yamada in [36].
For the simple elliptic singularity with the exponents ai,as,as consider v =
(11,9, 13) € N3 such that 0 < v; < a; — 2. We will denote by I the (finite) set of all

such v. Then the unfolding of Ey is given by:
F(x,s) =Wz (x) + Z Sy, (X),

vel
where
0,(x) = aliaalf,
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and Wi (x) = W5(x) |,=o for one of the polynomials from ({2.1)).

REMARK 2.1. At the start of this chapter we have defined the simple elliptic
singularities En via the polynomials depending also on the parameter o. This
dependence is not lost in this section because of the identification of o with one of
the parameters of the unfolding. In the formula above this is s, with v = (a; —
2,@2 — 2,&3 — 2)

Let ¢; be the canonical basis in the lattice Z®. For a € N’ introduce the functions:

3.,
o) := Zayu e N®, wt(a):= ZO‘V degs, € Q, degs,=1-— -

—
vel vel =1
For any v € I consider the holomorphic functions on S:

W)= S e ) [[5

Oég!
aeN! cel
wt(a)=r—1+deg s,

where for fixed v € T and any p € (v + Y0, a;6,Z) N N?

3 r (k;l - ”a—“) o
(_1)ki—27 ke = 4% Vz.

i=1 I (VZG—H> @

THEOREM 2.7 (Theorem 1.1 in [36]). The flat coordinates of the singularity Ey
with the unfolding F(x, s) are:

¢ (p) =

PRrROOF. We give the idea of the proof for the reader’s convenience.
Let [I'] € H3(X', X~). Consider the level hypersurfaces F'//z = A. We can write
the integrals J4(s, z) using the Gelfand-Leray form.

0
/eF/Zw = z/ e (/ X 51852 i) dA.
r —00 onr df

Note that we used the quasi-homogeneity of F' in order to change the dependence
of the integral on z.
Expanding the exponent into a power series we can integrate out A\ using the

Gamma-functions. By using Lemma [2.4]we get the expression of the flat coordinates.
O
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The flat coordinates of the Frobenius manifold My =~ are indexed by the same
set I. The only degree zero variable is ty«, where for any v € [ the index v* € I is
defined by 7,,+ = 1.

In particular for Eg the variables are indexed by I = {0, 10,20, 30,40, 11, 21,31,41}.
Because ¢4, = x{x, the parameter o is identified with the variable s4;. We also write

S_1 = S41.
The formulae of Noumi-Yamada give for Fj:
1.4,
bty — ey P (oipigiw) 45k
2P (150137 50) 27

4. CY-LG and LG-LG with the trivial symmetry group

The Mirror conjectures with the symmetry group choice G = {id} were proved
to be true for the case of invertible simple elliptic singularities by Satake-Takahashi
in [42] and Krawitz-Milanov-Ruan-Shen in [27), [33], [34] (except some special cases).
In this case the dual group is the maximal group of symmetries G = Gy. The role
of the LG A-model in this case was proved to be satisfied by the FJRW theory.

THEOREM 2.8 (Theorem 3.6 in [42], Theorem 6.6 in [33] and Theorem 1.5 in
[34]). For the simple elliptic singularities Ex there are isomorphisms:
~ GV ~ 1CW ~ 1CW
MEG = MP%,S,B’ ME7 = MP}L,4,27 MEg Mpé32
that constitute C'Y-LG mirror symmetry. The LG-LG mirror symmetry holds by the
following isomorphisms:

~ FJRW
Mg, = MPRY N =6,7,8.

Crucial part of the mirror isomorphisms is the choice of the primitive form for
the singularity. We do not write here these details referring interested reader to the
original papers.

This theorem was proved in the more general case of W, in [34] but however not
in the full generality anyway.

4.1. Mirror symmetry for Fs with the trivial group of symmetries. We
give here explicitly the CY-LG isomorphism for Eg that was obtained in [34].

THEOREM 2.9 (Theorem 1.5 in [34]). Let Mg, be the Frobenius manifold struc-
ture associated to the unfolding of Es and Mgy - the (orbifold) GW theory 0f Pg 3
Then the following mirror isomorphism holds:

M]pl MES’

6,3,2

where the Frobenius structure of the RHS is given by the primitive form Crosp at
the point o = 2(—2)'/? fized by the period w4 (recall Theorem

1 7 4
)= LR 114+ =83 ).
ma(s-1) = o (12 197 g7t )

The degree O flat coordinates are identified by:

t_l == 27T\/ —1t41/6.
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In [34] the authors give explicit formulae for this mirror isomorphism matching
the generators of the Frobenius algebras. We will use these formulae later on and
therefore write them down too.

Denote by A;; the generators of the Chen-Ruan cohomology of Pg 5,. These are:

= {pt}, A1 =P, Ay, A1, Ay, Ay, Ags, Doy, Ao, Agy,

where P stands for the hyperplane class. These generators will appear more explic-
itly in the next section.
3

Recall the notation of Noumi-Yamada: u := —s-s%;. Define the functions

F l(lr) (u), F. 2(1r( ) for r € I (see previous section) as follows.
{ F{Y () = oF (0w, By on + e — e+ 131 — ),
FD(w) = oFi (% — ey % — B Ve — 0 — B + 11— ) (1—u)m=or b,
where the weights ay, 5 and 7, are given in Table [T}

TABLE 1. Weights of periods for Fy

) 3 2 T 3

O 1 To x] T1Xo Ty TiTo x] T
. G T 22 L 7 I[L32[L 21 1I52(I3 1[5 L2151
PV | 63:3011901203 (4243623313631 4°431712212°313673

The first part of the mirror isomorphism of Milanov-Shen is given by:
Ao 1, Ay 36(1 —u)pymy,
where 7,4 is as in the theorem above. The remaining generators are identified by:
Ay = (1- U)l/6 10T A,
Aps = (1= u)®C gy ma,

(
Aoy = (1 — 1/3< do1 + (—
(

Fl 20 u) Go1 — 3<_2) 13 F1(01( )¢20> TA,

(v) 2)7M% Fiih () 6m0) ma.
)2 (Fi(w)

Ba > (1= ) P (F{y(w) 6u1 + (-2)77 BY () 60 7
)72 (Fi(w)

(Feio() o + (=2

Alg —
(2.7)

F 1, )o U 11 — 2(—2)71/3 Fl(ll)l(u) ¢30) TA,
)M Fih () 610)

Augr (1 >2/3( FOh0) g — 2(=2)7% F8 (u) o) ma

In the approach of Milanov, Ruan, Shen and Krawitz one fixes the primitive form
by giving particular solution m(o) to the Picard-Fuchs equation. Such a solution
defines particular family of cycles A,. Going this way it is possible to get some
advantage from the analysis of the Picard-Fuchs equation, however it is a hard
problem to recover the cycles A,.

Aoy — ( 2/3 F2(140 (u) ga1 + (—
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CHAPTER 3

GW theory of elliptic orbifolds

The varieties that appear in this thesis on the A-side of the Mirror symmetry are
so-called elliptic orbifolds. These are P! with a finite set of, say &, isotropic points
with the orbifold structure (Z/Z,,,...,Z/Z,,) where all a; > 2. The term elliptic
refers to the fact that these orbifolds can be realized as the global quotients of elliptic
curves. This puts the constraint on the numbers a;: ). 1/a; = 2. Therefore there
are only 4 elliptic orbifolds: Pj 559, P54, Pj 40, Pgao-

In order to establish the LG-CY mirror symmetry it is important to know the
genus 0 potential of the elliptic orbifolds. However this can be done only for P%,Z?,?
and Pj 4 5, what was found by Satake and Takahashi in [42].

In this chapter we review their result rewriting it in the way it will be needed
later and also give closed formula for certain restriction of the genus 0 GW potential
of Pg 3.5

1. GW theory of IP’;QQQ

The Frobenius manifold potential Mpy was found explicitly in [42]. The
rigidified inertia orbifold reads:

IP)sys =Phy0s | [ B(Zo) [ B(Z2) [ B(Zo) [ ] B(Z2).

Let Ag, ..., As be the basis of H},(P3,,,) such that:

orb

ngb(P%,Q,Qﬂ) ~ QAg, H,, P% 222) @ QA;, Hyy (P, 222) = QAs.
The pairing is given by:
n(A())AEJ):]-: (AHA ) 5,' 1§Z7¢7§4

The genus zero potential can be written explicitly.

4
1 1
51%1571 + ZtO( E t?) + <t1t2t3t4)f0<Q)
=1

(z#)fl (zt >f2 g et

1<)

fP%’Q’Q’Q <t07 tla t27 t37 t47 t*l) =

for the certain functions f; depending on exp(t_;) only. The quasihomogeneity is
fixed by the Euler field E:

4
1 6 1 1
= tn—— R E - _/T'P2,2,2,2 o 2‘/’-{%,2,2,2'
Oato 2t "2 0t

=1
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The WDVV equation on FF222 is equivalent to the following system of ODE:

5ol = fole) (200) ~ 2151(0)).
(31) 15510 = =5 o0l ~ 3 A0 ala) + 5 ala)

d 8
- — 6 2 _ - 2.
q dqu(Q) fola)” = 5 fala)
The following observation is immediate:

PROPOSITION 3.1. Let (fo(q), f1(q), f2(q)) be represented by their Taylor series
in the neighborhood of ¢ = 0 and fo(0) = 0. Then these Taylor series are completely

determined by the numbers (fo(0), f1(0), f2(0)).
PROOF. Introduce the notation
k
_ ()4
falg) = ch R
k>0

LEMMA 3.2. Let fo(q), f1(q), f2(q) satisfy (3.1). For any n > 1 introduce the

notation:

8
) . 0).2) _ (0) (1)
K" = g (gcp Cy 24c),7c, ),
pHg=n,pFn,q#n
2 16 8
.K,,(ll) = E (_501(70)61(10) — 301(71)0‘(12) + 56‘572)6((12)) )
pHq=n,pF#n,q#n
8
2) . 0) .(0 2) (2
K,(l) = E (661())0((]) — gclg)cg)) .

p+g=n,p#n,q#n

Then the coefficients of the functions f,(q) satisfy the following system of equa-
tions:

8
ned) = KV + 2 (c(o)c((f) + c[()o)c,(f)) 24(080)021) + cglo)cél)),

% 16 8
new) = Ky — gcé el — g(cg)cé ") + 90%) o), n>1.

8
nef? = K2 4 660l — S,

Proor. This is obtained by comparing the g-expansion of the LHS and RHS of
the equation (3.1)). O

The equation (3.1]) for ¢° gives:
90(()0) céo) — 40(()2)0(()2) =0.
Hence we have 662) = 0. For n = 1 the lemma above gives:

O — 940,

Assume c = 0 then it easy to see that fy(¢) = 0. Otherwise we deduce: 24081) =
—1.
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The statement of the lemma reads:
(n— ey’ = K, " #0,

2

ne) = K + = K9, n>1
@ @ O

nen’ = Ky,

This defines the recursive procedure reconstructing all the coefficients of the func-

tions fo(q), f1(q), f2(q). -

REMARK. The conditions of the proposition could be relaxed, however we only
need it in this form while the stronger result extends the proof seriously.

In order to write down the potential of IP’%Q’Q,Q we have to give the functions fi(q)
explicitly.

DEFINITION. The functions 9J;(z,7) for 7 € H and z € C are represented by the
following Fourier expansions:

o0

Oi(2,7) = V=1 Y (=1)ren /Iyl
Oy(z,7) = f: o (n=1/2V=Tr 2n=1)my/ Tz

U3(z,7) = i e”QWﬁTe%Wﬁz,

)= 3 Ay

They will be called Jacobi theta functions or just theta functions.

It is clear from their Fourier expansions that Jacobi theta functions satisfy the
Heat Equation:

2.9 ;
%:Mm%, 1<i<A.
= T

DEFINITION. The functions ¥;(7) := 9;(0,7) for 2 < i < 4 will be called theta
constants.

Note that 91(0,7) = 0. Therefore we do not consider it.

NoOTATION 3.1. In what follows we skip the argument for the theta constants
whenever it is fived and we denote:

0

V(7)== 5

’191(7')
DEFINITION. For any 7 € H define:
0
Xo(r) :=2=—log¥, 2<k<4
or

Slightly abusing the notation introduce the functions X°(q) defined for ¢ = exp(mv/—17).

Xe ) = =X ().
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The theorem of Satake and Takahashi reads.

THEOREM 3.3 (Theorem 2.1 in [42]). The functions fi(q) giving genus 0 GW
potential of Py, 4, are the following:

folg) = §X5°(q) — §X5°(q),
(32) filg) == -1 XOO(C]) T XOO(C]) — 5 X2(q),
foq) = —75X5°(q) — 15X5°(q)-

1
In terms of the functions X°(¢q) the WDVV equation on J’-’(I)FD 2222 i equivalent
to the system of PDE on X °(7) known as Halphen’s system:

(

%(XSO(T) + X5°(7)) = 2X5°(7) X5 (7),
(3:3) diT(Xé’O(T) +X2(7)) = 2X () X (7),
\ C%(Xf(f) + X5°(7)) = 2X5°(7) X5°(7).

It is a well known fact that the functions X as above give solution of this
system (see for example [37]). We do not give the proof here because it requires
some additional properties of theta constants that are not important for us.

1

PROPOSITION 3.4. Applying a linear change of variables the potential }'fQ’Q’Q’Q
can be rewritten in the form:

! o2t . 1
.F(I)P2’2’2’2(t_1,t0, tl,tg,t37t4) == % + ZO (tz)2 - (t?f?; + g%t?i)_Xgo(t—l)

— 16
9w | 272y L yeo 2w | 272y L yeo - 4,00
_(t1t4+t2t3)ﬁ P (1) (t3t4+t1t2)1_6 2 (t-1) 6_Z(tz) 7 (t-1)
=1

with the Euler vector field preserved:
E(to,1;) = E(to, t:),
and ¥ (t-1) = 2 " XP(t1).

1 ~ ~ ~
PROOF. Apply to f§2’2’2’2 the change of variables t; = (fy — 13)/Vv/2, ta = (f4 +
£3)/V?2, ts = (f; — 12)/V/2, ty = (1, + 12)/+/2 that obviously preserves the WDVV
equation and the metric . Simple computations show:

32(0) + filg) = =35 22 X2(q) = —57™(a),
2 fa(q) — folg) = =1 X5°(q),
2fa(@) + folg) = —3X(0),
3f1(q) — 5.f2(0) = —3X5°(q).

It is an easy computation to check that the Euler vector field is preserved too.
Rewriting the functions X;°(q) via X °(t-1) and applying one more change of

variables t_; = t_i/mv/—1, ty = to\/7mV—1, t; = t;/(7/—1)"* gives the correct

form of the potential. 0
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2. Computational aspects of the GW theory

Two powerful tools in the computational problems of the GW potential of elliptic
orbifolds are the uniqueness theorem by Ishibashi, Shiraishi and Takahashi published
in [21I] and the quasi-modularity theorem of Milanov and Shen proved in [35]. The
first theorem is useful for the explicit computations while the second theorem assures
that it is enough to make the computations up to a certain finite limit.

2.1. Uniqueness theorem of the orbifold GW Frobenius manifold. Let
the numbers aq, as, a3 € Z be such that 2 < a; < as < az. Introduce the numbers:

3 3

XA:ZZi_L ,uA::Zai—l.

i=1
The uniqueness theorem of Ishibashi, Shiraishi and Takahashi reads:

THEOREM 3.5 (Theorem 3.1 in [21]). There exists a unique Frobenius manifold
M with the potential F of rank pa and dimension one with flat coordinates

{tlatuAati,j}7 fO?" 1§Z§37 ]-S.]Saz_l

satisfying the following conditions:
(1) The unit vector field e and the Euler vector field E are given by

9 S - )
e= , =1 + +
ot e T2 Z o atz PRRSY

i=1 j=1 HA

(2) The non-degenerate symmetric bilinear form n on Ty satisfies

0 9N_ (0 0Y_,
T’ atlﬂ atuA - 77 8tMA7 atl -

( B ) ) —al_l 11 =12 and jo = a;, — J1,
M a5 ) =Y. :
Oti j Otiy j 0 otherwise.

(3) The Frobenius potential F satisfies EF |y =0 = 2F |1, =0,
]:|t1:0 eC Htl,ly c. 7t1,a1—17 c. 7ti,j7 c. ,t371, . ,t37a3_1, Gt“AH .

(4) Under the condition (3), we have

3
Flo—etua—g = Zg(i), G e Clltiy, ... tiai—1)], 1 <i <3

i=1
(5) Under the condition (3), in the frame a? , 851 ""8t3,f3_1 , m‘ZA of Tu, the
product o can be extended to the limitt; =111 = -+ = t345-1 = etra = 0.

The C-algebra obtained in this limit is isomorphic to
Clxy, g, x3] /(xixj, a;rit — ajx?j)lgiqgg ,

where 0/0t; ; are mapped to a:f fori=1,...,3,7=1,...,a;,—1 and 0/0t,,
are mapped to a;x*.
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(6) The term

3
(H ti,l) e'va
i=1

occurs with the coefficient 1 in F.

Important in using this theorem is another statement of Ishibashi, Shiraishi and
Takahashi, claiming that the GW theory of the orbifolded projective lines with three
isotropic points satisfies the conditions of the theorem above:

THEOREM 3.6 (Theorem 4.2 in [21]). The conditions of Theorem|3.5 are satisfied
by the genus 0 potential of the GW theory of P!

ai,a2,a3 "’

For the elliptic orbifolds we have ). al = 1 and x4 = 0. Therefore the GW
potential of the elliptic orbifolds depends on exp(t_;) rather than on t_; itself. It
complies with the similar statement for the orbifold P}, , .

2.2. GW theory and modular forms. It appeared explicitly in the previous
section that the potential of the GW theory of Py , , , is defined via elliptic functions.
We make this connection more explicit in this subsection.

DEFINITION. Let I' C SL(2,Z) be a finite index subgroup. Let k € N5 and
f(7) - a holomorphic function on H.

e f(7) is called a modular form of weight k if it satisfies the following condi-

tion:
1 at +b a b
(CT—l—d)kf (c7’+d) = f(7) for any (c d> el.

e f(7) is called a quasi-modular form of weight k and depth m if there are
functions fo(7), ..., fim(7), holomorphic in H s.t.:

1 f at +b in: fo(7) & g ‘ a b cT
= T or an .
(et +d)*" \cr+d — g cr+d Y \e d
Examples of the (quasi)-modular forms are given by Eisenstein series. The group

" in these cases is the full modular group SL(2,Z).
Let Eo(7) for k € Z, be the Eisenstein series defined by:

o

4k —1InTt
Bo(7) = 1= —— Y oy (n)e?™ ",

where oy(n) = Z d* and By, is a Bernoulli number. In particular we have By = 1/6,
dln
By, = —1/30, Bg = 1/42.
Eisenstein series Fs; are known to satisfy the modularity condition when £ > 2.

For k£ = 1 it has to be adjusted by the additional summand. For any (Z Z) €
SL(2,Z) we have:

1 ar+b 6¢
E =—_F —
(3.4 0= ™ ( ¥ d) (et +d)
' 1 ar +b
() = g () h 22
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It is clear from the definition and equations above that Fy, for k > 2 are modular
forms and FEj is a quasi-modular form.

Particularly interesting for us will be the following subgroups I'(N) C SL(2,7Z),
called principal congruence subgroups:

DEFINITION. For any positive N € N define:
['(N):={Ae€SL(2,Z) | A= £I modN}.

The following result was proved by Milanov and Shen from the analysis of Saito’s
theory of the simple elliptic singularities:

THEOREM 3.7 (Theorem 1.2 and Corollary 1.3 in [35]). Let X = P! be an

a1,a2,a3

elliptic orbifold and F,(t) - the corresponding GW potential. Let t be decomposed
as t = (t',t_1) such that t_y corresponds to the class of the hyperplane in H ,(X).

orb
Then the expansion in exp(t_y) of the coefficients of F, in t are Fourier series of

the quasi-modular forms w.r.t. to T' C SL(2,7Z), where

F<3>7 X = ]P)é,?),S?
['={ T4), X=Pi,y,,
F(6), X = IP%:),Q.

REMARK. The Fourier expansion of the quasi-modular form is given in exp(mit)
while the potential of the orbifold GW theory of X is polynomial in t" and power
series in exp(t_1). By applying the change of variables like in Proposition the
theorem states that the coefficients of F(t) w.r.t. t’ are quasi-modular forms.

For us it is important to note the following corollary.

COROLLARY 3.8. The GW potential of the elliptic orbifold is defined and holo-
morphic for t_y € H. In particular it s not defined at the point t_1 = 0.

The theorem of Milanov-Shen is very helpful for the computational purposes due
to the following fact. Consider f(7) and g(7) - two modular forms of weight k w.r.t.
the principle congruence subgroup I'(N). Consider the Fourier expansion of f and

g:

flr) = Z s g(t) = ngqp for q := exp(my/—17)

p>0 p>0

PROPOSITION 3.9 (Section 3.3 in [25]). Consider the number called Sturm bound:

k 1
Ly:=-—N 1+—).
N (+m)

m|N

Then if f, — g, =0 for all p < Ly, then f(1) — g(7) = 0.

2.3. SL(2,C) action on the space of Frobenius manifolds. In order to
make the statement of Theorem more explicit we define the action of A €
SL(2,C) on the GW potential. In this thesis we only need it for the genus 0 part of
the GW potential, however it was done in the full generality in [5].
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2.3.1. Inversion transformation of Dubrovin. Let the WDVV potential F be
given by:

1 1
F)=<titn+t1 Y ————npatpte+ H(ta, ... 1),
2! pZ; |Aut(p, q)| """

for some function H = H(ts,...,t,).
Consider the function F.

(3.5) Flt) = (t,) 2 [}"(t) - %h Zm‘jtﬂfj] ;

where for 1 < o < n:
_ Lagmitity ot
2t

PROPOSITION 3.10 (Appendix B in [I1]). The function F' is solution to the
WDVV equation and we have:

tAll

83]-"1
010t 0t
2.3.2. General SL(2,C) action. The following proposition defines the action of
A € SL(2,C) on the space of Frobenius manifolds.

PROPOSITION 3.11. Let A = (CCL Z

Tab-

) € SL(2,C). The function F* defined as

follows:

2

1 1 . .
]:A(t) = _t2tn + 1 — bty ———— b
2" pZ; |Aut(p, q)] """ 8(ct, + d) pZ; [Aut(p, q)] PIP

t2 tn,1 atn+b
cty+d ety +d ct,+d)

15 solution to the WDV'V equation.

+ (ct, +d)*H (

PROOF. The action of A on the variable t,, can be decomposed as follows.

A-tn:g:—i;:Tz-Scz-[-Tl-tn,
where T} is the shift ¢, — £, + ¢, S is the scaling ¢, — c?t,,, Ty is one more shift
t, = t, + %l and [ :t, — —1/t,. We “quantize” this action on the variable ¢, to
the action on the Frobenius manifold potential. It is clear that the shifts 7} and 75
preserve the pairing 7n,, and the WDVV equation. The action of I is quantized via
the Inversion transformation of Dubrovin (see Proposition [3.10). Combining all the
actions together we get the proposition. 0

The quasi-modularity condition of Theorem is equivalent to the equality:
FA=F, VAeT.
EXAMPLE 3.12 (Appendix C in [11]). Consider the rank 3 potential:

:tgt,1+ltt2_ﬁ7r\/—1
9 2% " 16 3
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It follows immediately from the modularity property of Fy that F4 = F for any
A e SL(2,7Z).

It is not hard to see that in fact the statement of Theorem [B.7 could be made
more precise. Namely for 41, j; and 49, j2 such that n;, ;, # 0 the coefficient t;,¢;,¢;,t;,
of the GW potential of an elliptic orbifold X is a quasi-modular form of weight 2
while all other coefficients are indeed modular forms rather than quasi-modular ones!

3. GW theory of Py,

It is still an open problem to write down in a closed formula the genus 0 potential
of the GW theory of Pé,&? However it could be computed explicitly up to any order
of the variables by applying Theorem[3.5] Together with Theorem [3.7]we reconstruct
part of the genus 0 potential in a closed formula.

3.1. Potential of the GW theory of IP’(I),7372. Let aq,as, a3 € N. Consider the
basis Ag, A_1, Aj; of Hy(Py 4, 4,) such that:

3 a;—1
s (Phss) ~ DAl D P ela1 P aia-
=1 j=1
The classes Ag and A_; correspond to the classes of the point and hyperplane in
H*(P') respectively. The pairing reads:

1
n(Ao, A_y) =1, n(Aij, Aw) = o ik0j+1a;-

Let Fpy, , be the WDVV potential of P35 It is function of 10 variables to,t_y,t;;
with the Euler vector field given by:
3

9] 6—Fk O 3—k 0 10
E:to—-i-ztm _+Zt2k 3 (9t_2k+t31§8t_31 E-Fpy,, =2Fp,,-
k=1 k=1

From the quasi-homogeneity condition given we see that ]-"pém is a polynomial in
to, t;; and infinite as a power series in exp(t_1).

We have written Mathematica script implementing Theorem [3.5] that is available
at [3]. Using it we have computed the genus 0 potential Fey,, UP tO exp(40t_q). We
give it here up to the second order in exp(t_;) only. Later on we will need explicit
computations of the restriction of this potential up to higher order in exp(t_q).
Slightly abusing the notation we write it in the coordinates {to,t1,...,ts,to} =

{tO; tlk;) t2k‘7 t31, t—l}
1

Fei,, = 2t2t9 + to (
1
36

2 toty  tits  tety  t ts 1 t3 1 5
+ 2 ity — —o 4 — 12 —
26 6 3 4) 36 67 288+1214 96

—totsty — L — 22 — L —ttst? + L 23 + bty 1 L —t3tst L — 115t ! —titotat
7224 7T 43973 T 1006 38880 72200 7ol g 1A
4L —t3t4t5 + L — totat2t +t1tit5—5t3tit5 Lo, 1 — 1,212 + L — 21482 Lt
3243 144727742 T 1296 10368 144 15T 432 27370 T 43072 T 43971t
BUZAZ  tot3t2 312 tytotd 312 Btotstutd 433 11tstdd i3tk tytstd
5184 2592 ' 34560 | 1296 7776 7776 15552 93312 15552 31104
1183t,t2  totatd 13t4ts  1ltotst?  tytyts 91tt3t3 114288 13tot 483

186624 = 31104 2239488 933120 933120 11197440 11197440 16796160
27




91¢;t8 tyt? 431347 tots 41t5t8 1753
201553920 235146240 201553920 201553920 2418647040 9674588160
809t 4¢3 809¢:2 1, 4 ts
+ — + —= — —tets + —tgly — ——
2612138803200  344802322022400 18 36 648 19440
et titets  etdtets
1296 155520

to 1 to ]' [2) ]' tg 42 1 to 2
+e tltﬁtg + 66 t3t4t6t8 + 66 t2t5t6t8 + ie t4t5t6t8 + ie t3t5t6t8 +

1 1 1 1 1 et titit
+ éetgtltitg + %et%gut%tg + %et9t2t5t$t8 + @et9t§t5t$t8 + Eef%gtgtiz&g + #

tg 4542

i+ O

3.2. Restriction of the genus 0 GW theory of P;;,. Proposition
together with Theorem and Proposition allow us to write explicitly part o
the genus 0 potential of Pg 5.

1
Let }—(]f) “*2(t) be the genus 0 GW potential of P 5, with the variables ¢, corre-
sponding to the classes A, as in Section [3.1}

t = {to,t_1,t11, t12, t13, t1a, t1s, Lo, tao, t31 )
Consider the function F*:
4 éS 2
f (t07t—17t137t31) = ]:JOP ’Y |t11:0,t12:0,t14:0,t15:0,t21:0,t22:0 .
PROPOSITION 3.13. The function F* satisfies the WDVV equation and has the

following explicit expression:

1 tiy 13 1 1
Ft= 575(2)15_1 + 1t <£ + %) + %tilgfl(gt—l) + Et§3t§1f2(3t—l)

1 1 1
+ §t13t§1f0(3t—1) + (Ef1(3t—1) + 1—8f2(3t—1)) t31-

PRrROOF. It is clear that setting certain non-zero degree variables to zero in the
function solving WDVV we get a function solving the WDVV equation too.

1
Assuming the quasi-homogeneity of ff 32 the function F* has the form:

1 thy 13
Ft= 51&315,1 + o (5 + %) + 591 (t1) + tist592(t1)

+ t13t5,93(3t_1) + t1sti 94 (t_1) + t3,95(t_1),

for some functions gg(t_1).

By Theorem we know that these functions are quasi-modular forms w.r.t.
I'(6). However it is clear from Proposition that the functions g¢3(f_;) and
g4(t_1) are modular of weight 2 rather than quasi-modular.

Let ¢ = exp(t_1). Using Theorem we compute the first terms of F* to be:

1 q12 q24 q6
gi(q) = (—— + =+ —) + 0(¢*), ¢2(q) = (5 +¢"% + 2q18> + O(¢™),

3 9 21 27
q°  4q 8q 13¢
93(q) = (g +5+ 2¢"° + =+t =) 0(¢”), g4(q) = 0+ O(¢™),
1 (Z6 5q12 18 11(124 4 30
S (ST S S| t :
95(q) ( 6T T Tt 31+ 0(¢™)
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Recall Proposition . The Sturm bound Ly for I'(6) is: Lg = 4. Comparing the
Fourier expansion above with the Fourier expansion of fy(q) we get:

%fo(qg) =g3(q), ga(q) =0.

In the same way we see that the Fourier expansions of g1, g2, g5 up to the order
q*° coincide with those of f1(¢%)/36, f2(¢®)/18 and f1(¢®)/12 + f2(q®)/18. However
we can not apply Proposition here.

LEMMA 3.14. Consider the functions fk(q) such that the following equalities hold:

91(q) = fi(a*)/36, g2(q) = fo(a®)/18, gs(a) = fi(a®)/12+ fa(g*)/18,

then the WDV'V equation of F* rewritten via fk(q) is equivalent to the system of
PDE (3.1).

Proor. This is done via the simple computation. 0

This lemma completes the proof of Proposition [3.13] U

3.2.1. Idea of Proposition [3.15. Obviously the proof of Proposition [3.13] is not
the way it was observed. We explain the idea behind it.
Consider two orbifolds X = 11%727272 and Y = IP%,SQ. Both can be realized as global
quotients of the elliptic curves:
X =[E/Zs), Y=[E/Zg.

One can consider the stack-theoretical quotient Y = X//Zs. Therefore one could
consider the existence of the map f* : H},()Y) — H},(X), that is definitely not
an isomorphism. Consider instead the smaller subspace Hy, C H*(ZX) such that

Hy = [ (H*(1D)).
Let 4 € Hy and also 4y = f*(y) for v, € H*(ZY). Consider the correlators:

(Y1, - a'~7n>ig,ﬁ = HeUZ(:Yk)- Wg,n(xa 5)} eC.
i=1

Applying the projection formula we have:

n
FrseeoAndngs = L[ evkOn)-fu [M (X, B)]
i=1
Unfortunately it is not clear whether one could consider the push-forward of the
virtual fundamental class in question.
In the case of the particular orbifolds written it is reasonable to consider the cor-
respondence between the correlators involving Ag,A_y, Ayz and Ag; from H,, (Pg 5 5)

and Ao, A_1, Ay, Ay, As, Ay from H}., (P35 55). Assuming the stack-theoretical quo-

tient ) = X'/ /Z3 these should be related as:
AO < Ao, A—l < 3A_1

because of the quotient order and
- 1 /- - -
At 5 Ay A <—>—<A +A +A).
31 1, A3 7 2 3 4

because the isotropic point of order 6 in IP%’&Q is “composed” of 3 isotropic points of
order 2 of P3,,, while the forth “goes” to the order 2 point in Pg 5.
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CHAPTER 4

Frobenius structures of the orbifolded LG A- and B-models

On the A-side Fan, Jarvis and Ruan have constructed in [16] the cohomological
field theory A,, associated to the orbifolded LG A-model. It is often called the
FJRW-theory where “W” stays for Witten, who proposed existence of such a coho-
mological field theory. Like the GW theory it also gives some Frobenius manifold
by the restriction of the cohomological field theory potential to the genus 0. It is a
natural candidate for the Frobenius manifold of the orbifolded LG A-model. How-
ever it is not yet the only recognized A-model and another problem is that it is very
hard to compute.

Up to now there is no definition of a Frobenius structure associated to an orb-
ifolded LG B-model. Some work has been done by Kaufmann and Krawitz in [24), [26]
who establish only the Frobenius algebra at the origin of the orbifolded LG B-model.
Namely only the cubic part in t of the potential F(t).

In what follows we introduce the azxiomatization of a Frobenius manifolds of an
orbifolded LG A- and B-model. Comparing to the work of Kaufmann and Krawitz
we only consider the same state space as they did. We do not assume the Frobenius
algebra structure of Krawitz. Comparing to the work of Fan, Jarvis and Ruan we
consider a much larger class of Frobenius manifolds. We take the same state space
as in FJRW-theory with only one additional assumption that is however essential
and believed for FJRW-theory, but not proved in general.

In what follows we assume W to be an invertible singularity. Consider one more
piece of notations.

DEFINITION. Let G be a B-admissible group symmetry group of W. For any
g € G define the fixed locus of g by:

Fix(g) := {x € C" | g-x = x},
and the natural number N, := dim Fix(g).
Let Wy be the restriction of W to the fixed locus of g € G
Wy =W |pix(g), W,:CY — C.

1. Orbifolded Landau-Ginzburg B-model

DEFINITION. Let G be a B-admissible symmetry group of W. Define:

e For any g € G let Ly, be the Milnor ring of W,. The state space of the
orbifolded B-model reads:



Then we have:
H=(Lw,) ©H™.
The space (L, )¢ will be called the untwisted sector of H and H™ - the
twisted sector of H.
e For all ¢ € G let 1, be the residue pairing of W, restricted to (Lw,)%.
Define the pairing 77 on H by the following rules:

ng(u,v), for u,v € (Lw,)°,
u,v € H = UH(U,U) = ng(u, v), for u € (‘CWg)G’U € (L"Wg*l)G’

0 otherwise.

Let M, be the Frobenius manifold of the LG B-model. Let F(t) be its
potential. We assume it to satisfy the following axioms:

e The trivial group: For G = {id} we get Saito’s Frobenius structure:
Mw.e = Mw, giay) = Mw.

e Untwisted sector: Restricted to the untwisted sector we get Saito’s structure
on the G-invariant subspace:

M) ltyu=o, gre = (Miwc)”,
with some primitive form choice (.
e The state space:
TMwe lt=0 = H.
e The grading: There is choice of flat coordinates t on M) indexed by
g € G:
t={(tg1,---tgp,) Vg€ G},
where 1, := dim(Lw, ).
e The pairing: The pairing of My, coincides in the flat coordinates with
the pairing n* of H:
PF oy
Oty 10t,0t, o

e The primitive form: There is a notion of the primitive form change on
M,y so that it agrees with Saito’s primitive form change when G' = {id}.

e The special point: There is a notion of a ”special point “ for the action above
such that it coincides with a special point of the unfolding for G = {id}.

e Equivariance: Let e be the unit of G and ¢g; € G for 1 < i < k be such that:

Then we have:
oFF
Otgr iy - Olg iy

The last condition is best understood from the point of view of the cohomological
field theories, we are assuming that the potential F is a generating function of some
correlators similar to the GW-theory. In this case the moduli space of curves should
be endowed with an additional structure of a group element choice at every curve
marking and the last axiom just says that only those correlators are non-zero, that
are supported on the ”balanced “ curves (cf. [22] as an example).

’t:OI O Vil, cee ,’ik.
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2. Orbifolded Landau-Ginzburg A-model

Let G be A-admissible. For any h € G consider:
Hy, = QN (CV) /(d W, A QY.
By fixing the volume form w = dzy A - - - A dzy, we have the isomorphism:
Hp = Ly, -w.

The action of G extends to the action on Q(CN+). The state space of the A-model

reads: G
HW,G = (@ Hh>

heG
As in the case of the B-model, the pairing is defined via the isomorphism H;, = Hj,-1.
Let My be the Frobenius manifold of a LG A-model of the pair (W,G). We

consider it to satisfy the following axioms:

e The state space:
T My =0 = Hwe.

e Rationality: The potential F(t) of the Frobenius manifold MV’?,’G is defined
over Q,

e CY/LG correspondence: M} is connected to the GW theory of Xy, via
the action on the space of Frobenius manifolds such that for G = Gy it
corresponds to the primitive form change,

The first axiom is satisfied by the Fan-Jarvis-Ruan theory. The second axiom is
supposed to be satisfied too, however it is not proved in general.

This is a natural idea that the objects that have some finite group action struc-
ture should be defined over Q if the initial object satisfies the same property. The
last two axioms just assert that we look for those Frobenius manifolds that can
appear in Mirror symmetry.
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CHAPTER 5

LG-CY mirror symmetry for the orbifolded LG model

~ We address the problem of LG-CY mirror symmetry for the LG B-model of
(Es,Z3).

_ Consider the following symmetry group G acting on C3 preserving the singularity
Fg. For € =1,£ # 1 it is defined by:

he(z,y,2) = (§2,&%, 2).

Define G := (h). Obviously G = Zs.

~ THEOREM 5.1. The Frobenius manifold potential of the orbifolded LG B-model
(Es,Z3) at the LCSL reads:

1 3, 1
s _ 57537075173 +t10 (% + ff) + trotatnz + %tilfl(?)tw)
1

1 1 1
+ 1—8t3,1’53,2f2(3t1,3) + §t1,1t§,2f0(3t1,3) + 17 (Ef1<3t1’3) + Ef2(3t1,3)>

3
+ (1 + the) (trfoltas) +t22(3f1(t13) — fa(ts))) s
where the functions fo(t), f1(t), f2(t) coincide with those in equation ([3.2)).

2 2 2
+ talpe <§t3,1f2(t1,3) + 2t3,2f1(751,3) - —751,1t1,2f0(t1,3)> +thtrs (gfz(tz,?,) + 2f1(751,3)>

W. Ebeling and A. Takahashi construct explicitly in [15] a variety that is in some
sense “mirror dual” to the pair (W, G) where W is an affine cusp singularity. To do
this they introduce orbifolded Dolgachev and Gabrielov numbers. It was probably
background idea of the authors to use these mirror pairs for the LG-CY mirror
symmetry. We show on the particular example that this idea works. In particular
for the pair (Es, Zs) the mirror variety of Ebeling-Takahashi turns out to be P3 222
and we have the theorem:

THEOREM 5.2. The Frobenius manifold of the LG B-model (Eg, Z3) is isomorphic
to the Frobenius manifold of the GW theory of Py, .

1. Orbifolded Gabrielov and Dolgachev numbers

In [I5] W. Ebeling and A. Takahashi develop the approach to Gabrielov and
Dolgachev numbers of the orbifold LG models. We give here only part of their work
in a simplified manner.

DEFINITION. Let W (z1, xq,x3) be an invertible polynomial with the matrix R =
{r;;} as in Introduction. The group Gw

3 3 3
Gw = {A = (A A, ds) € (P TN =[N = HA;?BJ}
j=1 j=1

=1
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will be called mazimal abelian group of symmetries of W.

Note that for (A1, Ay, A3) € Gw and \ := H?:l )\;” holds:

W(A-x) = \W(x).

For any invertible polynomial W (x1,xs,z3) and A-admissible symmetry group
G of it define the group G by the following commutative diagram of two exact

sequences.
T

To the orbifolded LG A-model (W, G) Ebeling and Takahashi associate the stacky
curve Cw,q):

1 G Cr 1

Cave) = W (0)\{0}/G].
It could be seen as a smooth curve of the genus guy,e) with a finite number of
isotropic points.

DEFINITION. The orders ay, ..., o, of the isotropic points of Cw,q) will be called
Dolgachev numbers of (W, G) and denoted by Aw,q).

At the first glance the curve Cy ¢ looks to be different from Xy defined in
the introduction. However it is clear that the group G is an extension of G that
controls the quasi-homogeneity of W. Namely if one embeds the stacky curve Cy
into the weighted projective space P?(cy, ¢z, c3) the numbers ¢; will be defined by the
extension G and both curves will be isomorphic.

Let W (z1, z2,x3) be invertible polynomial. It was found in [14] that there is a
holomorphic coordinate change such that the polynomial W (zy, s, x3) + arizems
for some a € C* transforms to

— P1 b2 Pp3
WF@TWL(L «— Il +.I2 +LL’3 —.IyZ

for some p; > 2.
Another set of numbers associated of the pair (W, G) is the following.

DEFINITION. Let G be a B-admissible symmetry group of an invertible W (xy, 2, x3),
and K; C G - maximal subgroups fixing x; coordinate. Let pi, ps, p3 be the expo-
nents of Weerma as above. The numbers (71, ...,7s) are called Gabrielov numbers

of the pair (W, G):

Twe = (v1,...7) = <‘Gl/)iK| « 1G], 1< < 3) ,

where by a*|K;| we mean that the number a is repeated |K;| times and the numbers
1 are omitted.

DEFINITION. Let G C SL,,(C) - finite subgroup.
e The element g € GG of the order r represented by

g=(e ety ) <qp <
is said to be of the age 1 if ), a; = r.
34
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e The number of elements g of G such that the fixed locus of g is {0} having
age 1 is denoted by jg:

ja = {g € Glage(g) = 1 and Fix(g) = {0}}].
The mirror theorem of [15] states:

THEOREM 5.3 (Theorem 7.1 in [15]). Let W (x1, x2, x3) be an invertible polyno-
mial and G a B-admissible group of symmetries. Then we have:

ngvaT = jG, AwT’GT = FW,G‘

Important part of the mirror theorem of Ebeling-Takahashi is based on the stack
Cwr gry. This is an argument to the treatment of the GW theory proposed in
Section [3.1] of Chapter [3]

1.1. Gabrielov numbers of (Eg,Zs3). Consider the polynomial
W (21, 29, 23) = 25 + 25 + fl]%

Obviously it is self-dual: W7T = W but we put the transpose mark anyway to make
clear the side of the mirror on which the singularity appears.

Consider the symmetry group Zs acting on W as at the beginning of the chapter.
For CY-LG mirror symmetry we are interested in the GW theory of the curve
C(WT7Zg). Theorem above shows that it’s enough to compute the Gabrielov
numbers of the pair (W, Zs) in order to get the orbifold structure of Cyyr zr).

To compute the Gabrielov numbers I'yy 7z, note that:

K, = K, = {id} and K, = Zj.

We get:

Dz 6 Dy 3 Pz 2
_Pe g8 fE =2 =1, =P K| =243=(222).
/i =3 =2 gyl =g = g IRl = 8= (2:22)

Hence we conclude:
Doz = (2,2,2,2).

It is not hard to see that jz, = 0. This suggests the orbifold Pé,m,z to be a candidate
for the CY-LG mirror symmetry of (Eg, Zs).

2. CY-LG mirror symmetry for (Es,Zs)

The two theorems announced at the beginning of the chapter are proved in this
section. .
Consider the unfolding of Fg:

F(x,8) := 2%+ 9* + 22 + s_ 12ty + s312°y
+ 52127y + s11xY + 5307° + 52027 + s102 + So1Y + So.
The state space of the B-model (E, Z3) reads
Hom ()6 & (1) & (L),

The first summand stands for the invariant part of the Milnor algebra and is gener-
ated by:
(‘C)G = <17 $4y, xy, $3>C-
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NOTATION 5.1. Denote by F% the potential of the Frobenius manifold Mg, 7,
written in coordinates t1y, .. .,t13,th, th2 such that:

0 0
<—>€k€(£)G, a—th<—)1h€7'[, %thzé}[.

Ot1

2.1. The strategy of the proof. Let Mz e C Mg, (14 be a Frobenius
manifold such that

TM(Eg)G ‘t:og (;C)G

The main idea of our treatment can be represented by the following diagram.

A
Mg q1ay) 7 Mpyor
\) J
(M(Eg,id))G M*
B
M(Es,Zs) - } -0~ ’_D; - MP%,2,2,2 N c
M N*

where

e A is the Mirror isomorphism of Theorem :

e E and F" are embeddings of certain submanifolds in Mz /41y and Mz 5.
respectively. The first submanifold is identified in Proposition and the
second corresponds to the restriction to the untwisted sector.

D is the isomorphism of the orbifolded LG B-model untwisted sector axiom.
J and K are obtained by the restriction of the isomorphism A to the sub-
manifold (M ES)G.

C' is the isomorphism of Proposition [3.13

I is obtained by commutativity C'-J = I - D. It defines mirror isomorphism
on the submanifolds of M 5., and Mp;

2,2,2°
e Finally we show that there is a unique extension of the isomorphism I to

the full manifolds.

REMARK 5.1. In the diagram above we have completely skipped the primitive
form for M (s, (ia})- However particular choice of it — (csr, is assumed by the mirror
isomorphism A. At the same time the “untwisted sector” axiom of a LG B-model
asserts that the Frobenius manifold Mg ;. is a particular phase of the orbifolded

LG B-model (ES, Z3) agreeing with the primitive form (pcgp of F.

Our statement is that the mirror isomorphism B is completely defined by this
diagram. Namely by the “unorbifolded” CY-LG mirror symmetry and by the axioms
of the orbifolded LG B-model.

2.2. Analysis of the untwisted sector of My ;, . The dependence of the
flat coordinates of M on the “natural” coordinates s;; is rather complicated (recall
Theorem . However the next proposition shows that for the “right” choice of
the symmetry group this relation has a transparent meaning.

In what follows we assume the primitive form and the flat coordinates for Eg to
be fixed as in Theorem 2.9
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PROPOSITION 5.4. The restriction to the invariant part of the Milnor algebra is
obtained by setting to zero certain flat coordinates of Mg, .

PrROOF. Note that the restriction to the invariant part of £ in terms of the
singularity unfolding is given by setting certain variables s;; to zero:

Lg, — (EEs)G < s;; =0 for (i,7) € L.

It is easy to see that for Ey the only non-invariant generators of the Milnor algebra
are the following:
x, 2%y, y, 22, 2%y, ot & (EES)Z3.
and hence Zp,, = {10, 31,01, 20, 21, 40}.
The set I of all indices of s;; in the unfolding reads:
I =7,,UTy,, for I, ={41,11,30,0}.

The degrees of the corresponding variables read:

512211 11
—————— d S o1l
{6’6’3’3’3’3} o {0’2’2’ }

Consider the formulae by Noumi-Yamada (see Theorem . It is easy to see from

the degrees computed that whenever v € Z;,, the summation in @/Jl(,l) does not contain
the elements a € Z;,, except a = 41. But the corresponding variable has degree 0,
while all variables from Z;,, have positive degrees. Hence in every summand of the

function w,(,l) for v € 7, there is at least one multiple s, with u € Z,,. Hence we
get:
WM(8) |su0, pezin=0, YV € Ty,
This concludes the proof of the proposition. [l
In what follows we are going to work with the Frobenius submanifolds. Namely
we consider the restriction of the Frobenius structure to the submanifold. This topic
was studied by I. Strachan in [44] where the Frobenius structure was defined on the

tangent space of the submanifold M’ C M. Our approach is slightly different. Given
the WDVV potential F(t,t") we consider the function F'(t'):

(5.1) F'(t)) := F(t,t) |t=o -
Obviously it satisfies the WDVV equation too.
NOTATION 5.2. For two Frobenius manifolds M and M’ we will write:
M =Ml or M CM
if the potentials F' and F are related as in (5.1)).

PROPOSITION 5.5. There is a unique rank 4 Frobenius submanifold N* C Mpy
such that o
TN |0 (EES)G.

PROOF. Let t;; be corresponding to the generators A;; of H},(Ps,,) and be

or

therefore variables in Mgy . . From the isomorphism formula (2.7)) of the CY-LG
mirror symmetry we see that

Mg, ls=0.Gyetie = My, loy=0ies
for 7 = {11, 12,14, 15,21, 22} as in Proposition and Z,,, as in Proposition [5.4]
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Introduce the notation:
M* = Mp

6,3,2 |t1]*0 (i.9)eT

We have to find the image of M* under C' from the main diagram.

The Frobenius potential F* of M* was computed explicitly in Proposition [3.13]
The quasi-homogeneity of the Frobenius manifold potential F* is given by the Euler
vector field E*:

o 1 0 1 0

+ =t + =t
Aty 2 POty 2 Oty
The general rank 4 Frobenius submanifold N* in Mpy | (to,t-1,t1,ta, 13, t4) satisfy-

EY =ty— E*. Ft=9oF*

ing the same quasihomogeneity conditions is given by
N <t07t17t27 ) MPQQQQ(t(E))7
with
ti = tlai + tgbi, 1 S ) S 47
where a;, b; € C, and

for some function ¢ such that ¢(0) = 1.
We have N* = M* if and only if

1
k- .F4 ff2,2,2,2 ‘t(f)a

for some non-zero number £ that is fixed by equating pairings on both sides to
be £ = 3. Writing this equality explicitly using also algebraic independence of fy,
f1 and fo we get the system of equations. Up to a symmetry interchanging the 4
coordinates t; it gives only two solutions:

’t13=7§1 ts1=lay —

1
\/ga

1
a1:a2:a3:O, b(]:O, aozi—blzbgzbgzi

V3

Obviously both solutions give the same Frobenius submanifold.

0
2.3. Proof of Theorem [5.1] Using the axioms of the LG B-model we get:

PROPOSITION 5.6. Let FZ satisfy the axioms of the orbifolded LG B-model (see
Chapter . Then F% depends effectively on ty, for 0 < p < 3, tylye, t; and t3,
only:

F = FB(tr0,t11, t12, trs, thtpe, By, th).

PRrROOF. The statement follows immediately from the equivariance axiom. [

We are going to use in this section the explicit form of the WDVV potential F*.
However we consider it in the new coordinates that are convenient for the orbifolded
LG B-model:

FHt10s - t13) = F Jtomtro, tismtas, tsi—tro, t1=trs -
PROPOSITION 5.7. We have:
e The potential F* of M 5, 7, Teads:
FP = F* + trotntnz + H(t11, tr2, tas, th, th2),
where H is some function satisfying H |,=o,,,=0= 0.
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o The potential F% satisfies the following quasi-homogeneity condition:
E"s . FP = 2F",

where

EZS—ti—i—lt 0 L 0 L 0 +1t 0
"0ty 2 M0ty 2 0ty 20, 27 Ot
PRrOOF. The first part of the proposition easily follows from the pairing axiom
and untwisted sector axiom of the LG B-model. Note that the quasi-homogeneity
of F* fixes the conformal dimension of the Frobenius manifold. Hence the Euler
vector field E% of F%3 reads:

0 0
E% = B4 + dpty,— 4 dp2ty2 .
aty, Oty2
From the pairing we get: dj, + dy2 = 1. Applying also Proposition we get the
statement. 0

By the quasi-homogeneity condition on F% we get:

2 2

Zs 1, t] ]
F = §t170t1’3 + t170 E + T + tl oththQ

1 1 1 1 1
36t1 fi(tas) + Etiﬁgfz(tl:a) + §t1,1t?{,2fo(t1,3) + 11, <Ef1 (t13) + Ef2(t1,3))

+ tutpe (87 101(t13) + 1 5ba(tes) + t11t1 2b3(t1,3)) + thtraba(tes)
+ ti (t1.1b5(t13) + t1206(t1,3)) + tf’ﬁ (t1.1b7(t13) + t1205(t13)),
for some functions b;(t1,).

In what follows we are going to analyze the WDVV equation for F%. Recall
that the WDVV equation has four parameters (see (L.1])).

NOTATION 5.3. Let M be a Frobenius manifold with the potential F. For any
ti,tj, ty, 1y - coordinates on M denote:

PF PF PF PF
oo, | oot otonot, | ot,on00

WDVV(azaajaak7al) = Z (
p:q

PROPOSITION 5.8. The functions b;(t) such that F% satisfies the WDV'V equa-
tion are unique up to the following transformation:
ty, — atp,tpz — th2/a,, a € Cr
that is an obvious symmetry of the WDV'V equation.
PROOF. Let bg(t) = 0 and b7(t) # 0. Then from the WDVV (0p2, 02, 01,2y, 01,2))
taking the coefficient in front of #(1 9)t42 we get:
br(t) fo(t) = 0

what contradicts fy(t) # 0. The case bg(t) # 0 and b;(t) = 0 is done in a similar
way.

If we have bg(t) = 0 and b7(t) = 0, it is not hard to show that either all other
bi(t) = 0 too, or fo(t) =0, what contradicts the exact formula for it.
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Assume bg(t) # 0 and b7(t) # 0. It is a computational exercise to show that the
WDVV equation on FZ% is equivalent to the following system:

d 8 2(fa(t1,3))* = 6 fa(t1,3) fi(trs) — 3(fo(trs))?
dt1,3b8(t1’3) B __bS(tLg) fa(tis) — 3fi(t13) ’

bi(tis) = —f2(t1 3),
ba(tis) = 2f1(t1,3),

bs(t13) = —gfo(tl,za),

ba(t13) = §f2(t1,3) + 2f1(t13),
8 3fo(t13)f1(t13) — foltis) foltis)

bs(t1,3) = 30 be(frs) ,

be(trs) = é(f2<t1,3))2 —6f1(t13) f2(t13) + 9(f1(tr3))?
O3 g bs(ts) ’
bo(trs) = bs(t1,3) fo(t1,3)

3fi(trs) — fo(trs)

For example the expression for by (t1 3) is obtained from the WDVV (0y, Op2, 01,1y, 01,2)),
b7(t1,3) is expressed via bg(t1,3) by WDVV (02, On2, 01,1y, 91,2)) and PDE on bg(t13)
follows from WDVV (02, Op2, 0(1,2), 01,2))-

The only unknown function of this system is the function bg(¢; 3) that is subject
to the PDE written in the first line. Using the PDE on f;(¢) and fa(t) (see (3.2)) it

can be rewritten:
L(fa(t) = 3f1(t))
fot) =3f(t)

d d
Ebs(t) = bs(t)

As far as bg #Z 0 we can rewrite:

d

Droghy(t) = %log(fz(t) —3£(1)).

This equation can be solved explicitly:

bs(t) = c(3f1(t) — fa(t)), € C\{0}.
The only freedom of the functions by, ..., bg is this factor of ¢ in bg. This ambiguity
appears only in the functions bg and b; as the multiple ¢ and in the functions b5 and
be as the multiple 1/c.
Note that this corresponds exactly to the rescaling ¢, — th/Cl/?’,thz — M3ty
that is an obvious symmetry of the WDVV equation since 1(9;,, 0, ,) = 1. O

Taking ¢ = 1 in the formulae above we get the potential of M gy 74)- This
concludes the proof of Theorem [5.1]

2.4. Proof of Theorem We give the isomorphism Mz 7., = Mpy
explicitly. Let the function F% be the WDVV potential of M (Fs.Zs)"
Consider bs(t13) to be the coefficient of ¢},t1 2 in it.

bg(t1,3) = [tiztl,g] .FZS.
Define ¢ := bg(0)/(3f1(0) — f2(0)).
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Then the isomorphism is given by:

fo—tro, hoo—LL gy B2 2he
) T S C 5 _ — y
0 1,0 1 \/§ 2 \/g h 3C 1 1,3
3 —14+/=3 143
l3 — —£t12+ ( )Cth—gth%
3 7 2 3¢
3 1++v-=3)c —1++v-3
ts — —\/?_tLQ — ( 5 ) th + ( 3 )th2.
C

Using the explicit expression of the M, B Zs) potential given in Theorem it is

checked explicitly that applying this change of variables to F%3 we get the WDVV
potential of ]P%,2,2,2'
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CHAPTER 6

GW theory of IP’%QQ,Q and Hurwitz-Frobenius manifold

In [11 Lecture 5] B. Dubrovin introduced a Frobenius manifold structure on
the space of the ramified covering of the sphere. Such Frobenius manifolds are now
known as Hurwitz-Frobenius manifolds. Particular interest in the Hurwitz-Frobenius
manifolds in this thesis originates from the following theorem that appeared first in
[4].

Let z be a coordinate on the elliptic curve &, 2., With the periods 2wy, 2ws.
Consider the space of functions Hi (22.2,2) := {A : Exwy 200 — P!} having the following
explicit form.

! 1 ¢/ (z — a;; 2wy, 2ws)

(6.1) AMz) =) (p(z — a3 2wy, 2w )t 4 = si> +c,

p 2 p(z — a;; 2w, 2ws)

with wy, wo, a;, u;, s;, ¢ - parameters of \. Consider the subspace %f(Q 922) C Hi,2:2,2.2)
consisting of A as above such that:

(6 2) a1 :07 a2 ZW1+WQ, az = wy, a4y = Wa,

81282:83284:0.

THEOREM 6.1 (Theorem 1 in [4]). The space ’Hf’(m 99y has Frobenius manifold
structure isomorphic to the Frobenius structure of the GW theory of Pj55,.

1. Space of ramified coverings

Consider the space of meromorphic functions
C 5P
on the compact genus g Riemann surface C'. Fix the pole orders of A to be k :=
{]{71, ceey k’m}i

A Hoo) = {c01,...,00n}, o0, € C,

so that locally at oo, we have A\(z) = 2.

Such meromorphic functions define the ramified coverings of P! by C' with the
ramification profile k over co. We further assume that A has only simple ramification
points at P, € P"\{0}. The degree of the ramified covering is computed to be
N =)k, and using the Riemann-Hurwitz formula we can compute the dimension
of this space of functions:

n:2g—2+2kp+m,
p=1
that is exactly the number of simple ramification points. The smooth part of the

Hurwitz-Frobenius manifold is parametrized by the values of A at the simple rami-
fication points: (A(P1), ..., A(P,)).
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DEFINITION. Two pairs (C1, A1) and (Cq, \2) as above are said to be Hurwitz-
equivalent if A\; = v o Ay for some analytic map ¢ : C; — Cs.

In what follows we consider the pairs (C, A) up to the equivalence introduced.

DEFINITION. We define the Hurwitz-Frobenius manifold H,x to be the moduli
space of pairs (C, \) as above with the additional data:

o {ai,...,ay,b1,...,bs} - the choice of a symplectic basis in Hy(C'),

e {wi,...,w,} - uniformization parameter of A at 0o;
w’lf”(z) =A2), ze€U(c0p).

1.1. Frobenius manifold structure on H . Following Dubrovin we define
a Frobenius manifold structure on Hyi. Let ¢ be a differential of the first kind on
C'. Define the multi-valued coordinate v(P) on C as:

(6.3) v(P) = 0.

01

THEOREM 6.2 (Theorem 5.1 in [11]). The following functions are flat coordinates
on Hgk:

tpia i= T€Soo, (Wp) “vdA, m>p>1, k,>a>1,
Vp = / @, V.= —res,, A\, m>r>1,
o1
B, := ¢ o, C’q::f/\gzﬁ. g>q>1.
bq Aq

Let Oy be the basis vectors in TH,x w.r.t. the flat coordinates introduced and
N = 0,A. Define structure constants of the multiplication c(-, -, -) and pairing 7(-, -):

O ANOj A dv
( ) n(@k,(‘?l) = ZTGSA/:0%7
6.4
O AOINO,, Adv
c(Ok, O, Oy) = Zresxzo%-

The theorem of Dubrovin states that this multiplication and pairing define a
Frobenius manifold structure on ‘H 44 with the coordinates introduced above playing
the role of flat coordinates. Namely, in these coordinates we have Oym,,, = 0. For
the particular choice of flat coordinates as above the only non-vanishing entries of
7 are:

1 1 1
Mtpiarten = k_pép,q5a+b,kp7 Moy, Vy = k_p(sp,qa NB,,Cy = —27r\/—_1(5p’q'

DEFINITION. The function F# called Frobenius (or WDVV) potential is defined
by:
8;@8me = C(ak, 8l, 6m)

It is clear from the definition that the multiplication defined by the structure
constants ¢(0, 9, Oy,) is commutative and associative. From the second property it
follows that F is a solution of the WDVV equation ([1.1)).
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In what follows we are interested in the algebra structure defined by F. There-
fore we assume it up to the quadratic terms in the variables.

2. Elliptic functions and theta constants

We will use extensively the theory of elliptic functions in our treatment of the
Hurwitz-Frobenius manifolds.

2.1. Elliptic functions. Consider the lattice A = 2w Z+2wsZ with wy /w; € H.
We will denote by D its fundamental domain.

DEFINITION. A meromorphic function f on C is called elliptic w.r.t. the lattice
A if it satisfies the following periodicity properties:

f(z+2w1) = f(2), f(z+2w2) = f(2).
Recall the Weierstrass elliptic function:
1 1 1
o = b ¥ (Lo L)
= uendoy (z-w)” w

It is obvious from the definition that @ is indeed an elliptic function. Another
important example is its derivative ' that is an elliptic function with the same
periods.

PROPOSITION 6.3. The space of elliptic functions on the elliptic curve E = C/A
is generated by p and @' :

M(E) = C(p,¢).

For our purposes it is helpful to rewrite the expansion of p and ¢’ in z and
T = wy/wr:

1 1
_ -2, 2, - 4 6
0(z,7) = 27 + 5soal(r) + ogalr)# + O(:1),

2 4
Oz, 7) =223+ %92(7’)2 + %93(7’)23 + 0(2°),

for g2(7), g3(7) - modular invariants of the elliptic curve.
The connection between the two definitions of the function g is given by the
equality:

(6.5) (2w )? (25 2w1, 2ws) = @ (L;T) )
2&)1
Another important property of the elliptic functions is the following:

PROPOSITION 6.4. Let f(z) be an elliptic function. Then the sum of its residues
in the fundamental domain D of A is zero:

Z res,—, f(z)dz = 0.

a€eD

DEFINITION. The Weierstrass zeta-function is defined by:

1 1 1 z
o) =+ 3 [—— 4o ,
(25201, 23) z <z—w w wz)



Its main property is:
—('(2; 2w1, 2ws) = p(z; 2wy, 2ws).
Note that it is not periodic w.r.t. A.
DEFINITION. The quasi-periods 27 are defined by:
2n, = C(2wg + 2) — ((2), VzeC.
The connection between the periods and quasi-periods of the lattice A is given

via the Legendre identity:
v/ —1

Wz — ThWwi = 5

2.2. Theta constants and elliptic functions. In what follows we use the
values of p(v,7) at the middle points of the period rectangle edges.

DEFINITION. Let p(z) = p(z; 2wy, 2wy). The numbers ey, €9, e3 € C are defined
by:
e1:=p(w), ez:=p(—w; —wy), e3:=p(w).

A well-known fact from the elliptic curves theory is that:

PROPOSITION 6.5. The points wy, wy and wy + wy are all zeros of ¢'(z) in the
fundamental domain.

The quantities e; are expressed via the theta constants (cf. [28] section 6] [[):

19y oy

€1 = 519—,1 - 19—27
ey = V5
39, U
= LUT Vi
39 Uy
Using the heat equation we get:
"
Z—Z = dmy/—1 a&fp =2mv/—1X,
We will also use the expression:
19y
mwiy = _ﬁﬁ_ll

An important property of the derivatives of the theta constants is the following:
19/// ,19// ,19// ,19//
L2 08 T4
(T T T V5 S 1
Using it together with the heat equation we get:
4 4
1 19;; T/ —1 v/ —1
w1 12 ; 9, 6 ; P 1 v(7)

!Note the difference in the z coordinate normalization of [28] with ours.
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3. Hurwitz-Frobenius H; (2222)

The Hurwitz-Frobenius manifold H; (222,2) parametrizes the meromorphic func-
tions on the elliptic curve & = C/(2w1Z+2woZ), X : € — P! with a certain additional
data.

3.1. The moduli problem. In our setup the function A is defined on &, there-
fore it has to be an elliptic function. Due to the ramification fixed it has four order
2 poles. Using Proposition [6.3] we write the generic function of this form:

4
1o (z — ag; 2w, 2w
(6.6) Az) = Z (p(z — ag; 2wy, 2wa Uy, + = P/(z = ay; 2wy, ) sk) +c,

— 2 p(z — ag; 2wy, 2ws)

from where we have the “moduli”:

aj — positions of the poles on &,

ug, S, — behavior at the poles,

¢ — the shift,

2w1, 2wy — the “moduli” of the elliptic curve itself.

This sums up to 14 parameters, but they are not completely free of relations.
From the Riemann-Hurwitz formula we see that the dimension of the space of such
functions H := {\} as above is 12.

Because of being an elliptic function we have:

4
Zresz)\:() = Zsk:O.

zeD k=1

We assume s; = 0.

On the covering curve we have &y, 2w,) = &17 for 7= wy Jwi. These two elliptic
curves give equivalent ramified coverings w.r.t. the Hurwitz-equivalence.

Because of the automorphisms of the elliptic curve moving its origin we can also
assume a; = 0.

PROPOSITION 6.6. The Hurwitz-Frobenius manifold Hi (2222 1s the space of
functions A as above considered as functions of:

2,03, a4, S2,S53,S54, U1, U2,U3, U4, w2/wl-
In what follows we denote for simplicity H := Hi (2,2,2,2) and we keep the notation

a1 assuming that it is equal to zero.

3.2. Flat coordinates. Following Dubrovin (see Theorem [6.2) we introduce
flat coordinates on the space H; (22,2.2). To do this one has to fix a certain differential
on the covering curve. We take:

o

2&)1 ’

¢:=dv
where z is the coordinate on £.
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PROPOSITION 6.7. The ramified covering X\ is given in flat coordinates by:

/1 o 1o (v—uvg,T)
Mz) =) Z@(U—Uk,T)thr—ﬁVk
1

4

+—p(0, ) + mw Yt + C1.
k=1

W

The Euler vector field of the Frobenius structure in these coordinates is given by:

0 1 0 0

PROOF. Using the formulae by Dubrovin (see Theorem [6.2) we compute the flat

coordinates.
ax St 22y
Vg ‘/k Bl - =T,
0

B 20)1’ B 2_601’ 20)1
where 7 = wy /wy is the modulus of the elliptic curve.
Compute ty 1=ty 1:

I = resg,

ap s — 9 Jur
Ok Z T Uk +hot. ) =— uk,
2w up \(z—ag)? w1

where the branch of the square root is fixed by the choice of the uniformization
parameter wy.

Note that: g'/p = 2 log(g). The value of ((z) is not defined at z = 0, therefore
we have to use the limit computing C}:

2wy —€
1 1
Ch :2_011 llg(l) [— zk: (C(Z — ay)uy + 5 log p(z — ak)vk) + zc
1

) ((€00) = 621 —au)) a5 0 (2 — a) — g o)) ) +

Because of the periodicity of the Weierstrass functions we get:

n 4
1
Cl =C— — E U .
w1
k=1

Using equality (6.5)) we get the proposition. O

In the rest of the chapter we will be working with the function A(z) written in
flat coordinates. We will not write the variable 7 all the time meaning implicitly
that Weierstrass functions inside are p(v, 7).

3.3. Structure constants of H; 22.22). In this section we provide all the com-
putations needed to prove Theorem [6.1] Basically we compute structure constants
of Hi (2,2,2,2) using the formulae (6.4]).

In the majority of residues we have to compute we will be dealing with elliptic
functions. These will be the cases when the derivative of A — elliptic function itself
—is an elliptic function too. When it is so we can consider the residues at the points
v; instead of looking for points where \' = 0.

47



PROPOSITION 6.8. Let f(v) be an elliptic function and x, — its set of poles such
that X' (z,) # 0. Then we have:

fv)dv f(v)dv
Z res,—y N () =— ZreS”Z%W'

y: N (y)=0 p

PROOF. The poles of the function f(v)/N(v) w.r.t. v are:{x,} U{y : N'(y) = 0}.
The quotient f(v)/N(v) is an elliptic functions and we have:

f(v)dv f)dv

O

The case when we can not apply this principle is d;A. For this we use the lemma
due to Frobenius-Stickelberger [17]:

LEMMA 6.9. Let f(z;2wy,2ws) be elliptic functions with the periods (2wq,2ws),
then the following function is elliptic too with the same periods:

where ¢ = ((z; 2w, 2ws).

Proor. We give a brief proof.
Differentiating the equality f(z 4+ 2w;) = f(z) w.r.t. w; we get:

9 0 0
G T+ 200 25 f (4 21) = 5= (2),

Together with the expression of the quasi-period we have:

JOIE) G L OFE)  OFG )

! c%zl & (%)2 C(Z) 82 N 8w1
Of(z + 2w) Of(z + 2wy) B Of(z + 2w)
+ 2m 9 + 7o 0o, + (¢(z + 2wy) — 2m1) B
0 2 0 2 0 2
o flz+ w1)+n2 flz+ wl)+<(z+2w1) flz+ wl).
8w1 8w2 0z

O

Consider the function f(z; 2w, 2ws), applying the change of variables as in (6.5))
we get for f(v,7):

0 0 0
m 2L, 0L O o T 0f + conf — 2md,f.
Owq Ows 0z

where we used the Legendre identity.
NOTATION 6.1. Introduce the notation for the corresponding elliptic function:
hi(z,t) == =21V =1 0. f + COpf — 210, f.
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4. Restriction of the potential

DEFINITION. Define by Fg the potential obtained by the restriction of F of
the Hurwitz-Frobenius manifold to the submanifold 7—[&272’2’2):

Fr=F" |4,
for
T 1 1 T
Ai:{vlz(), U2=§+§, 0325, 0425, V2=V3=VZ;:0}.

It follows from Proposition that this restriction agrees with equation (|6.2)).

PROPOSITION 6.10. The summands of F* including variables v, and V, do not
contribute to the restricted potential Fg.

We prove the proposition by computing the structure constants of the Frobenius
structure.

From the Euler vector field of H we know that the variable V), is given a non-
zero integer degree. Hence it contributes to the potential F# polynomially. Namely
there is a natural number N such that V" for n > N does not appear in the series
expansion of FH.

It is obvious from the structure constants residue formula that F is well defined
at V, = 0.

Hence we only have to take care of the variable v, that has degree 0 and could
give a non-zero contribution to the restricted potential.

NOTATION 6.2. Let f(v) = Y. ayv" be formal power series in v, and p € Z.
Denote by:

W] f(v) := ay.
We need first the lemma:

LEMMA 6.11. In flat coordinates we have the following expressions for the struc-
ture constants. For k # p we have:

T)1
C(tk,’l)k,?]k) = 922(0)5 1 1‘/k,
1 1 "y — _ (> 2
c(tr, e, vp) = 29 (ap oug)tz—l——p (z —ar)p(z — ar) — (9'(z — ax)) V.

ProOOF. The derivative of A w.r.t. v; reads:

oA , s 1o (w—w)pv—uv) — (' (v —p))°
- — ot — =
g, 17T p(v — vp)2 Vi
2
LG Y% o),

2(v—uv)?  (v—vg)?
It is clear that it’s an elliptic function.
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Structure constants c(tx, vk, vy). By definition we have:
(8’Uk )\)2<8tk>\)dv
N '
Note that the behavior of the functions A’ and —3,, A in the neighborhood of the
point a; coincide:
c(th, Vg, V) = resy, (Op A Oy A)dv
= [(v = )]0 A - [(v = ) |0

c(ty, vg, V) = —res,,

[0 = 0) 0~ [0 — )20, A + i—?[(v — 0 A - (0 — 01, A

The first two lines sum to zero (basically because res,, o' (v — vg)p(v — vg) = 0)
and from the Laurent expansion of p we get:
_ 9a(7)

c(ty, vg, vg) = 20 5771W1Vk-

Structure constants c(ty, tx, vp). For p # k we have:

Oy, \)2(0,. \)dv 2 _
c(tr, th, vp) = —fesvk< & g\/ A _ ﬁ[(v — v) (B, A) 2By, A
k

The function 9, is regular at the point vy, for k # p and we write:

2 i 2 12
C(tk’ U, Up) - t_Za'Up)\ |U:Uk [(U - Uk) 4](atk)\>2 = t_zzk&}p/\ |'U:'Uk .
k k

Structure constants c(ty, tx, vx). Compute the residue for p = k:

(atkA)Q(avk)‘)dv
)\I
The Laurent expansion of J;, A contains even degrees of v — vy only. Hence the
residue vanishes.
Structure constants ¢(Ch, vy, v,). We do not need to compute the residue for this
structure constants because we have:

c(ty, tg, v) = —res,, = resvk(é?tk)\)Q.

C(Cla Up, Up) - 77(%7 Up) - 07

where we used the equalities for the metric in the flat coordinates.
The Lemma is proved. U

Note that by the choice of a; in the restriction we have to express 9,,A at one
of the fundamental rectangle edge middle points:

Gy — 01 =Wy T Wy, a3 — a1 = W1, G4 — A1 = Wy,

(g — Q3 = Wa, Ay — Qg = W1, A3 — Gy = W1 — Wa.
NOTATION 6.3. For k # 1, 4 > k,1 > 1 denote {kl} by:
{13} ={24} =1, {12} ={34}:=2, {23} ={14}:=3.
In this notation we have:
€{13} = €{24} = €1, €{12} = €{34} = €2, €{23} = €[14} = €3.
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PROOF OF PROPOSITION [6.10l We show that all the structure constants listed
above vanish under the restriction. Note that we did not compute the structure
constants c(v,, v,, 7) and c(vg, vy, v,). This is not needed because due to the homo-
geneity condition on the Hurwitz-Frobenius manifold potential the variables v, and
7 have degree zero. Therefore the summands of F giving these structure constants
appear with the factor of other variables that are assigned non-zero degree. These
are V,, and t,. Therefore these summands contribute to the structure constants
c(tp, -, ) or ¢(V,,-,-) whose vanishing we prove.

It is clear that all the summands that have a factor of V, vanish. There are
only two structure constants that we have to treat more carefully: c(ty,t, v,) and
¢(,vp,v,). For the first one we have:

1
c(te, th, vp) = —éava(uk —Up).

The points ay — a; are precisely those where ©'(z; 2wy, 2wy) vanishes. And we

get:
Vk " 1
Ay Mag — ay) = - .
2A(ak — ap) 2’ (2w1(ak az))

This expression vanishes by setting V;, = 0.

5. Proof of Theorem [6.1]

To prove Theorem we compute the structure constants in the variables ¢,
(1 and 7.

5.1. Structure constants including variables ¢,, C; and 7 only.

PROPOSITION 6.12. In flat coordinates we have:

1
C,C) = ——
C(T7 1, 1) 27_(\/_—17
1
C(tkatkacl) = 57

c(ty, tr, tr) = 3ty - wimn,

1
c(ti, te ) =4 <Z@(ak —a) + ?71w1) .

PROOF.
Structure constant ¢(t, Cy,Cy). By definition we have:
O-A(v)dv
co(r,Cr,C) = ZTGSAEU%,
Apply Lemma [6.9}
B 1 hy(v)dv
c(r,Cy,Ch) = 2m/—1 TGSA':OW

where we used in the last equation that the (-function has only one pole at v = 0.
The function h, is elliptic and we can apply the proposition [6.8}

1 Z h,\d’U 1 Z C)\/ — 271'\/ —18.,-)\ — 27’]1)\,
resy, resy,

Y dw.

C<Ta 017 Cl) -




The function 0,\/\ is regular at the points v, and does not contribute to the residue:

Structure constant c(ty, tg, C).
2ty 2
—— + h.ot. | dv
a )\ 26 AdU (4 vV — 2 )
bty C1) = Zres/\,zo% e, M _2;;% —
—_ .o.t.
4(v —vg)?

where we use h.o.t. for the higher order terms.

22 1
te, b, C1) = == = =
C( ks Uk, 1) 4 t% 2
Structure constant c(tx, tg, tg).
(O N dv 2

Cths try tr) = —rves, ———— = = [(v = v) (3 N)".
N 2

The Taylor expansion of the functions in the numerator is:
(78 1
o N=—|—=+14 O((v—u)?) ).
;e 5 ((U " + 4mwr + O ((v — vg) ))

There are only two options to get a degree —4 factor from its third power. Dis-

tributed in three factors they read: —1,—1,—2 and —2, —2, —0. The first one is not

possible because degree -1 in v — v; appears only as the multiple of the variable V.
2 3t3

c(tg, tr, tr) = t—ZTQmwl = 3tpwin;.
k

Structure constant c(ty, tg, t;).

O A2 (O \) dv 2 )
C(tk,tk,tl) = —resvk< i ) )<\/ b ) = t—2[(/U — Uk) 4](8tk)\)2 (atl)\) .
k
The factor Oy, A is regular at the point v;. Therefore we just take the value of it
at the point vy.

2 2
C(tkatkatl> — t_ZZk
k

(atz >‘) |'U:'Uk :

5.2. Structure constants at the special point.

PROPOSITION 6.13. For the potential Fr we have:

83.73 7T\/—_1
W = _tlTXkl(T)-

PROOF. Because of Proposition the potential Fg is obtained by integrating
the structure constants (-, -, ) of H containing t, 7, C; only. We have:
P Fr PFH
= = [ c(tg, t, t;)dt2dt;.
(Ot)20t, — (0ty,)201, l / (B, b, o) dtidt
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The latter one can be computed using theta constants. For the structure constant
under the integral we have:

1 Loy 100y 197 1Yy
(otox =+ ) = (m— T W) 120 A

Where we used the convention of Notation [6.3]in the double-index subscript.
Using the heat equation for ¥y, we get the proposition. O

5.3. Restricted potential. Integrating the structure constants that we have
computed we write down the potential of ’HR (222 2). It reads:

027' t2 4 3my/—1
Fr= § ) j Yk .
R 2 27_[_\/_ p>q Q(T) k 24 4 ’Y(T)

Introduce:
t_i=mv—1r, Cp = ————

The potential changes:

tk = tk 7T\/—1 : 21/4.

g 7272
t tty 1

C2_y - |
TR 2 +01;Z_Z 16 mv/—1 Xpalt-1) = 2647r\/_( 2

where (t_1) and Xj(t_1) are functions in exp(¢_;). Hence under this change of
variables the potential transforms to one written in the form of Proposition [3.4]
Theorem [6.1] is proved.

1
COROLLARY 6.14. Let t“V" be variables of the ]:épg’Q‘z’Q. The isomorphism reads
in coordinates:

C v—1

OV = /=17, W = \/__1%, $OW = (g — ) YV 2

\/7'('\/ _1 tGW
3

vmyV/—1 oW _ Ty —1
21/4 ’

tGW (t4 -+ t3) 21/4

= (ti — t2)
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CHAPTER 7

Primitive form change for the orbifolded LG model

The theory of primitive forms for the orbifolded LG models does not yet exist.
Therefore we propose a substitute for it. Namely we consider the change of the
primitive form using the CY-LG mirror isomorphism of Theorem and a certain
action on the space of Frobenius manifolds.

Consider the orbifolded LG model (FEs, Zs) with the choice of the primitive form
at the LCSL-point to be a “base point”. We apply to it a certain action A0+0) on
the space of Frobenius manifolds that changes the primitive form.

Looking for the Frobenius manifold structure of ( Eg, Z3) giving the LG-LG mirror
isomorphism the general idea of mirror symmetry suggests concerning the primitive
form at the special point. This notion is not defined for orbifolded LG models either.
In analogy with the case of the trivial symmetry group we propose this property to
be “translated” to 1y € Qv/—D for D € N,.

To summarize:

(W, {id}) o w.c)
primitive form change <> the action A(M«0)
special point < 1€QV-D, DeZ,.

We further support the use of the action A™0) in the following sections.

1. Frobenius manifold M ™"

Consider a Frobenius manifold M of rank six and dimension one with flat coor-
dinates tq,...,ts5, tg satisfying the following conditions:

e The unit vector field e is given by a%'
e The Euler vector field E is given by

0 =1 0
E=t— —tp—.
Bt ; 27" oty
e The Frobenius potential F is given by
5

1 1
F(t,to, t3,ta, ts,t6) = =tits + —t1 (Y 12) + (tatstats) folts)
2 4 P

1 1
+ zﬁé +tg +t5 +t3) fi(te) + g(tgtg + t2t5 + tat; + ot + tot] + taty) fa(ts),

where fo(t), fi(t) and fy(t) are holomorphic functions in ¢ on an open
domain in C.
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1.1. Solutions of the WDVYV equation.

ProPOSITION 7.1. The WDVV equation for F is equivalent to the following
differential equation:

Jo) = 5 fo(t) f2(t) — 24fo(t) f1(t),
(7.1) Flt) = =2 fo(t)? = L f1(t) fo(t) + § f2(t)?,
f5(t) = 6fo(t)* — 5 fa(t)?.

PROOF. It is easy to check that WDVV(0s, 04, 03, 04) (recall Notation gives
the second and the third equations while WDVV (0, 0y, 03, 03) gives the first one. [

Without loss of generality consider:
folt) = §X5(t) — §Xu(1),
(7.2) fi(t) == —11—2X2(t) — 4—18X3(t) — 4—18X4(t),
fa(t) = =35 X5(t) — 15Xa(t),
for some functions X;(¢) with the same domain of holomorphicity as f;(t).
PROPOSITION 7.2. The equations ([7.1)) are equivalent to the following differential
equations:
F(Xa(t) + X3(t) = 2X,(1) Xa(t),
F(Xa(t) + Xa(t) = 2X53(t) Xu(t),
F(Xa(t) + Xa(t) = 2X4(1) Xa(t),

classically known as Halphen’s system of equations.

(7.3)

Proor. This is obtained by a straightforward calculation. 0

The following proposition is a beautiful example of the action on the space of
Frobenius manifolds that is defined purely analytically in contrast with the heavy
machinery of the Givental action.

PROPOSITION 7.3. Let the triplet (Xs(t), X3(t), X4(t)) be a solution of the Halphen’s
equations (7.3)). For any A € GL(2,C) define a triplet of functions X{(t) for
2 <1 <4 on a suitable domain in C by

det(A) at +b c a b
A Pap— . —_ pu—
(7.4) X = (ct+d)2XZ (ct+d) ct+d’ A (c d) '

Then (X3(t), X3(t), X;1(t)) is also a solution of the Halphen’s equations ([7.3).
PROOF. This statement was proved in [37] for A € SL(2,C). Consider

/!
A = (CCL, Z) € SL(2,C), d =a/det A ,d =c/det A.
However it is clear that whenever the triplet X;(¢) is a solution to Halphen’s system
then for any a € C* the triplet aX;(at) is a solution too. Taking a = det A we get
the proposition. 0

It is important to note that this GL(2,C)-action is the inverse action of the
GL(2, C)-action on the set of solutions of the WDVV equations given in Appendix
B in [11]. Indeed, we have the following.
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PROPOSITION 7.4. Consider Dubrovin’s inversion I (recall equation (3.5) in
C’hapter@ of the rank 6 Frobenius manifold with potential F . Then we have:

P a (0 -1
J-"—f,forA_<1 o)’

where we have Inversion transformation of the LHS and the GL(2,C) action ([7.4)
on the RHS.

PROOF. Some calculations yield the statement. O

1.2. Action of A(00) on Mgy, - Recall that the Frobenius manifold of
IP3 595 is fixed by the particular solution to the Halphen’s equations that was denoted

in Chapter [3| by Xp°(7):
0
X2(r) = Qa—logﬁk(T), 2 <k <4,
T

for J5(7) — Jacobi theta constants.
Consider the following GL(2, C)-action A(™«0) on the Frobenius manifold of

1
IP32,2,2,2-

To
T 1.y WoTo
(75) A(T01w0) — 47Tw011m(7-0)
4mrwolm(7o) o

DEFINITION. Choose 1y € H and wy € C\{0}.
(1) Using the GL(2,C)-action (7.4) specified by A™«0) define the triplet of
functions
X0 () = (XA (1) for 4>k > 2.
Then the functions X ,gTO’WO)(t) are holomorphic on
Do) .= [t € C | [t| < | — 4mwiIm(7o)]}.

(2) Denote by M{™“?) .= €5 x D(™«0) the Frobenius manifold given by the
Frobenius potential

TO ,W t 1 TO ;W 1 TO ,W
Fyo) ==+ Ztk (365 + 1313) 1 X5 (1) — (8365 + £513) 3 X5™ (ko)

5 4
1 i 1 2 .
_ (tgti+t§t§)—16X§ 00) (£g) — o (E ti) (5 Y x(o 0)(15)) .
k=2

k=2

We will also write:

f6(7'07W0) — Alrowo) Fpr P} 50

It is clear from the particular form of the potential ]—"ém’w“) that the Euler vector
field is preserved under the action of A(™«0) Hence this purely algebraically defined
GL(2, C)-action on the set of solutions to Halphen’s equations gives rise to the action
on the Frobenius manifolds.

56



2. Primitive form change via MG(TO’WO)

Recall that the equation W, = 0 defines the family of elliptic curves over ¥. Let
¢, be the global primitive form of W,,. It defines a certain period (o) of the elliptic
curve E, = {W, = 0}.

Consider A\, € Hy,(2,2,22) such that:

Ao B, Z5 P Voey,

and the ramification profile A\ !(c0) consists of 4 points of order 2. Taking the
holomorphic form on the elliptic curve E, we get the family of Frobenius manifold
structures on Hy (2.22,2). Denote it by M?.

{We =0}—— Hﬁ(zzzz) — M°

|

by

We identify M7° for every oy € X with the particular Frobenius manifold Mém’w“).
This allows us to consider the action A(™+0) on the rank 6 Frobenius manifolds as
corresponding to the primitive form change of W,.

2.1. Change of the primitive form. We present here the approach of [6] to
the change of the primitive form. In contrast to the approach of Milanov, Ruan,
Shen and Krawitz we work with particular cycles of the elliptic curve fixing the
primitive form. The advantage of our approach is that we can recover all primitive
forms in this way. Also the geometry of the elliptic curves could be used here.
However it was proved in [5] that both approaches coincide.

In this subsection we would prefer to work in the Hodge-theoretical setting. Let
Hy = Za ® Z5 be the homology group Hi(E,,Z) of the elliptic curve at infinity.
Then

H([*: = (HC)* = (HZ K7z C)* = (COév D Cﬁv,
where {aV, 5"} is the dual basis of {«, 8}, can be identified with the cohomology
group H'(E,,Z). Recall the family of elliptic curves £ defined in (2.3). The relative

holomorphic volume form Q € I'(H, Q2 /H) is described in terms of oV, 8V as
Q= a(r) (0" +75")

for some nowhere vanishing holomorphic function z(7) on H.
Let the relative holomorphic volume form (* = oV + 78 be the primitive form
associated to the choice of the vector o € H¢, which satisfies

/a<°°:1and/5§°<>:7.

There is a systematic way to obtain a primitive form by the use of the canonical
opposite filtration to the Hodge filtration corresponding to a point 75 € H as follows.

PROPOSITION 7.5. For 7y € H and wy € C\{0}, there exists a unique relative
holomorphic volume form ¢ € T'(H, Q}s/H) such that
1
J R

wo(To — 7o)
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PROOF. Some calculation yields

To — T
(zwo_o 0(04\/4—75\/).
T0 — T

O

This holomorphic volume form ( is the primitive form uniquely determined by
the choice of the vector o € Hc. We first fix 79 € H and wy € C\{0} so that we

have
/C:w()and /(:woﬁ) at 7 = 71p.
o B

Next we choose ' € H¢ so that fﬁ,C =0at 7= and (/,8) = 1. It is easy to
see that
B = —wo (Toa — B) .
The bases {a, 3} and {«/, 3’} are connected by the action of the following
SL(2,C) matrix on H'(E,,Z):

To 1
(7.6)  Apom = _QJ—_leIm(TO) 2v/~Twelm(rp) |5 (@ B') = Anom (g)
—WoTo Wo

However the connection between the flat coordinates is constituted by the action
A0w0) et ¢t be the flat coordinate “at infinity” associated to the basis {a, 5}.
Then the flat coordinate ¢’ ;, corresponding to the basis {a/, 5’} transforms as follows

(recall Proposition [2.6):
t,
2mv/—1  Ja

what is equivalent to:

—t_
¢ = 2\/—1wglm(Tg)M

b)
To— 11

= Ao oy

2.2. The actions Ay, and A«  In this subsection we present the setting
in which the action of A(™+0) on the flat coordinate t_; arises naturally as the action
on the space of Frobenius manifolds.

Let A € SL(2,C) and {\ : & — P'} € H{\,,,9) The ramified covering A is
written explicitly via the elliptic functions. This allows us to act by A on A, what
corresponds to the action of A on the lattice of the covering elliptic curve.

PROPOSITION 7.6. Let A = (Z Z

curve lattice gives rise to the action on the flat coordinates of H{z(mm) that reads

> € SL(2,C). Its action on the elliptic

in coordinates (T,Cq,t1,ta,t3,14):

1<:<4

- = Cy —
T cr+d’ ! ! 2 cr+d et +d’

4
at +b A /-1 ¢ Zt?’ i t;
i=1
PRroOOF. Note that by the action of A we have:
Wy = awsy + bwy, w1 = cwsy + dwy.
Recall the expression of flat coordinates of Hj (2229 given in Proposition . Let

C’l, fl, R t, and 7 be the flat coordinates on the A-transformed Frobenius structure
of Hil(2022)
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For the variables t;, 1 <i < 4 and 7 we have:

. ar+b  awy+bw Vi t;
T = = 5 tz = — — = .
cT+d  cwy + dwy 1 cT +d

Consider the variable C'.

N 4 4
A Ui cng + dmy
Ch=c— = c— SRS,
! @1; cwg—l—dwlz

=1

Using the Legendre identity we rewrite:

A 1 v —1lc 1 . m . 1 /fnv—1 ¢
Cp=c—— i = C—— N is
1=¢ o <T}1+ 5 cw2+dw1>2;u c WI;u 2 SR z_:u

i=

and we get the identity. 0

This proposition allows us to apply on Hf(z 92.2)> viewed as a Hurwitz-Frobenius
manifold, the action of the element Ay, € SL(2,C) defined in ([7.6]) for the elliptic
curves.

PROPOSITION 7.7. The change of the primitive form from (> to (,, at the special
point oy is equivalent to the action A% such that:

jw(o0) = j(70),
and Ty 1S 1tmaginary quadratic.

PROOF. Let Apom be the SL(2,C) matrix corresponding to the primitive form
change. We can consider it as an operator on the space Hf@ 929

Apom  {\ 1 Bxo = P} = {\: B, — P'},

where E,, is an elliptic curve with the modulus 7y by the construction of Ajgp,.
However from Theorem the primitive form at the point oy is fixed by the period
of the elliptic curve E,, that is isomorphic to &,,.

Due to Proposition the action of Ay, on the space H§(2’2,272) agrees with
the action of the same SL(2, C) element on the flat coordinates of 7—[&2’272,2).

The following lemma gives the action on M%Mﬂ induced by Apom.

LEMMA 7.8. The SL(2, C)-action of Apom on Hﬁ(2,2,2,2) induces the A00) gction

PROOF. Due to the proposition above the SL(2, C)-action on Hf(z 5,0,2) is well-
defined and agrees with the action on the periods of the elliptic curve.
Consider the induced action of Ay, on ’Hf‘(z 2.2.9)"

Let w},w) be obtained by the Ay, action from wy, wo:

(wll wé) = Ahom (i;) )

and 7" = W) /w]. It reads:
To — T

7' = 2V —1weImmy—

To — T
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The inverse of the change of variables reads:
—7'7y + 2v/—1wirlmy
—7' 4+ 2y/=1wilmm,
Assuming also addition scaling by 2my/—1 that has to be applied on the MP5’2,272
side (because of the scaling by 2mv/—1 in the isomorphism of Theorem ) we get
exactly the action of A0, O

It is clear from the definition and the proposition above that Ay, acts on
Hﬁ(2,2,2,2) by moving the origin. Namely the flat coordinates of Ajg,, - Hﬁ(272’272)
are defined in the neighborhood of 7y of the same Frobenius manifold - 7-[{3:(2’272’2).
Because of M7 |,—= Mgy, we have:

Ahom ' Hﬁ(2,2,2,2) =M’ = MG(TOMO)‘

Putting the o, corresponding to the special points in the j-invariant formulae
(2.2) we get that the j-invariant is equal to 0, 1728, co. We have:

27T\/—_1))‘

0=j(v/~1), 1728 = j(exp(

3
The complex numbers 79 = v/—1 and 75 = exp(%jl) are clearly imaginary qua-
dratic.
This completes the proof of the proposition. O

Note that by the proposition above we also outline the space of Frobenius man-
ifolds that can appear in the CY-LG correspondence.
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CHAPTER 8

LG-LG mirror symmetry for (Eg, Zs)

The main theorem of this chapter is the following LG-LG mirror theorem. Con-
sider the axiomatization of the Frobenius structure associated to the LG A-model
(ET,ZT) (see Chapter J4)).

THEOREM 8.1. The Frobenius manifold of the orbifolded LG A-model (Eg, Zh)
is 1somorphic to the Frobenius manifold Méﬁ’wo) with
r(H?
wo = —( 4§) .
472

It is important to note that ET = E5. Namely the polynomial defining singular-
ity Fg is not altered by the Berglund-Hiibsch duality.

We have shown in the previous chapter that the change of the primitive form is
translated to the A(™“0)_action on the Frobenius structures. In order to prove the
theorem, by the CY /LG correspondence axiom and mirror theorem we should
consider the orbit of the Frobenius manifold MP1 , under the A(m0:%0) group action.

We classify the rank 6 Frobenius structures A TO’WO M]pl , satisfying the axioms
of the LG A-model introduced in Chapter [ The most restrlctlve axiom appears to
be the rationality axiom.

DEFINITION. Let K C C be a field. We say that a rank g Frobenius manifold
M is defined over K if there exist flat coordinates ¢,...,t, such that the Frobenius
potential F of M belongs to K{t¢y,...,t,} and is defined at the point ¢; = --- =
t, = 0.

(TOy

In order to classify Frobenius manifolds Mg “0) defined over Q we have to in-

vestigate the series expansions of the functions X ,gTO’wO)(t). Consider the function:

4
T0 W, 2 T0,W
7( 05 0)(75) — 3 Zng 0 O)(t)

Obviously we have:
X090 () e K{t} = ~™0)(t) € K{t}.

We introduce the rank 3 Frobenius manifold M, (1040) guch that its potential is

(10,w0)

fixed by the function (™). Hence the rationality of My turns out to be a

necessary condition for the rationality of Mg (To,0),

1. Rank 3 Frobenius manifold M (To:wo)

Consider a Frobenius manifold M of rank three and dimension one with flat
coordinates tq, to, t3 satisfying the following conditions:
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e The unit vector field e is given by a%'
e The Euler vector field E is given by E = tla% + %tg%.
e The Frobenius potential F is given by

f—1t2t+1tt2 £ (t3)
BT T RA

where 7(t) is a holomorphic function in ¢ on an open domain in C.

The following proposition was first observed by Dubrovin.

PROPOSITION 8.2 (Appendix C in [11]). The WDV'V equation on F is equivalent
to the following differential equation known as Chazy equation.

(81) 7/// :67,_}///_9(,}/)2
PrROOF. The WDVV equation (1.1)) with the indices (5, to, 3, t3) yields the state-
ment. O

1.1. Eisenstein series and elliptic curves. Let Ey for & € Z, be the Eisen-
stein series defined in Chapter 3] Section [2.2] Consider a family of elliptic curves
parameterized by H :

&= {(I,y,T) S C2 x H ‘ y2 - 4ZE3 - g2<T)LL’ - g3(T)} — H7
then the modular invariants of the elliptic curve go(7) and g3(7) can be expressed
via Eisenstein series:
4t 8¢
(8:2) 92(T) = ?E4(T), 93(7) = 2—7E6(T)-
Denote by &;, the fiber of m over a point 7y € H.

DEFINITION. Let K C C be a field. Choose a point 79 € H. We say that an
elliptic curve &, is defined over K if there exist g2, g3 € K such that the algebraic
variety

By, g = 1{(z,y) € C? | y? = 42° — gow — g3}
is isomorphic to &;,.
The derivatives of the Eisenstein series Fs, Fy, Fg satisfy the following identities
due to Ramanujan:
1 dEy(r) 1
omy/—1 dr 12

(83) ) = (BB - Ear),
1 dEG (T) 1

2my/—1 dr = 5 (Ba(7) Es(7) = Ea(r)?).

We also consider the complex-valued real-analytic function Fj5(7) on H defined
by

Ej(r) = Bulr) = =

which is a so-called almost holomorphic modular form of weight two because of the
following.
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PRrRoOPOSITION 8.3. We have
1 ar +b
E*
(et + d)? 2 (

PRrooF. The formula

(8.4) <Im (Z:is))_l - %, (Z Z) € SL(2,Z),

yields the statement. 0

Bi(r) =

DEFINITION. A polynomial f(7) in Im(7)~! over the ring of holomorphic func-
tions on H satisfying
1 (aT +b

fr) = (et +d)F" \er + d) for any (CCL Z) € SL(2,2),

is called an almost holomorphic modular form of weight k.

PROPOSITION 8.4 (cf. Paragraph 5.1. in [49]). Let f(7) be an almost holomor-
phic modular form of weight k. Then the almost holomorphic derivative of f(T)

defined by

(8:5) Kl (1) = 27T\1/—_1 8"2(:) B 47r11r];(7)f(7_)7

18 an almost holomorphic modular form of weight k + 2.
PROOF. One can check this directly by using the equations (3.4) and (8.4). We

briefly explain for the reader’s convenience the modularity property of 0y F5 (7). We
have:

1 3 1
E} = — (BEy(1)*—E — — E3 (7).
%B; = g (Bl = Bi)) = Sy ~ 2ty 27
1 6Eo(T) 9 1
=_— [ FE 2_ — —F )
12 ( 2(7) wlm(T) i (7?1111(7'))2) 12 i(7)
1 9 1
=—F ——F )
By (r) — T Eu(r)
Due to the modularity properties of E, and Ej the proposition follows. O

In what follows we will drop the subscript £ in the derivative keeping in mind
that it is always fixed as we are given a modular form of weight k to differentiate.
We will use the notation 0P meaning:

8pg = 8k+2(p_1) ce akg,
for g - an almost holomorphic modular form of weight k.

ProrosITION 8.5. We have

0F3(r) = 15 (B3(r)? — Ea(r),
PE3(r) = 55 ( Bu(r) = SES B + B30

Proor. This follows from direct calculations using the equations ([8.3)). 0J
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1.2. Solutions of the WDVYV equation.
PROPOSITION 8.6. Suppose that a holomorphic function v(t) on a domain in C

is a solution of the differential equation (8.1). For any A = ((2 Z) € GL(2,C),

define a holomorphic function v*(t) on a suitable domain in C as

det(A) (at+b>+ 6c

8.7 Alt) = :
(8.7) ) (ct—l—d)Qﬁy ct+d ct+d
Then A (t) becomes a solution of the differential equation (8.1)).
PRrooOF. This is obtained by a straightforward calculation. 0

Consider the holomorphic function v*°(7) defined on H by:

59 e = T

It was noticed by Dubrovin that the function F°°, holomorphic on M := C? x H
given by

E2 (7')

00 1 2 1 2 té 00
JT" = §t17' + §t1t2 — 1—6’}/ (T)

defines on M a Frobenius structure of rank three and dimension one. This Frobe-
nius manifold structure was studied extensively by Dubrovin.

PROPOSITION 8.7. The holomorphic function v*°(7) satisfies the differential
equation (8.1) and is invariant under the SL(2,Z)-action (8.7)).

ProoF. This follows from a direct calculation using the modular property (3.4))
of Ey(7) and Ramanujan derivatives formulae. O

1.3. Action of A(™«0) on M,

DEFINITION. Choose 1y € H and w, € C\{0}.
(1) Define a holomorphic function ~(70)(t) on
Dowo) .— Lt e C | |t| < | — dnwiIm(r)|}
applying the GL(2, C)-action (8.7)) specified by A0«0) (cf. (7)) to the
function v*°(7).
(2) Define complex numbers ¢;(7y,wy), ¢ € Z>o, by the coefficients of the Taylor
expansion of y(700) (¢) at t = 0 :

~(T00) (1) = Z Mt".

n!
n=0

(3) Denote by M?ETO’WO) .= C? x D) the Frobenius manifold given by the
Frobenius potential

Fooso) = Lppp Lyge ﬁ’y‘m’““’(t)-
21" 27 16

(4) Associate the elliptic curve to the Frobenius manifold M?ETO’“JO)

coordinates by:

3 3 1
3_ 560(7’0,0)0)372 + §C1(7'0,WO)SU — ZCQ(T@,WQ).

, given in

(8.9) v =x
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1.4. From rank 6 to rank 3. The following theorem giving a complete clas-
sification of the solutions of Halphen’s system of equations ([7.3)) was proved by
Ohyama:

THEOREM 8.8 (Theorem 2.1 1in [37]). Let the triplet of functions (Xa(t), Xs(t), X4(t))
be holomorphic in the neighborhood of z € H and satisfy (7.3)). Then:
(1) If the numbers Xi(z) are pairwise distinct:

XP<Z)7£XQ<’Z) p%@la QSP»QS‘L
then 3A € SL(2,C) such that X;,(t) = XM (1).
(2) Otherwise, if two of the values of Xi(t) at t = z coincide for different
indices (say X,(z) = X,(2)), then:
c
X,(t) =X, (t) = ———
o) = X 1) = =,
(8.10) c a
X, (t) =— + ;
cd+d (ct+d)?
for (c:d) € P! and some complex a € C that vanishes if
Xi(z) = Xp(2) = Xq(2).
A well known connection between the Chazy equation and Halphen’s system of
equations is given by:

ProroSITION 8.9. Consider the third order equation in w:

3 3 1
(8.11) w? — Qy(t)aﬂ + 57’(t)w — Z7”(15) =0.

(1) Ewvery triple of holomorphic functions (X(t), X5(t), X4(t)) that solves Halphen’s
system of equations (7.3)) is the triple of roots (w1 (t),ws(t),ws(t)) of the third
order equation w for some ~y(t) that is a solution of the Chazy
equation.

(2) Let A9 = A9(t) be the discriminant of the third order equation (8.11).
Then (wy(t), wa(t),ws(t)) give a constant solution if and only if A?(0) = 0
and a non-constant solution if and only if A?(0) # 0.

PrOOF. Consider y(t) := 2 3" X;(t). From the equations (7.3) we have:

F(8) = 2 (Xalt)Xs(0) + X0 XalD) + Xal0)Xa (1),
(1) = AX(0) X)X 1),
)

7"(t) = 8Xa(t) Xs(H)Xa(t) (Xalt) + Xa(t) + Xa(t) — 4 _ (X

1<J

This concludes the proof of the first part of the proposition. The second part of the
proposition follows immediately from Theorem O

DEFINITION. The function ~(¢):
2
=3 Z Xi(t)
will be called the Chazy equations solution associated to the triple (Xa(t), X3(¢), X4(?)).

PRrROPOSITION 8.10. Let the rank 6 Frobenius manifold MG(TO’UJO) be defined over
K c C, then the rank 3 Frobenius manifold Mém’wo) is defined over K too.
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PRrROOF. Consider the Chazy equation solutions y(«0) given by Mém’wO) and the
triplet of Halphen’s system solution (X\™*“*)(t)) given by M{™**). We have to show

that:
To wo) ZX 70,w0)

Because both LHS and RHS are obtalned by the same action it is enough to show
this equality for the Chazy solution v and Halphen’s solution (Xg°, X9, X°):

7°°—7T\/_ ZX‘”

We know already that the function ' := %ZX o satisfies the Chazy equation.
Therefore it is enough to check that the first three Fourier coefficients of 4" coincide
with those of v*°. It can be easily done using the explicit formulae. The Fourier
expansion of X ° reads (cf. Chapter 1 in [28]):

2]€7T\/ —17

1
S + o
27.(.\/_ Z 62’“-\/77

1 > 2k kﬂ'\/j‘l' 1 o 2%k kmy/—17
X5 = 3D Xy ==X g
27T\/_ p 1— er‘ﬂ\/le 27T\/—_1 p 1— €2k71'\/j17'
By the equality
o o knekﬂ'\/jT
kny/—11 _
>.e U”(k)_zl_ekm/_ﬁw n €Ny
k=1 k=1
and definition of Fy(7) the proposition follows. O

2. Classification in rank 3

(T0,w0)

Proposition m gives a necessary condition for the Frobenius manifold M
to be defined over Q. Because of it we start by classifying rank 3 Frobenius manifolds
ML) defined over Q.

2.1. Classification of M (%) over the field K. We use two lemmas to give
the classification of M{™“?) over K.

LEMMA 8.11. For every 1o € H and wy € C* the coefficients of (™) have the
following expression via the FEisenstein series:

¢o (70, wo) :é (Ez(TO) - L) ;

0 7TII’I1(7'0)
co(m0,w0)®  Eu(m0)
C1 (7-07 (.U()) = - ’
2 72w
FEg(T
62(7'0, CLJO) = — CO(TO; WO)S + 30()(7—07 w())cl(TO’ WO) + 216(2(;2 ’
0

PROOF. By definition of y(0<0) we have:
2 Swim2Im(m)? z (t?’o + 4w87r(7'0)1m(7'0)>
t 4+ dwgmim(7o) 3 (¢ + 4winIm(7y)) 2 t + 4wimIm (7o) '
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Setting ¢t = 0 we get:
co(T0,wo) = 6%0(2) (EQ(TO) — %(To)) .
Using the formulae (8.3 we compute the first and second derivatives of ~{70<0);
For the first derivative we get:
1 9 6E5(0)
c1 (10, wp) = 720‘)61 (71’21111(7'0)2 o 7Im(7)

Using the expression for ¢q(7,wp) we get the desired formula. The equality for the
second derivative reads:

+ Ex(10)? — E4(Tg)> .

1 27 27Ey(10)  9E»(7o)? 3
¢2(7T0,wo) = 432w ( B 7r3Im(7-0)3 T 7r21m(7‘0)2 - 7lm(7p) + Ba(no)
+ 3E4(70) (WIII?(TO) — EQ(TO)) + 2E6(7'0)>.

Expressing the values of the Eisenstein series via cy(79,wp) and ¢ (19, wp) we get the

statement of the lemma.
O

[e.e]

LEMMA 8.12. Suppose that v(t) is a convergent power series int given asy(t) = Z —|t”,
n=0
then the Chazy equation is equivalent to the following recursion relation:

n
n
Cp+3 = E <a) <6cacn7a+2 - 90a+lcnfa+l) .
a=0
In particular, we have
c3 = 6cocy — 90%.

PRroOF. This is obtained immediately by comparing the coefficients in ¢ of the
LHS and RHS in the Chazy equation. O

THEOREM 8.13. Let K C C be a field. Let 79 € H and wy € C\{0}. The
following are equivalent:
(i) The Frobenius manifold M(<0) is defined over K.
(ii) All the coefficients of the series expansion of f(0«0)(t) are in K.
(iii) We have
E;(To) S ng, E4(7'0) S ng, E6(7'0) € ng
(iv) Let O be the almost holomorphic derivative defined by (8.5). We have
—ﬁEQ (To) € ng, —ﬁaEQ (7'0) < KW%, —ﬁ32E2 (TQ) € ng
(v) We have
Ej(m) € Kwi, &, is defined over K.

PROOF. By definition, the Frobenius manifold M (row0) i5 defined over K if and
only if there are flat coordinates t1, t5, t3 such that the Frobenius potential is given
by

1 ~ 1 ~, -
Flrowo) — §n1tft3 + 772§t1%3 + t%f(tg) for some n;,my € K and f(t3) € K{ts}.
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However, this immediately implies that 2 = nyt2, t3 = mts and (0«0 (t5) =
16152 f(t3), and hence the equivalence between the conditions (i) and (ii).

Because of Lemma the first three coefficients ¢g, ¢; and c; are enough to
determine all the coefficients ¢,,n > 3, due to the lemma. To get (iii) it is enough
to check that ¢;(79,wp) € K for 2 > i > 0.

Using Lemma we have that (ii) is equivalent to (iii).

By Proposition [8.5{ and Lemma we get that (iii) is equivalent to:

E3 (7o) = 6¢0(70, wo)wp,

OE3(19) = 6¢1 (70, wo)wp,

O*E3 (7o) = 6¢2(T0, wo)wh.
The last condition (v) is equivalent to (iii) by using again Lemma and definition
of &,. This proves the theorem. O

2.1.1. Examples.
PROPOSITION 8.14 (cf. Lemma 3.2 in [32]). The equation

(8.12) Ei(r) =0

holds if and only if T € SL(2,Z)\/—1 or T € SL(2,7Z)p where p := exp (2m3ﬁ>'

The values of the Eisenstein series at 7 = +/—1 are

(8.13) BT = 2, BvD) =3 v~
If
r@)
A

then co(v/—1,wp) = ca(v/—1,wp) = 0 and ¢1(v/—1,wp) € Q.

The values of the Eisenstein series at 7 = p are

2v/3 27T (1)'°
(8.14) Es(p) = —— Eu(p) =0, Bolp) =+ 2£j;)12 :
If
r ()’
w0 € Q3

then ¢o(p,wo) = c1(p,wo) = 0 and ca(p,wp) € Q.

2.2. SL-action on the set of Frobenius manifolds MS(TO’WO). Let A =
(CCL 2) be an element of SL(2,R). The correspondence

ato+b

—_— — = d
cto+d’ wo = wy = (e7o + d)wo

To > T1 =
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defines a SL(2, R)-action on the set {(79,wp) | 70 € H, wy € C\ {0}}. This is exactly
the SL(2, R)-action induced by ([7.4]) since

To (aTo +b) b T
Trolmn(m) WoTo Troln(ry) (ato + b)wo Tranm () wiT
A 01 0 — 7(T Wo il CZ’)O — 1 1 1
CTo
— W _ d Ty W
4mrwolm(7p) 0 4mwolm(7o) (e70 + d)wo 4w Im(m) !

2.2.1. SL(2,Z)-action. Lemma yields the following.

PROPOSITION 8.15. Let 19,71 € H and wo,w; € C\{0}. The following are
equivalent:

(1) There is an isomorphism of Frobenius manifolds Mém’wo) = Méﬁ’wl).

(2) The equality (70«0 (t) = v(1<1)(t) holds.

(3) There exists an element b) € SL(2,7Z) such that

d

ato+b
= o d wF = (e + d)*wf,
where k = 4 if 9 € SL(2,Z)v/—1, k = 6 if 19 € SL(2,Z)p and k = 2
otherwise.

PROOF. It is almost clear that condition (i) is equivalent to (ii). By Lemmal[8.11]
condition (ii) is equivalent to the equations

(8.15) E3(mo) — Ei(n)  Ea(mo) _ Ey(m)  Eg(o) _ Eg(71)
| % " T ™

This implies that j(79) = j(71) and hence

ato+b
cto+d’

b

(816) T = d

for some <CCL ) € SL(2,Z).

Therefore we obtain

E;(T()) _ (CT() + d>2E§<<T()) E4<7'0) _ (CTO + d>4E4(T0) E6(T0) . (CT() -+ d)GEﬁ(TO) .

2 2 ) 4 2 3 6 6
wWo Wy Wy Wi Wo Wy

If 75 is such that E3(7) # 0 it is equivalent to w? = (c7p + d)?w?. All values 15 € H
such that Ej(m) = 0 are given in Proposition [8.14, These are 7, € SL(2,Z)y/—1
and 19 € SL(2,Z)p. Analyzing the system of equations (8.15]) in these two cases we
get:

To € SL(2,Z)\/ -1 = E@(To) = 0,E4(7'0) 75 0 = (,dil = (CT(] + d)4wé‘,

and
70 € SL(2,Z)p = Eu(m) =0, Es(10) #0 = wi = (7o + d)%wS.
Hence condition (iii) is equivalent to condition (ii) by Lemma and Lemma [8.12]
0J
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2.2.2. SL(2,Q)-action and complex multiplication.

DEFINITION. An elliptic curve £ is said to have complex multiplication if its
modulus 7 is imaginary quadratic. Namely 7 € Q(v/—D) for a positive integer D.

A profound result of the theory of elliptic curves is that elliptic curves over Q
with complex multiplication are easily classified:

THEOREM 8.16 (cf. Paragraph I1.2 in [43]). Up to isomorphism there are only
13 elliptic curves defined over Q that have complex multiplication.

We give the list of the Weierstrass models of these elliptic curves in Table [I}

Modulus 7 Weierstrass equation j-invariant Ag
(-1++/-3)/2 y? =423 + 1 0 33
V=3 y? = 423 — 60z + 88 213353 2833
(—=1+3y-3)/2 y? = 423 — 1202 + 253 —215353 35
V-1 y? =423 + 4z 2033 2°
2/—1 y? = 423 — 442 + 64 2333113 29
(=1++/-7)/2 yr=da® — By - L —3353 7
V-7 y? = 4a® — 23802 + 22344 3353173 21273
) y? = 423 — 1202 + 224 2053 29
(=14 V-11)/2 y? =da® — By — 8 —215 11°
(—1++/-19)/2 y? = 423 — 1522 + 361 —21533 19?
(—1++/—43)/2 y? = 423 — 3440x + 38829 —2183353 433
(—1++/—67)/2 y? = 423 — 29480z + 974113 —2193353113 | 673
(=1 ++/—163)/2 | y* = 423 — 86976802 + 4936546769 | —218335323329° | 1633

TABLE 1. 13 elliptic curves over Q with complex multiplication.

COROLLARY 8.17. The modulus 1y of the elliptic curve &, with complex multi-
plication defined over Q is in the SL(2,C) orbit of one of:

V=D, De{1,2,3,4,7},
—14++v-D

2 Y
Imaginary quadratic 7y € C are amazing from the point of view of the theory of
modular forms too:

or
D € {3,7,11,19,27,43, 67,163}

PROPOSITION 8.18 (cf. Theorem Al in [32]). Let 7 € C be imaginary quadratic
and T & SL(2,7Z)v/—1. Then we have:

B3 (7)Ea(7) .
W € Qj(1)),

where j(T) is the value of the j-invariant of the elliptic curve &,.

DEFINITION. Let 7y € H, wy € C\{0}.

(1) The Frobenius manifold M{™“? is said to have a symmetry if there exists
an element A € SL(2,R) \ {1} such that

(ym0)? (1) = e (7).
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(2) The Frobenius manifold M{™“?) is said to have a weak symmetry if there
exists an element A € SL(2,R) \ {1, —1} such that

(,y(ro,wo))A (t) = 4™« (¢)  for some w) € C\{0}.

REMARK 8.1. It is important to note that weak symmetry is not a symmetry of
the Frobenius manifold unless wy = wj, because the corresponding SL(2, R)-action
relates different points in the space of all Frobenius manifolds of rank three .

THEOREM 8.19. Let 19 € H and wy € C\{0}.

(1) The Frobenius manifold Mém’wo) has a symmetry if and only if 1o is in the
SL(2,Z) orbit of \/—1 or p.

(2) The Frobenius manifold MéTO’WO) defined over Q has a weak symmetry if and
only if 7o is from the list given in Corollary[8.17.

dPROOF. By Proposition M(00) has a symmetry if and only if ZZ(?—I; =T
an
wy = (cmo + d)*wi  for 7y € SL(2,Z)V—1,
or
wh = (cro +d)°wS  for 75 € SL(2,Z)p,
or otherwise
wi = (emo + d)?wp.

The last equation is satisfied if and only if (ctg + d)* = 1. It has no solutions
for o € H and ¢,d € Z. It is an easy exercise to show that there is a suitable
A € SL(2,7Z) solving the first two equations. This proves (i).

Let M(0%0) be defined over Q and have a weak symmetry. By Theorem the
elliptic curve &, is defined over Q.

Due to Proposition we have ‘;TT(?—I(Z = 19. Hence 7, satisfies the equation:

et 4+ To(d —a) — b = 0.

If ¢ = 0 or the discriminant of this quadratic equation is equal to zero we get the
contradiction with 7y € H. Hence the elliptic curve &, has complex multiplication.
From Proposition we know that there are only 13 such 7o up to the SL(2,7Z)-
action. Hence 79 is from the given list.

Assume that 7y is the modulus of one of the elliptic curves from this list. From
the rationality assumption on the elliptic curve &, we have j(7y) € Q. The case of
70 = SL(2,Z)y/—1 was treated in Example and we can apply Proposition [8.18|
Its statement reads:

E5(r0) Ea(mo) 0.
E6 (’7‘0)

At the same time, since the elliptic curve is defined over Q, there exists a € C\{0}

such that:
a’ga(10) € Q,  a’gs(m) € Q.
From the equations we have:

3 27
a27T4E4(To) = @292(7'0)Z €Q, a37T6E6(TO) = a393(70)§ € Q.
We conclude:
am?E3(19) € Q.
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Summing up:
E3(10) € Qlar®) ™,  Ey(r) € Q(ar®) ™2,  Eg(70) € Q(arn?)™®.
Taking w2 := (an?)~" we get M(0«0) defined over Q because of Theorem [8.13, [

REMARK 8.2. We can rephrase Theorem (i) above as: a Frobenius manifold
M(™«0) has a symmetry if and only if &, has non-trivial automorphisms.

3. Classification in the rank 6

T0,W0)

We classify rank 6 Frobenius manifolds Mé
to the rank 3 Frobenius manifold M.

using the elliptic curve associated

3.1. Classification of A(70:«0) Mgy, over Q.

LEMMA 8.20. Suppose X;(t) is a convergent power series in t given by X;(t) =

oo (%)

E —‘t". The differential equation (7.3) is equivalent to the following recursion
n!

n=0

relation:

( n—1

:vg) + xf) =2(n—1)! > :v;(?)xslg_)l_p
p=0
n—1

(8.17) 2D 2l = 2(n—1)!>" x?%iﬂl,p
p=0
n—1

@B 4@ 2(n— 1)1 > [E;()4)I512_)1_p
\ p=0

Proor. This is obtained by a straightforward calculation. ([l

2 .6

Therefore the first three coefficients x;”, z;” and a:gl)

are enough to determine
all coefficients 2\ due to the recursion relation (18.17)).
Let 4(™«0) be the Chazy equation solution associated to the triple of Halphen’s
system solutions (X{™“), x{™«0) x{™«0)y “Recall the notation of ¢, (7o, wp):
T0 W tn
yow0) () = ZC”(TO’WO)H‘

n>0

PROPOSITION 8.21. Let y(0%0) be the Chazy equation solution associated to the
triple of Halphen’s system solutions (Xém’wo), X:S,To’wo), Ximwo)). Let g5(1o) and g3(7o)

be the modular invariants of the elliptic curve E,,. Then the equation (8.11) att = 0:
1

3
w3 — 500(7’0,0.}0)0.12 -+ 501(7’0,6&)0)(&) — ZCQ(TO,WO) =0

transforms by the change of variable & = (2wom)? (w — %CQ(TQ,WO)) to the following
one:

40% — go (7o) — g3(m0) = 0.
PROOF. Getting rid of the square term in w the equation (8.11) at ¢ = 0 reads:

1 3 1 2 3 1 3
(w — 560)3 + 5(&1 — 560)(61 — %) + 10061 — ZCQ(T{),WO) — % =0
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Introduce @ = w — ¢p/2. Using Lemma we get:
e @§E4(To) _ }E6(To) _
2 T2wg 4 216w§
Expressing E4 and Eg via the modular invariants g, g3 we have:

1
o3 —g2<7—0)@ _ lg3(7'o) _
26 gt 28 86

what is equivalent to:

l92(7—0) ~ lgzﬁ,(To)

46 — — =0.
T wgm? AN
Applying the change of variables @ := (2wy7)?® and multiplying both sides of the
equation above by (2wym)® the proposition follows. O

COROLLARY 8.22. The discriminant A% of the cubic equation (8.11)) is a non-
zero constant multiple of the discriminant A of the elliptic curve &, .

Recall that the numbers e, e, e3 € C are roots of the equation 42® — gax — g5 = 0.
The following proposition is well known:

PROPOSITION 8.23 (cf. Chapter 6.12 in [28]). All the numbers e; are real if and
only if go and g3 are real and A > 0. In this case the periods of the elliptic curve

are:
dz

W1 = / s Wo = vV —1 ,
el \/4z3 — 22 — g3 —es3 \/42’3 — 0922 — g3
and the modulus T = wy/wy € v/ —1R.

Note that the numbers e; depend on the particular form of the defining equation
of the elliptic curve. In particular they are different for g5 = a®g, and g4 = a3gs for
some a € C* while both equations define isomorphic elliptic curves.

PROPOSITION 8.24. Fiz some 19 € H and wy € C*. Let the rank 6 Frobenius
manifold Mém’wo) be defined over R, then 3gs, g3 € R such that

Er 2 {y* = 42° — gox — g3}, and e1, 60,63 € R.
PROOF. As far as Mém’wO) is defined over R the equation (8.11)) has three real
roots. We relate them to the zeros of the elliptic curve.
By Proposition applying the change of variables @ = (2wom)? (w + 2¢o (70, wo))
the equation (8.11f) at ¢ = 0 gets the form
40° — 92(70)@ — g3(10) = 0,

Due to Theorem and the rank 6 to rank 3 reduction the elliptic curve &, is
defined over R. Hence we have:

Ja € C*  such that g¢) = goa®, g} := g3a® € R.
By Theorem [8.13| we have:

1 3 g 1 27 g}
S En)=o—P _cR By =28 _cRr
0 1(70) 4 a?wirm? w§ o(70) 8 adwlimd

We conclude that:
awgm? € R,
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Consider the change of variables:

Q= a® = a(2wor)? (w + 2¢o(70, wp)) -

2 € R we see that @ is obtained from w by a real linear change of

Due to awim
variables.
The elliptic curve &, is isomorphic to the following elliptic curve defined by the

cubic equation with the real coefficients:

46° — ghto — gh = 0.
Hence its roots ey, 9, 3 differ from the roots of the equation (8.11) at ¢ = 0 by a
real change of variables. 0

THEOREM 8.25. The Frobenius manifold Mém’wO) is defined over R if and only
if 7o € V—1R and Wi € R.

PROOF. Let the Frobenius manifold MG(TO’WO) be defined over R. By Proposi-
tion and Proposition the modulus of the elliptic curve 7y € v/—1R. It is
easy to see from the Fourier series expansion that we have:

E;(To) € R, E4(T0) € R, EG(T()) € R.

The only zeros of Ey(7) are 7 € SL(2,Z)p and Ej(7) vanishes only on the
SL(2,7Z) orbits of v/—1 and p (cf. Proposition . The case 7 € SL(2,Z)v/—1
was considered in Subsection Outside this orbit we get at least two numbers
that are non-zero.

Using Lemma again we see that w? € R.

On using Lemma and Proposition @ it is clear that for every 7o € /—1R
and w2 € R the Frobenius manifold M™** is defined over R. O

3.2. Proof of the LG-LG mirror theorem. We show that there is unique
Frobenius manifold satisfying the assumptions on the LG A-model.

Recall the assumption that the LG A-model is defined over Q. According to
Propositions [8.23] and we should only consider Frobenius manifolds with 7y €
VvV—1R.

Requiring the Frobenius manifold to be in the A(™%0) orbit of Mgy, with
the imaginary quadratic 79 we have by Proposition the necessary condition of
the rank 3 Frobenius manifold M:,ETO’“’O) to be defined over Q with the imaginary
quadratic 7.

By Theorem [8.19| 7y is from the table of Corollary and purely imaginary.

These are:
70 € SL(2,Z) {V—1,V/=2,v/=3,vV—4,V/~T}.

It is easy to check explicitly by using the Weierstrass form of these elliptic curves and
Proposition that these examples do not give rational solutions to the equation

(8.11)) at ¢t = 0 except when 79 = /—1.
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