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Zusammenfassung

Wir untersuchen die Modulrdume von polarisierten irreduziblen symplekti-
schen Mannigfaltigkeiten, welche deformationsdquivalent zu Hilbertschemata
von n Punkten auf einer K3 Fliche sind. Solche Mannigfaltigkeiten haben
eine nicht ausgeartete 2-Form und sind auch als irreduzible hyperk&hler Man-
nigfaltigkeiten bekannt. Sie bilden einen der Baublocke von den Ricci-flachen
kompakten K&hlermannigfaltigkeiten und in Dimension zwei stimmen diese
mit den sogennanten K3 Flichen iiberein. Ubliche Fragen beziiglich der Geo-
metrie von Modulrdumen beziehen sich auf die Anzahl irreduzibler Kompo-

nenten und Klassifikation.

Schlagworter: irreduzible symplektische Mannigfaltigkeiten, Modulrdume,

Komponenten

Abstract

We study the moduli spaces of polarised irreducible symplectic manifolds,
deformation equivalent to the Hilbert scheme of n points on a K3 surface.
Such manifolds possess a non-degenerate 2-form and are also known as irre-
ducible hyperkidhler manifolds. They constitute one of the building blocks of
Ricci-flat compact Kéhler manifolds and in dimension two they coincide with
the so called K3 surfaces. Standard questions about the geometry of mod-

uli spaces pertain to the number of irreducible components and classification.

Keywords: irreducible symplectic manifolds, moduli spaces, components
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Overview

In this work we are concerned with irreducible symplectic manifolds, defor-
mation equivalent to the Hilbert scheme of n points on a K3 surface. Such
manifolds can be considered as a higher-dimensional generalization of the
notion of a K3 surface. Irreducible symplectic manifolds also arise as one of

the building blocks of Ricci-flat compact Kdhler manifolds.

The first chapter introduces most of the definitions and necessary theoret-

ical preliminaries that we use throughout.

There are several ways to organize irreducible symplectic manifolds into
moduli spaces. In the second chapter we consider the moduli space of po-
larized irreducible symplectic manifolds of K3["-type, of fixed polarization
type — c¢f. Ch. 1.2 for the definitions. We show that this moduli space
is not always connected. More precisely, we fix positive integers n,d and
t| ged(2n — 2, 2d) and we define S5 to be the set of isometry classes of pairs
(T, h), such that T is an even positive definite lattice of rank two and dis-
criminant 4d(n — 1)/t?, h is a primitive element of square (h,h) = 2d, and
ht is generated by an element of square 2n — 2. The following proposition
enumerates the set of connected components of the moduli space of polar-
ized irreducible symplectic manifolds of K3[-type, with polarization type
of degree 2d and divisibility ¢ (Eq. (2.2)) in terms of the set S

Corollary 2.2.4
The number of connected components of the moduli space of polarized irre-

ducible symplectic manifolds of K3M-type, with polarization type of degree



2d and divisibility t, is given by \Egﬁt

The cardinality ]Zﬁlﬂ is itself computed in Prop. 2.3.1.

In the third chapter we investigate the relationship between different mod-
uli spaces of polarized irreducible symplectic manifolds of K3M-type. We
fix positive integers n and d and an element hq € Ags, (cf. Eq. (1.2)). To
this datum we associate two modular varieties Gy, and Fj, which arise as
arithmetic group quotients of the (polarized) period domain Qhé (Eq. (1.3)),
and a finite map 7 : Gy, — Fj,. Now the variety Fj,, has a certain modular
interpretation — by Thms. 1.2.6-7 there is a period map which embeds any
component of the moduli space of polarized irreducible symplectic manifolds
of K3[M-type and polarization type given by hg into Fp ;- Under some con-

ditions the map m is an isomorphism:

Theorem 3.1
Let hq € Ag3, be a primitive element of the form hqg = fv + clp,—1 with

(hd, hd) =2d > 0 and div(hd) = f

(+(557) =

Let m : Fy, — G, be the map of modular varieties associated to hq. If

Suppose that

f=lor f=2,and f#n—1,2n—2,2d,d,
then w has degree 2; else 7w 1s an isomorphism.

Furthermore, if we fix an element of PSL(2,Z), represented by an integer

p
r oS

matrix A = (

> , we can produce two integers n and J, and an element

h; € A3, by a procedure described in Ch.3. Then we obtain the following

proposition, which relates Gy, and th:
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Proposition 3.3

The vector hj € A3 is primitive with
div(hy) = f and (h3,hg) = 2d,
and there is an isomorphism Gy, — th.

This means that whenever G, = F},, and ghi = Fh; (cf. Thm. 3.1 above),
there is a birational map between the components of the corresponding mod-

uli spaces — examples are listed at the end of Ch. 3.

In the fourth chapter we compute the so-called Hirzebruch-Mumford vol-

ume of the modular variety Fj,, in some cases:

Proposition 4.1
The HM volume of Fy, is given by

volgar (Ot (Agsp, ha)) = 27 @HP0B)0BE)[PO(A) : POT(Akcsn, ha)||Ap |2 205"
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The notation used above is introduced in Ch. 4. Such volumes can be used
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to estimate the growth of spaces of cusp forms as a function of their weight

and also to determine the Kodaira dimension of certain modular varieties.

The fifth chapter is concerned with certain Hodge classes in the prod-
uct of two IS manifolds. Suppose that we are given a Hodge isometry
Y H3(X,Z) — H?*(Y,Z) between the Beauville lattices of two irreducible
symplectic manifolds X and Y, of K3"-type. If ¥ is a parallel-transport op-
erator (cf. Def. 1.2.4), then 9 is induced by a bimeromorphic map between
X and Y, by Verbitsky’s Torelli Theorem (cf. Thm. 1.2.5). However there
are isometries for which 1 is not a parallel-transport operator — examples
can be constructed by using the results from Ch. 2. Our aim in the fifth
chapter is to show that in some cases these isometries are also induced by
algebraic classes, as predicted by the Hodge conjecture. Suppose that X is
isomorphic to M; 1= Mg, (v1) and Y is isomorphic to Mg 1= M., (v2).
Here M, (v;),i = 1,2 denote moduli spaces of o;-stable objects in D?(S;)
(cf. Ch. 1.3), with Mukai vectors v; € H(S;,Z) such that (v;,v;) > 0.

Proposition 5.2.2
Assume that Sy is elliptic. Then 1 1s induced by an algebraic correspondence

which is a composition of rational Hodge isometries.

In the next statement we drop the assumption that the surface S is elliptic

at the expense of considering special Mukai vectors v;.

Theorem 5.2.3
Suppose that c1(v;) € HYY(S;, Z) vanish for i = 1,2. Then the isometry 1)
1s induced by an algebraic correspondence, i.e. it is given by a cohomological

correspondence, whose kernel is an algebraic class.
Other cases are treated in Props. 5.2.4 and 5.3.3.

In the last chapter we consider (noncommutative) deformations of twisted
Fourier-Mukai kernels. By introducing the notion of functors of Hodge type

(Def. 6.2) we are able to associate to each first-order commutative deforma-
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tion of a moduli space of sheaves on a K3 surface a (generally noncommuta-
tive) deformation of the surface. In the following statement we prove a slight
generalization of a theorem of Toda (c¢f. Thm. 6.3), concerning deformations

of twisted Fourier-Mukai equivalences:

Theorem 6.5
Let X and Y be smooth projective varieties and let A, B be Azumaya algebras
over X, resp. Y. Let
g : DZoh('A) - Dgoh(B)
be a Fourier-Mukai equivalence with kernel € € D, (AP ¥ B). Then for
any first-order deformation A, € HH2(A), there is a deformation Bg, B €
HH?(B) and a deformation of £ to an object of Db, (AY x Bg) such that the

coh

induced Fourier-Mukai transform

@z : DYy (Aa) = D2y (Bp)

coh coh

is an equivalence.

ACKNOWLEDGEMENTS: I would like to thank my advisor Prof. K.
Hulek for suggesting this interesting topic, for all the valuable comments
and discussions, and for his support and patience. I am grateful to Dr. D.
Ploog for his useful comments on the last two chapters of this thesis. 1 am
especially thankful to Prof. E. Markman for his helpful suggestions, the
beneficial discussions and motivating questions that form the basis of much

of this work.
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Chapter 1

Preliminaries

In this chapter we introduce most of the definitions and necessary theoretical
preliminaries that we use throughout. The primary sources for this exposi-

tion are [GHS2| and [Marl]. We work over the field of complex numbers.

1.1 Irreducible symplectic varieties

We begin by defining the main objects of our study.

Definition 1.1.1

A complex manifold X is called an trreducible symplectic (IS) mani-
fold, if the following hold

(i) X is simply connected;

(1) X is compact Kihler;

(ii1) H°(X, Q%) is generated by an everywhere non-degenerate holomorphic
2-form.

Irreducible symplectic manifolds are also known as irreducible hyperkéihler
manifolds. Their importance stems from the fact that they constitute one of
the building blocks of Ricci-flat compact Kéhler manifolds. More precisely,

we have the following decomposition theorem:



Theorem 1.1.2 (|Bog|,[Beal)
Let X be a compact Kdhler manifold with numerically trivial canonical

bundle. Then there exists a finite étale cover X' — X such that

where T is a compact, complex torus, the V; are Calabi-Yau manifolds, and
the X; are IS manifolds.

The second cohomology group H?(X,Z) of an IS manifold carries an in-
tegral symmetric bilinear form (-, ) x of signature (3,b2(X) — 3) called the
Beauville form (or Beauville-Bogomolov (BB) form) (cf. |Bea|). Another im-
portant invariant of IS manifolds is the Fugiki constant cx € QT (cf. |Fuj]).

The invariants are related by the equality
/ o®" = cx(a, )%, Vo € HX(X,Z),
X
where 2n = dimcX.
There are very few known examples of IS manifolds, namely
e K3 surfaces in dimension two;

e deformations of Hilbert schemes of n points on a K3 surface S, denoted
by SI": these are known as IS manifolds of K30 -type; (|Beal)

e deformations of generalized Kummer varieties, constructed as zero
fibers of maps of the form ¥ o f, where f : T/ — T is the desingu-
larization map from the Hilbert scheme of n points on a complex torus
T to the n-th symmetric power of the torus, and ¥ : T — (T,0) is
the sum map to the pointed torus (T,0); (|Beal)

e O’Grady’s examples in dimensions 6 and 10. (JOG1| and [OG2])

For a K3 surface S, the BB form is simply the intersection form and the

lattice (H?(S,Z), (+,-)s) is isomorphic to the K3 lattice

Ags = 3U@2E8(*1), (11)
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where U is the standard hyperbolic lattice of rank two and Eyg is the unique
even positive definite unimodular lattice of rank 8; the notation A(m),m € Z
means that the quadratic form associated to a lattice A is multiplied by m.

For IS manifolds of K3["-type, we have the following

Proposition 1.1.3 (cf. [Bea, Prop. 6, Sect. 9])
The BB lattice of an IS manifold of K3™-type is given by

Arsn = Ag3 @ (ln-1), (1.2)

where (l,—1) denotes a rank one lattice, generated by an element l,—1 of

square (ln—1,lp—1) = 2 — 2n. The Fujiki constant is (2n)!/2"n!.

1.2 Moduli of IS manifolds and period maps

There are several ways to organize IS manifolds into moduli spaces. In all
cases one needs to add some extra structure to the data of an IS manifold.
Fix a lattice A, which is isometric to H?(Xo,Z) with its Beauville form

(+,*)x,, for some IS manifold Xj.

Definition 1.2.1
(i) A marked irreducible symplectic manifold (X,n) consists of an IS

manifold X together with the choice of an isomorphism
n:H*(X,Z) = A.
(1) A polarisation on an IS manifold X is an ample line bundle L on X.

Since the irregularity of X is zero, a line bundle £ can be identified with
its first Chern class h := ¢1(£) € H?*(X,Z) and we denote a polarised IS
manifold by (X, h).

There is a (non-Hausdorff) coarse moduli space 9y, whose points represent

equivalence classes [(X,n)] of marked IS manifolds, whose second cohomol-
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ogy group is isometric to A, where (X,n) ~ (X', ') if there is an isomorphism
g: X = X' such that ' = g* on (cf. [Huy2, Ch. 3]). Set

Qp =A{[w] e P(A®zC) | (w,w) =0, (w,w) >0)} (1.3)
to be the period domain, associated to A. There is a period map
P9ty — Qy,
sending [(X,n)] to the period point [n(o)] € Qa, where o is a generator of
HY(X,0%) ~ H*(X,C) ~ Co.
The period map has the following properties

Theorem 1.2.2
(1) (local Torelli, cf. [Bea]) The map P is a local homeomorphism.
(ii) ([Huyl, Thm. 8.1]) The restriction of P to each connected component

of M 1s surjective.

In fact, for K3 surfaces, the period determines the isomorphism class of
the surface. This is the content of the (weak) global Torelli theorem for K3
surfaces, dating back to Piateckii-Shapiro and Shafarevich (|PS]); cf. also
[BR| for the analytic case.

Theorem 1.2.3 (cf. e.g. [GHS2, Thm. 2.4])
Two K3 surfaces S and S’ are isomorphic if and only if there is an isom-
etry of weight-two Hodge structures H*(S,Z) — H?*(S',Z).

Given a lattice A, O(A) denotes the isometry group of A. Since the quotient
set QA ,,/O(AKk3) parametrizes the pure Hodge structures of weight two on
A g3 ®C, coming from the second cohomology lattices of K3 surfaces, Thm.
1.2.3 gives a one-to-one correspondence between the set Q,.,/O(Ag3) and
the set of isomorphism classes of K3 surfaces.

In higher dimensions, the Hodge structure on the BB lattice is no longer



sufficient to determine the isomorphism class of an IS manifold. Nonethe-
less, it is still closely related to the geometry of IS manifolds, by the Global
Torelli theorem of Verbitsky (cf. [Ver|, [Marl]). First we need to introduce

some definitions.

Definition 1.2.4
(i) Let X1, X2 be IS manifolds. An isomorphism

f:H*(X1,Z) — H*(X2,72)

is said to be a parallel-transport operator from X1 to Xo, if there exists
a smooth, proper family of IS manifolds m: X — T onto an analytic space,

points t1,ta € T, isomorphisms
Vit Xi = Ay, i =1,2
and a continuous path
v :[0,1] = T with v(0) = t1,v(1) = to

such that parallel transport in the local system R*m.7Z along v induces the

homomorphism

Yyo fo(yrh)  H (X, Z) — H* (X, Z).

(ii) An isomorphism
f:HY(X,Z) > H"(X,Z)

is colled a monodromy operator if it is a parallel-transport operator from
X to itself. The subgroup of GL(H*(X,Z)), generated by monodromy oper-
ators is denoted by Mon(X).



Let Mon?(X) denote the image of Mon(X) in GL(H?(X,Z)).

Now any IS manifold X determines an orientation class ory € H2(5X, 7),

i.e. a generator of H2(C~X,Z) =~ 7, where Cy is the cone
{h € H*(X,R)| (h,h) > 0}

(cf. [Marl, Ch. 4]). The cone Cy in A®R is defined analogously and the set
of its orientations is denoted by Orient(A) — it is the set of two generators
of H(Cy,Z).

Let OY(H?(X,Z)) (resp. OT(A)) denote the subgroup of O(H?(X,Z))
(resp. O(A)) whose elements act trivially on H2(Cx,Z) (resp. H2(Cy,Z)).
Elements of Ot (H?(X,Z)) (resp. O*(A)) are called orientation-preserving.
In fact, Mon?(X) c O (H?(X,Z)), since monodromy operators are orientation-
preserving isometries with respect to the BB form.

We can now state the following consequence of Verbitsky’s results (cf. [Ver],
|Huy3]), as formulated in [Marl, Thm. 1.3]:

Theorem 1.2.5 (Hodge-theoretic Torelli)
(i) Let X1 and Xo be two IS manifolds which are deformation equivalent.

If there is an isomorphism of Hodge structures
fH (X1,2) - H*(X2,7)
which is a parallel-transport operator, then X1 and Xo are bimeromorphic.

(1) If, in addition, f maps a Kdhler class of X1 to a Kdhler class of X,

then X1 and Xo are isomorphic.

We can also consider moduli spaces of (primitively) polarized IS manifolds.
These have the advantage that their connected components admit the struc-
ture of quasi-projective varieties. Moduli spaces of polarized varieties with
trivial canonical bundle were constructed by Viehweg (|Vie]).

Let us fix an IS manifold Xy with H?(X,Z) = A and the O(A)-orbit h



of a primitive vector h € A, of degree (h,h) > 0. The orbit h is called a
polarization type.

Viehweg’s construction yields a moduli space of polarized IS manifolds of
type (Xo,h) — denote it by VXoﬁ‘ A point of VXoﬁ represents an equiva-
lence class of pairs (X, H), where X is a projective IS manifold, deformation
equivalent to X, and H € H?(X,Z) is the first Chern class of an ample line
bundle and such that n(H) € h with respect to a marking n of X.

Given h € A with (h,h) > 0, denote by €. the period domain Q4 N Ay
and let O(A, h) be the stabilizer of h in O(A). This is a type IV symmetric
domain and has two connected components — denote one of them by Qz 1

then the subgroup of O(A, h) fixing the connected components coincides with
(cf. |GHS2, Sec. 3.3]):

OF (A, h) := O(A, h) N O (A).

Let Mon?(X, H) denote the stabilizer of H in Mon?(X), and, given a mark-
ing 7, put
Ty, :=nMon*(X, H)n~' c O (A, h).

The group I'y, does not depend on the choice of marking — c¢f. [Marl, Sec.
7.1].

Let ngoﬁ be a component of VXO,E' There is a period map

PV &= O /OT(A ).

It has the following properties:

Theorem 1.2.6
(i) (|GHS1, Thm. 1.5]) The map P’ is a finite dominant morphism.



(11) (|GHS2, Thm. 3.7]) The map P’ factors through an open immersion v:

0 L 0
VXO,EC—> Q. /Th

o

Q0 O+ (A, h).

Thm. 1.2.6.ii) requires Thm. 1.2.5 — cf. also [Marl, Sec. 8].

For a lattice A, let AV := Hom(A,Z) denote the dual lattice. Note that

there is a natural inclusion A C AV and put

O(A) :=={g e O(7) | glav/a = Fidpv ) (1.4)

and given h € A, let O(A,h) be the stabilizer of h in O(A). If X is an IS
manifold of K3["-type, then Mon?(X) is known to be

Theorem 1.2.7 ([Mar4, Thm 1.2|)
Mon*(X) = 0" (Aksp).

From now on, unless specified otherwise, we only consider IS manifolds
deformation equivalent to Hilbert schemes of points on a K3 surface. Put
Xo := Sl where S is a K3 surface. There are finitely many connected
components of My, . parametrizing those marked pairs (X,n), where X
is deformation equivalent to Xy ([Marl, L. 7.5]). Denote the set of these
components by 7 and let EITI/T\K“ denote their union. There is an O(Aks3 p)-

equivariant refined period map
~
P mAK?:,n - QAKS,n X T,

sending a marked pair [(X,n)] to ([(X,7)],s), where I3 _ is the com-
ponent containing [(X,7n)]. The group O(Ags,) acts on Qp,,, X T by

changing a period point by an auto-isometry of Ags,, and a marking by



post-composition with an auto-isometry of Ags, (cf. [Marl, Ch. 7.2] and
Props. 2.1.1-2.1.2 in the next chapter). Now ;1 has two connected com-
ponents — the choice of h and s € 7 determines the choice of a connected
component of €1, which we denote by QZf (cf. [Marl, Ch. 4]). For s € 7,
set

Mt = P )

The space Sﬁ‘;f contains those marked pairs [(X,n)] for which n~!(h) €
H?(X,Z) is of Hodge type (1,1) and (n~!(h), k) > 0 for a Kihler class &,
i.e. it is the first Chern class of a big line bundle (cf. |Huyl, Cor. 3.10]).
Let

met c oyt

be the subset, consisting of those [(X,7)], for which ~*(h) is ample. 9" is
an open dense path-connected Hausdorff subset of ime (|[Marl, Cor. 7.3]).
This result uses the Global Torelli theorem of Verbitsky (|Ver, Thm. 1.16]).
Let h be an O(Aks3 p)-orbit of pairs (h,s) with (h, h) > 0. Finally, form the
disjoint union
M = Hf)ﬁif
(h,s)eh
E)ﬁ% is a coarse moduli space for marked polarized triples - a point of zm%

represents an isomorphism class [(X, H,n)] of polarized marked IS manifolds

of type (Xo,h).

Denote the moduli space of polarized IS manifolds of K3[M™-type by Vx,
— it is the union of the spaces VXO,E over all polarization types h, where
h € Aksn and (h,h) > 0. Let [(X,H)] be a point in Vx, and let V° be
the connected component containing [(X, H)]. The next proposition relates
this component to a quotient of the coarse moduli space of marked polarized

triples:

Proposition 1.2.8 ([Marl, L. 8.3]) There exists a natural isomorphism
Y- VO = Dﬁ%/O(AK&n)

in the category of analytic spaces.



1.3 Moduli of sheaves and stable objects on a K3

surface

For the theory of moduli spaces of sheaves on a K3 surface we follow the
exposition in [Mar5, Ch. 1.1] and [HL|. Let S be a K3 surface. Let K(S)
denote the topological K-group of S and let

x:K(S)—Z

be the Euler characteristic. There is a bilinear form on K(S), called the
Mukai pairing:
(v,w) == —x(v" @ w). (1.5)

The group K(S), together with the Mukai pairing is known as the Mukai

lattice. Tt is isometric to the lattice
A = 2Eg(—1) & 4U. (1.6)
There is a homomorphism
v(—=): K(S)— H*(S,Z) (1.7)
which sends a class F' € K(S) to its Mukai vector

o(F) i= ch(F)y/tds = (tk(F), e1(F), x(F) = tk(F)). (1)

Above we have used the cohomological grading on
H*(S,7) = H°(S,Z) ® H*(S,Z) ® H'(S,7Z)

and the natural identifications of H? and H* with Z. The homomorphism
v(—) is an isometry with respect to the Mukai pairing on K (S) and the
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pairing on H*(S,7Z) given by
((r1, b1, s1), (r2, ho,y s2)) := (ha, ha)s — r1s2 — ras1. (1.9)

Let us denote henceforth the group H*(S,Z) together with the pairing
(1.9) by H(S,Z). The lattice H(S,Z) inherits a pure Hodge structure of
weight two from the one on H?(S,Z). We have

HY'(S,7) = H(S,Z) & H“\(S,Z) & HY(S,Z).
Now let v € K () be a primitive class with the property c;(v) € HY1(S, Z).

Definition 1.3.1

The class v is called effective, if (v,v) > —2,rk(v) > 0, and the following
hold: if rk(v) = 0, then c1(v) is the class of an effective (or trivial) divisor;
if both tk(v) and c1(v) vanish, then x(v) > 0.

If rk(v) = x(v) = 0, we assume further that c;(v) generates the Neron-
Severi group NS(S).

An effective class v defines a locally finite set of walls (which may be empty,
if p(S) = 1) in the ample cone Amp(S) of S. A class H € Amp(S) is called
v-generic, if it does not belong to any of these walls. Under the above as-
sumptions on v there always exists a v-generic class H and we have the

following theorem:

Theorem 1.3.2 (cf. [Muk2],|OG3, Main Thm.|, [Yoshl, Thm. 8.1|)

Letv € K(S) be a primitive, effective class and H € Amp(S) be a v-generic
polarisation. Then the moduli space My (v) of H-stable sheaves with Mukai
vector v is non-empty of dimension 2n := (v,v) + 2, it is smooth and pro-

jective, and it is of K3 -type.
Let us put v = (r,1,s). The space M := Mg(v) is a fine moduli space,

if there is a class h € H!(S,Z) with ged(r, (h,1),s) = 1. In this case there

exists a universal sheaf £ on S x M, unique up to tensoring by the pullback
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of a line bundle on S. Otherwise, M is not fine, but there still exists a

quasi-universal family g of similitude p > 1:

Definition 1.3.3
(i) A flat family E on S x T is called a quasi-family of similitude P
(p € N), if for each closed point t € T, there is an element E € Mg (v) such
that £|(1yxs = E®P.

(i) Let pr denote the projection from S x T to T. Two quasi-families £
and & on S x T are called equivalent, if there exist vector bundles V and
V' on T such that g@p*TV’ >~ gl @ phV.

(1ii) A quasi-family & is called quasi-universal, if, for every scheme T’
and for any quasi-family T on T' x S, there is a unique morphism f:T' — T
such that f*g and T are equivalent.

In fact, even in this case there is a universal sheaf, albeit not in an ordinary

sense, but as a twisted sheaf — cf. the next section.

Denote the projection maps from S x M to S, resp. M by p, resp. ¢. Let
71 H(S,Q) = H*(M,Q)

be the map

Qo ll)cl{q*(ch(g)Up*\/td(S)Up*a)}. (1.10)

Denote by Dg the duality operator on H (S,Q) acting by multiplication
by (—1)" on H%*(S,Q). The name comes from the fact that these operators
map the chern character of a locally free sheaf to the chern character of
its dual sheaf. The map Dg is a Fourier-Mukai transform with kernel my —
my + 74, where mo;,i = 0,1,2 are the Kiinneth components of the class
[Ag] € HY(S x S,7Z), Poincaré dual to the diagonal in S x S. Moreover, by
the Standard Conjectures for surfaces (cf. e.g. [Kl, Cor. 2A10]), this class is
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algebraic, being a linear combination of the algebraic classes mo;,4 = 0,1, 2.
Furthermore, the projection H*(M,Q) — H?*(M,Q) is also given by an
algebraic kernel, by the Standard Conjectures, which have been proved in
the case of moduli spaces of sheaves on a K3 surface (cf. [Ar, Cor. 7.9]; cf.

also [ChM, Thm. 1.1}).
Recall the following theorem of ’Grady and Yoshioka:

Theorem 1.3.4 (cf. [OG3, Main Thm.|, [Yosh3, Thm. 0.1])
Suppose that (v,v) > 2. Then the restriction of ¢ o Dg to the sub-Hodge
structure v C H(S,Z) is an integral Hodge isometry onto H2(M,Z):

@ o Dgl,r s vt = H*(M,Z) C HX(M,Q). (1.11)

The restriction @ o Dg|,. is independent on the choice of quasi-universal

family.

The IS manifolds, which are birational to a moduli space of sheaves on a
K3 surface, also admit a modular interpretation in terms of Bridgeland sta-
ble objects in the derived category of the surface. Next, following [BM1]| and
[BM2, Ch. 2| we introduce Bridgeland stability conditions on K3 surfaces.
The theory was originally developed in [Brl] and [Br2].

Definition 1.3.5

Let D be a triangulated category. A slicing P of D is a collection of full,
extension-closed subcategories P(¢) for ¢ € R, satisfying:

(i) P(¢+1) =P(¢)[1];
(1) If p1 > @2, then Hom(P(¢1), P(¢2)) = 0;

(#ii) For any object E in D, there exists a collection of real numbers ¢1 >
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P2 > ... > ¢, and a sequence of distinguished triangles

Eo E Es .
' / ' / ) /
AN AN AN
AN N AN
N N N
A Ay

The above sequence is called the Harder-Narasimhan filtration of E — it
is unique up to isomorphism. Each category P(¢) is abelian and its objects

are called semistable of phase ¢; its simple objects are called stable.

Definition 1.3.6
Let D be a triangulated category and denote its K-group of by K(D). A
Bridgeland stability condition on D is a triple (A, Z, P), where

(i) A is a finite rank lattice (free abelian group), together with a surjection
v: K(D) — A;

(i) The central charge Z : A — C is a group homomorphism;
(iii) P is a slicing of D, satisfying

(o) 1
—arg(Z(E)) = .

for all non-trivial E € P(¢);

(b) Given a norm || — || on AR, there exists a constant C > 0 such that

1Z(E)| = C | v(E) |,

for all E € P.
The set of stability conditions Staba (D) with fixed A admits the structure
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of a complex manifold of dimension equal to the rank of A, by [Brl].

In the case of a K3 surface S, the set of stability conditions on D?(S) with
lattice H L1(S) is non-empty and Bridgeland has described a distinguished
connected component of it, denoted by Stab'(S). ([Br2])

In addition, similarly to the case of sheaves discussed in the beginning of
this section, given a Mukai vector v € H(S), the space Stab'(S) admits
a wall-and-chamber structure, described in [BM1, Prop. 2.3], and a sta-
bility condition o € Stab'($) is called v-generic if it does not lie on any
wall. Again, given a primitive effective vector v and a wv-generic stability
condition o, there is a coarse moduli space M, (v) of o-semistable objects
in D°(S), which is a smooth projective manifold ([BM1, Thm 1.3]). The
space M, (v) does not change, if we change the stability condition inside the
chamber of the wall-and-chamber decomposition containing o. The analogue
of Thm. 1.3.4 obtained by replacing M (v) by M, (v) has been proven in
[BM1, Prop. 5.9]. Moduli spaces of H-stable sheaves are special cases of
the above construction — associated to a v-generic polarization H, there is a
Gieseker-type chamber C C Stab(S) such that Mg (v) coincides with M, (v)
for o € C, cf. |[BM2, Rmk. 2.12]. In particular, stability conditions allow
for a modular interpretation of the birational models of the moduli spaces

of sheaves on a K3 surface, by the following theorem:

Theorem 1.3.7 (|[BM2, Thm. 1.2|)

(i) Let o and T be generic stability conditions with respect to v. Then
M (v) and M. (v) are birational to each other.

(i1) Every smooth birational model (with trivial canonical bundle) of M (v)
appears as a moduli space M, (v), for some stability condition T € Stab(S).

1.4 Twisted sheaves

Our main sources for this section are [Call] and [HSt1] — cf. also [Lie]. Let X
be a complex variety. The choice of a class o € H2, (X, O%) (in the analytic
topology on X) determines an isomorphism class of G,,-gerbes [X¢ — X]

on X. More precisely, a gerbe in this class is determined by the choice of
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a lift of a to a Cech 2-cocycle {a;jx € T'(Uyjr, O%)}. So when we write X
we abuse notation and we assume implicitly the choice of a 2-cocycle, repre-
senting . When « is torsion, i.e. when « is an element of the Brauer group
Br(X) := H},,(X,0%), consisting of the torsion elements in the cohomol-

ogy group H2,(X,0%), the pair (X, a) is known as a twisted variety.

Definition 1.4.1
In terms of an open covering X = J;c; Us and the cocycle {cvji} represent-
ing «, a (coherent) a-twisted sheaf E is given by the data of (coherent)

sheaves E; on U;, and isomorphisms vi; : Eilu,, — Ej|u,;, which satisfy:
(1) pii = id;
(ii) pij = ©5;';
(tii) pij © Pjk © Pri = Cyjk - id.

The category of a-twisted coherent sheaves on X is abelian and is denoted
by Coh(X,«). Its K-group is denoted by K(X,«), its bounded derived
category by D°(X, a). The category Coh(X,a) is not a tensor category for

non-trivial a. Nonetheless, there are bifunctors
— ® — : Coh(X,a) x Coh(X,a’) = Coh(X,a.a)

and their derived versions, constructed in [Call]. As in the untwisted case,
there is a formalism of Fourier-Mukai transforms between derived categories

of twisted varieties, i.e. to an object
EeD'(X xY,a ' Kd)
one can associate a functor
de : DY(X, ) — DO(Y, o).
Now given a complex manifold X and an element B € H?(X,Q), let B%2
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denote the (0,2) part of B, i.e. the image of B under the natural map:
H*(X,Q) — HZ,(X,0x) = H"*(X).

Next, put
ap = exp(B*?) € H*(X,0%)

where exp denotes the connecting homomorphism of the exponential exact
sequence. The element B is also known as a B-field lift of ap. Associated

to B is a twisted Chern character map ([HSt1, Prop. 1.2]):
ch® : K(X,ap) - H*(X,Q) (1.12)
and also a twisted Mukai homomorphism
vB (=) i= chB(-)\/tdx.
The twisted Mukai vector can be used to define a homomorphism
o2 HY(X,Q) — H'(Y,Q),

associated to an integral transform @ : DY(X,ap) — D°(Y,a’y,). When

X = S is a K3 surface, we can use B to twist the Hodge structure on
H(S,7) by multiplying the subspace H20(S) C H*(S,C) with

exp(B) = (1, B, B;) € H(S,Q) c H*(S,C)

in the cohomology ring H*(S,C), i.e., by putting
H>Y(8, B) = exp(B) - H*°(S9).

Here exp(B) is not to be confused with ezp(B%2). The (1,1)-classes H'(S, B)
are the ones orthogonal to H29(S, B) with respect to the Mukai pairing (1.9).
The lattice IA—IZ(S7 Z) with this Hodge structure is denoted by ﬁ(S, B,Z). We
now can state the following theorem from [Yosh2|, as formulated in [HSt2,
Thm. 0.2]:
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Theorem 1.4.2
Let S be a K3 surface with B € H%(X,Q) and v € HY(S, B,7Z) a primitive
vector with (v,v)s = 0 and rk(v) > 0. Then there exists a moduli space
My (v) of H-stable (with respect to a v-generic polarization H) ap-twisted
sheaves E with vB(E) = v such that:
i) Mpu(v) is a K3 surface.
i) On S’ := My (v) there is a B-field B' € H%(S', Q) such that there exists
a twisted universal family € on (S x S, a]_gl Xap).

i11) The twisted sheaf € induces a Fourier-Mukai equivalence

dg : DU(S,ap) — D(S', ap).

Using the above theorem, Huybrechts and Stellari managed to prove a
conjecture of Caldararu (cf. [Cal2]):
Theorem 1.4.3 (|[HSt2, Thm. 0.1])
Let S and S’ be K3 surfaces, and B € H*(X,Q), B’ € H*(X',Q) be B-fields.

Any orientation-preserving Hodge isometry

g:H(S,B,Z) — H(S',B',7)

B

/
is of the form g = @ B , for some equivalence

®:D°(S,ap) — DS, ap).
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Chapter 2
Connected Components

In this chapter we show that the moduli space of polarized irreducible sym-
plectic manifolds of K3[™-type, of fixed polarization type, is not always con-
nected. This can be derived as a consequence of Eyal Markman’s character-
ization of polarized parallel-transport operators of K3["-type. The chapter
is based on [Ap, Ch. 1-3].

2.1 Monodromy Invariants

In this section we give a short overview of the results from [Marl]| that we
use - they describe a method for finding an invariant of the components
of the moduli space of polarized IS manifolds of K3!"-type. By studying
the representation of the monodromy group on the cohomology of X, E.
Markman came up with the following idea — let X be of K3["-type and let
Oe(AK&n,T\) (resp. O.(H%(X,Z),A)) denote the set of primitive isometric
embeddings of A3, (resp. H(X,Z)) into A.

Now assume first that n > 4 and consider Q*(X,Z), which is the quotient
of H*(X,7Z) by the image of the cup product homomorphism

U: H3(X,Z) ® H*(X,Z) — H X, 7).

Now, Q*(X,Z) admits a monodromy invariant bilinear pairing which makes
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it isometric to the Mukai lattice. Moreover, the Mon(X )-module
Hom[H*(X,Z), Q*(X, Z)]

contains a unique rank 1 saturated Mon(X) -submodule, which is a sub-
Hodge structure of type (1,1) ([Marl, Thm. 9.3]). A generator of this mod-
ule induces an O(A)-orbit of primitive isometric embeddings of H%(X,Z)
into the Mukai lattice, such that the image of H?(X,Z) under such an em-
bedding is orthogonal to the image of the projection of co(X) € H*(X,7Z)
in Q*(X,Z). As for the case n = 2,3 — there is only a single O(A)-orbit of
primitive isometric embeddings of H2(X,Z) in the Mukai lattice A anyway.
This yields the following statement:

Theorem 2.1.1 (|Marl, Cor. 9.5])
Let X be an IS manifold of K3!" -type, n > 2. X comes with a natural choice
of an O(N)-orbit [1x] of primitive isometric embeddings of H2(X,Z) in the
Mukai lattice A. The subgroup Mon®(X) of Ot (H2(X,Z)) is equal to the
stabilizer of [1x] as an element of the orbit space O(H2(X,Z),A)/O(A).

Proposition 2.1.2 (cf. [Marl, Cor. 9.10])
The set T of connected components of the moduli space of marked IS manifolds

of K3" _type is in bijective correspondence to the orbit set

[Oc(Ak3m, A)/O(A)] x Orient(Ags.n),

where O(A) acts by post-composition on Oe(AKg’n,K).
The bijection is given by mapping a component s to the pair
([ex o™ m(orx)),

where [(X,n)] is a point of 913

Ax3m”
Next we introduce parallel-transport operators in the polarized setting:
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Definition 2.1.3
Let (X1, h1), (X2, ha) be polarized IS manifolds. An isomorphism

f:H*(X1,Z) - H*(X3,7)

is said to be a polarized parallel-transport operator from (X, hy) to
(X, hg), if there exists a smooth, proper family of IS manifolds m : X — T
onto an analytic space, points ti,ta € T, isomorphisms v; : X; — Ay,
i = 1,2, a continuous path v : [0,1] — T with v(0) = t1,v(1) = t2, and a
flat section h of R?>m,7Z, such that f is a parallel-transport operator in the
sense of Def. 1.2.4, hy, = (@/Ji_l)*(hi), 1 =1,2, and hy s an ample class in
HYY (X, 7Z), vt eT.

We can now state the following characterization of polarized parallel-transport

operators:

Theorem 2.1.4 (cf. [Marl, Cor. 7.4., Thm. 9.8.])
Let (X1, Hy) and (Xo, Hy) be polarized IS manifolds of K3"-type. Set
hi == c1(H;),i = 1,2. An isometry g : H*(X1,Z) — H*(X2,7Z) is a po-
larized parallel-transport operator from (X1, Hy) to (Xa, He) if and only if g

is orientation-preserving, [tx,] = [tx,] 0 g, and g(h1) = ha.

The above statement can be used to obtain a lattice-theoretic character-
ization of polarized parallel-transport operators in the following manner —

choose a primitive isometric embedding

ix  HA(X,Z) < A

in the O(A)-orbit given by Thm. 2.1.1. For a primitive class h € H*(X,Z),
of degree (h,h) = 2d > 0, let T(X,h) denote the saturation in A, of the
sublattice spanned by tx(h) and Im(cx)*. T(X,h) is a rank 2 positive
definite lattice. Denote by [(T'(X,h),tx(h))] the isometry class of the pair
(T(X,h),tx(h)), ie. (T(X,h),tx(h)) ~ (T',h') iff there exists an isometry

v:T(X,h) =T
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such that v(tx(h)) = h'. Let I(X) denote the set of primitive cohomology
classes of positive degree in H?(X,Z). Let X, be the set of isometry classes
of pairs (T, h), consisting of an even rank 2 positive definite lattice T and a

primitive element h € T such that h' = (2n — 2). Let
fx:I(X)— X%, (2.1)

be the function sending h to [(T(X, h),tx(h))]. Note that [(T'(X,h),tx(h))]
does not depend on the choice of representative of the orbit [tx]. Also
fx(h) = fx:/(h), for any isomorphism X ~» X’ mapping h’ to h in coho-
mology. The function (2.1) is called a faithful monodromy invariant function

in [Mar2| because it separates orbits for the action of the monodromy group
of X on I(X) (cf. [Mar2, Ch. 5.3|).

Proposition 2.1.5 ([Mar3, Lemma 0.4.]) Let (X1, H;) and (X2, Ha) be
two polarized pairs of IS manifolds of K3M-type. Set c1(H;) = h;. Then
fxy(h1) = fx,(h2) if and only if there exists a polarized parallel-transport
operator from (X1, Hy) to (Xa, Ha).

PROOF. One direction is clear — suppose there exists a polarized parallel-
transport operator

g: H*(X1,Z) — H*(X2,7Z)
from (Xy, Hy) to (X2, He). In particular, g(h1) = hg. Since, by Thm. 2.1.4,

[tx,] = [tx,] © g, there exists an isometry v € O(A) such that
Yolx, =Ulx,09-

The map ~ induces an isometry between the pairs (T'(X1,h),tx,(h1)) and
(T'(X2,h),x,(h2)), i.e.
fx(h1) = fx, (ha).

Now assume that fx,(h1) = fx,(h2). This means that the two pairs
(T(X1,h),tx,(h1)) and (T'(X2,h),tx,(h2)) are isometric. The idea is to
construct the required parallel transport operator g from an isometry of
A. Now, T(X1,h) and T(Xs,h) are primitively-embedded sublattices of
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signature (2,0), of the same isometry class, in the unimodular lattice K, of

signature (4,20). Therefore, [Nikl, Thm. 1.1.2.b)| implies that there exists

ay € O(A), such that
Y(T(X1,h)) =T(Xs,h), and V(Lxl (h)) = LXy (h2).
Set g = L;(l oyoLx,:

H2(X1,Z) "R > T(Xy,h)

lg lv l"/|T(X1,h)

H2(X5, Z)“2- K > T(Xa,h)
Indeed, the map g maps H?(X1,7Z) to H?(X2,7) because
’Y(Lxl (HQ(Xla Z))J—) =X, (H2(X2’ Z))J-'

Then

[LXQ] °g= [LX2 © (L;(l oo LX1)] =[yo LX1] = [l’Xl]’

since v € O(A). Furthermore,
g(hy) = L;{i oyoux, (h) = L;(i otx,(ha) = ho.

Now assume that g is orientation-reversing. Choose a € H?(X3, Z) satisfying

(o, ) =2, (0, ha) = 0. Define the isometry
Pa(N) = =X+ (o, N, A € H*(Xo, 7).

Set § := —paog. Since p, is an element of Mon?(X3) ([Marl, Thm. 9.1]) and
pa(h2) = —hg, § is an orientation-preserving isometry between H?(X1,7Z)
and H?(X3,7Z), satisfying

[/’X1] = [LXZ] og and g(hl) = hs.

Thm. 2.1.4 implies that g is a polarized parallel-transport operator from
(Xl,Hl) to (XQ,HQ). |
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2.2 Enumerating the components

Let p, denote the set of connected components of the moduli space space
of polarized IS manifolds of K3-type Vx,- We are now ready to prove the

following

Theorem 2.2.1
There 1s an injective map

f:/'I/TL_>ZTL7

given by mapping a connected component {V°} of Vx, to fx(h) for some
(X, H)] € V.

PROOF. First of all, the map f is well-defined. Pick a point [(X1, H)] € V°.

a,s1
hL

uli space of marked polarized triples, containing the point [(Xy, Hy,m)].
Choose another point [(Xa, H2)] € V° and a marking 1} of Xs. Then
(X2, Ha,mh)] € M, where R is the O(Aks3.)-orbit of (h, s1). Since O(Agsn)
acts transitively on the set of components of zm%, there is a marking 7 such
that [(X2, Ha,m2)] € fmﬁl Choose a path

Choose a marking n; of X7 and let 9,’" be the component of the mod-

~v:[0,1] — imZ’fl

such that (0) = [(X1, H1,m)], 7(1) = [(X2, Ha,m2)]. For each r € [0,1],
7(r) has a Kuranishi neighborhood U, C 9’7" and a semi-universal family
of deformations

T Xp — Uy

Upon shrinking U,, we may assume that it is simply-connected. As in
the proof of [Marl, Cor. 7.4], we can use these to construct a polarized
parallel transport operator from (X, Hp) to (X, Hz), namely ([0, 1]) ad-

mits a finite subcovering {Uri}i€{17..,,m} and we can choose a partition sy =
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0,81,y .oy Sm—1, Sm = 1 of [0, 1] such that
v(s:) €U, NUppyyi=1,...,m—1
and y([si—1, si]) C Uy,. Now set
Vi=U,,V, =V, U Uy, fori=2,...,m,
Y(si-1)

where V;_1 Uw(svz )Un. denotes the pushout of the inclusions of the point

—1

Y(si-1) in Vi1 and U,,. We can identify the fibers 7' (v(s;)) and w1 (v(s;))

Tit1

in order to obtain a family
T: X =V,

of IS manifolds, as well as a path
7 :00,1] = Vi

which is the concatenation of the paths v([s;—1,s;]),7 = 1,...,m — 1, and
which yields a polarized parallel-transport operator from (X1, Hy) to (Xo, H2).
Hence, by Prop. 2.1.5, fx,(h1) = fx,(h2), and the map f is well-defined.

Now let V! and V? be two components of Vx, such that

FEVY) = (V2.

Choose points [(X;, H;)] € V¢, i = 1,2. Since fx, (h1) = fx,(h2), there exists
a polarized parallel-transport operator from (X3, Hq) to (Xo, Hy). Indeed,
by Props. 2.1.4 and 2.1.5, there is an analytic family of IS manifolds

T X =T

12

and a section h of R*m,Z such that (X;,,hy,) = (X1, h1) and (X, hy,)
(Xa, hs) for some t1,to € T. Consider the path

v:10,1] =T
with v(0) = ¢1,v(1) = 2 (cf. Def. 2.1.3). The long exact sequence associated
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to the exponential sequence yields:
... » R'7,0x = R'71,0% — R*1,7Z — R*m,Ox — ...

Since hy has type (1,1) at every point ¢ € T, the image of hin H(X, R?7,Ox)
vanishes. The coherent sheaf ROy also vanishes, since the irregularity of
the fibers is zero. Hence h lifts locally to sections of the relative analytic Pi-
card sheaf R'7,0%. Then we may find a finite open cover {W;}™ | of ([0, 1])
by simply connected sets W;, markings 7j*, and bundles H; € Pic(X|w,/W;)
which make (X |w,, H;,7') into families of marked polarized triples, such that
the classifying maps «; of the families map W; to the same component S)JTZE

of the moduli space of marked polarized triples 97, for all ¢ = 1,...,m. Let
q: 9)?; — m;/O(AK&n)
be the quotient map. Prop. 1.2.8 gives analytic isomorphisms
@i V' = ML JO(Aksn),i=1,2.
Consider the points
(X3, Hy)] := o7 (a(am(t1))) € V! and [(Xo, Ha)] € V2.

Since they map to the same orbit of marked polarized triples in M /O(Ak3 ),
there is an analytic isomorphism between (X}, H}) and (X2, Ha). By GAGA
(cf. [JPS]), it is induced by an algebraic isomorphism between (X, H)) and
(X2, Hp). Hence [(X5, H})] = [(Xa, H2)] as points in V7, which implies that
Vi=y2 |

Fix a K3 surface S and an isometry

Let X be of K3["-type and let hy € H*(X,Z) be a primitive element of
degree 2d and choose ¢ in the orbit [tx], so that Im(¢)* is generated by the
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vector

v:=(1,0,1—n) € A.

Let (2d) denote a rank 1 lattice generated by an element of length 2d. For
r,s € Z,(r,s) denotes the ged of r and s. Set

t :=div(hg) (2.2)

to be the divisibility of hg, i.e. the positive generator of the ideal (hq, H(X,Z))
in Z. In particular, Z/tZ is a subgroup of the discriminant group of H?(X,7Z)
and the latter has order 2n — 2. This means that ¢ divides 2n — 2. The next
proposition relates ¢ to the index of (¢(hq)) @ (v) in the saturation T'(X, hy)
with respect to ¢tx. I thank an anonymous referee of [Ap| for suggesting a

simpler proof of this proposition.
Proposition 2.2.2

The integer t is equal to the index of (L(hg)) ® (v) in T(X, hq).

PROOF. t(hg) can be written as
(c,tm&, c(n — 1)) in A,

where ¢,m € Z,& € H%(S,Z) is primitive and

2n — 2
=1.
m, 222
Moreover, (c,m) = 1 by the primitivity of +(hg) in v+. Now consider the
class
hq) — 2n — 2
U= 7L( d)t v _ (0, m&, 76( n ))

It is integral because of ¢t | 2n — 2, and it is primitive in A because of

(m, 0(27;_2)) = 1. Then it is easy to check that the lattice (u,v) is satu-

rated in A. First of all, pick a class

w:=av + bu = (a,bm&, (1 —n)(a — b%))
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which is primitive in (u, v); this means that (a,b) = 1. Suppose that w = f,
where  is primitive in A. Then f divides a, bm and b@

since (a,b) =1, f divides (m, M) =1, ie.

. Furthermore,

f=1and w=w.
This implies that (u,v) is saturated, i.e.
T(X, hg) = (u,v).

Finally, since the index of (t(hg)) ® (v) in (u,v) is equal to ¢ by a direct

discriminant computation, we have shown the claim. |

Now given positive integers d and t | (2d,2n — 2), let
it C pin

be the subset of connected components of Vx, parametrizing polarized IS
manifolds of K3["-type, with polarization type of degree 2d and divisibility

t. By [GHS1, Cor. 3.7], this data is sufficient to determine the polarization

2”;2, QTd) and ¢ are coprime. Define St o be the set of

type whenever (
isometry classes of pairs (T, h), such that T is an even positive definite lat-
tice of rank two and discriminant 4d(n — 1)/t?, h is a primitive element of

square (h,h) = 2d, and h* is generated by an element of square 2n — 2.

Proposition 2.2.3

The image of the restriction f’“d,t is L.

Proor.

Let (T,h) be a representative of some isometry class in v%t Let § gen-
erate h* in T. By [Nikl, Thm. 1.1.2] we may choose a primitive isometric
embedding

j:T — A.
Let

Z:AKg’n‘—>A
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be a primitive isometric embedding. Then the sublattice 7(A Kgm)L is gener-

ated by a primitive element of degree 2n — 2 and we may find an embedding

¢ in the O(A)-orbit [7] that

(Arsn)™ = (i(8)),

since O(A) acts transitively on primitive elements. In particular, j(h) €
t(Ak3y). The embedding ¢ determines a pair of components t1,ty € 7 of the

moduli space M} of marked IS manifolds of K 3["-type, via the bijection
72 [O(Agsn, A)/O(N)] x Orient(Afs.,)

from Prop. 2.1.2. The composition ¢ on belongs to the natural orbit [vx] for

every marked pair (X,7n) in these components ¢1,t2 € 7. Set

hy =1 (j(h)) € Ag3n.

Since SDTZP is nonempty, we may choose a point in it, represented by a
1
marked IS manifold (X,n). Then, by the definition of ?DIZ’fl,
1

hy i=n""(h1)

is an ample class in H?(X,Z). Let Hy € Pic(X) denote the corresponding
polarization of X. Let V° be the component of the moduli space of polarized
pairs, containing [(X, Hz)]. Let x be the O(Agsy)-orbit of (hi,t1). Then
mtzljl is a component of M and WO =~ M /O(Ak3n), by Prop. 1.2.8. In

particular, by construction,

fx(ha) = fF({V}) = (T, b)),
ie. f|ud,t is surjective onto X%°. [ |
We obtain as a corollary:

Corollary 2.2.4

The number of connected components of the moduli space of polarized 1S
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manifolds of K3 -type, with polarization type of degree 2d and divisibility t,

18 given by |E;i{t .

Proor.

Injectivity of f’uz,t is given by Thm. 2.2.1; surjectivity onto Zﬁ’t,by Prop.
2.2.3. Hence the number of connected components, i.e. the number of ele-
. |

ments in the image of f|ud,t, is given by\Zg{t

2.3 Computations

In this section we compute the cardinality of the set E%’t and give examples.
For an integer r, ¢(r) denotes the Euler p-function, and p(r) denotes the

number of prime divisors of r.

Proposition 2.3.1

Let t be a divisor of (2d,2n —2), and set D = 4d(n—1)/t%, g := (2d,2n —
2)/t, = (2n—2)/(2d,2n —2),d := 2d/(2d,2n —2), w := (g,1), g1 := g/w,
t1 :=t/w. Put w = w4 (t1)w—(t1) where wy(ty) is the product of all powers

of primes (in the prime decomposition of w) dividing (w,t1). Then

0[S = wy (t)p(w_(t1))2°) L if t > 2 and one of the following sets
of conditions hold:
g1 is even, (d,t1) = (A,t)) = 1 and the residue class —d/f is a
quadratic residue modulo ty;
OR g1,t1, and d are odd, (a~l,t1) =(n,2t1) =1 and —a?/fz 15 a quadratic
residue modulo 2t ;
OR g1,t1, and w are odd, d is even, (J, t1) = (n,2t1) =1 and —J/(4ﬁ)

1s a quadratic residue modulo t1;

o [SE = wy(t)e(w_(t1))2°0/D7L if t > 2 g is odd, t, is even,
(d,t1) = (7,2t1) = 1 and —d /7 is a quadratic residue modulo 2t,;

° |E?;t| =1 ift <2 and one of the following sets of conditions hold:
g1 is even, (d,t) = (f,ty) = 1 and the residue class —d/f is a

quadratic restdue modulo tq;
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OR gi,t1, and d are odd, (cz,tl) = (n,2t1) =1 and —d/'ﬁ 15 a quadralic
residue modulo 2t ;

OR g1,t1, and w are odd, d is even, (d,t;) = (7,2t1) = 1 and —d/(47)
18 a quadratic residue modulo tq;

OR g, is odd, t1 is even, (d,t1) = (7, 2t1) = 1 and —d/7 is a quadratic

residue modulo 2tq;

) |E§l{t| =0, else.

PRrROOF. Denote by D(T) the discriminant group of the lattice T'. By defini-
tion, \zﬁﬂ is equal to the number of isometry classes of primitive inclusions of
(2d) into lattices T' of discriminant D, such that the orthogonal complement
of (2d) in a given T is isometric to (2n — 2). By [Nikl, Thm. 1.5.1], these

inclusions are classified by certain equivalence classes of monomorphisms
v:H — D((2n—2)) 2 Z/(2n — 2)Z,

where H is the unique subgroup of D((2d)) = Z/2dZ of order t such that
Iy (the graph of «) is an isotropic subgroup of D((2d)) @ D({2n — 2)) with
respect to the discriminant form. The equivalence is given by: v ~ +/ if

there exist
Y eO((2n—2))2Z/2Z,p € O((2d)) X Z/27

such that

yop=1voy
(¢ and v are the induced isometries on the discriminant groups). Now the
set of subgroups of the form I'y can be identified with the set of generators

in D((2d)) ® D((2n —2)) of the form (dg, ige), where ¢ is a unit modulo the

index t. The isotropy condition on I', reads as follows:

(dg)* | (ge)* _ dg+ige® _ dgi + figie®

¥ 5 5 ; » =0 (mod 27Z).

In other words, we seek the number of classes € modulo ¢, coprime to ¢,

31



which satisfy the congruence

d+ne? =0 (mod 2ty).

The conditions for existence as well as the number of such solutions to a
congruence of this form were already determined in the proof of Prop. 3.6
of [GHS1] in the context of computing orbits of vectors under the stable or-
thogonal group. Now, O((2d)) and O({2n —2)) act on I'; by 'reflecting’, i.e.
by flipping signs in the first, resp. second coordinate of the elements of the
graph. In addition, I', is central-symmetric (i.e. (a,b) € I'y & (—a,—b) €
I'y). For 2 > t, the graphs are fixed by the action, for ¢ > 2 there are no
fixed graphs, hence, by the above considerations there are two graphs in each
equivalence class, so we need to divide the numbers from [GHS1, Prop. 3.6]

by two and we obtain the result. [ ]

In the following cases the polarization type is determined by the values of

t and d, and the corresponding moduli spaces are indeed connected:

Proposition 2.3.2 The moduli space of polarized IS manifolds of K3M-

type is connected in each of the following cases:

e t =1, any degree 2d > 0 and dimension 2n > 2 such that
(n—1,d) =1
(’split’ polarization);
e ¢ =2 any degree 2d > 0 and dimension 2n > 2 such that
(n—1,d) =1and d4+n —1=0(mod 4)

('non-split’ polarization, cf. |[GHS1, Ch.3]);

o { = p® for a prime p > 2, any degree 2d and dimension 2n > 2 such
that p2*|(2d,2n — 2).
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Remarks.

(1) Example: In particular, Prop. 2.3.2 implies that the moduli space
of polarized IS manifolds of K3[-type, with fixed polarization type, is con-
nected. However, the following example shows that fixing the polarization
type need not imply connectedness of the moduli space. Let d = pg and
n — 1 = mpq, where p and ¢ are different primes, and —m is a quadratic
residue modulo pg. Set t = pq. In this case, the polarization type is deter-
mined by ¢ and d, since (2m,2) = 2 and t = pq are coprime. But |E§l{t| =2,
i.e. there are two connected components with this polarization type.

(2) Note that the formulas in Prop. 2.3.1 imply that the number of con-

nected components |Z§1L’t can get arbitrarily large, as we vary the dimension

2n — 2 and the degree 2d.
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Chapter 3

Modular Varieties

In this chapter we investigate the relationship between different moduli
spaces of polarized IS manifolds of K3["-type. We start by introducing
some notation:

The unit matrix of rank m is denoted by I,.

Given a lattice A, D(A) := AY/A denotes the discriminant group of A;
recall that any s € O(A) induces an isomorphism s of D(A) and define

O(A) :={s € O(A) | 3 =idpu},

O(A) :={s € O(A) | 5 = +idpa)}-

Let g(A) denote the genus of A — recall that a genus is an equivalence class
of lattices, whereby two lattices belong to the same genus if and only if they
have the same signatures and they become isometric after tensoring with the
p-adic integers Z,, for every prime p.

Given a primitive element h € A, O(A, k), O(A, h), and 6(A, h) denote the
subgroups fixing h, in O(A), O(A), and O(A), respectively.

The group O(A) acts naturally on the period domain 24, associated to A
(cf. (1.3)) and given an arithmetic subgroup I' < O(A), we denote by PI" the
projectivization of T', i.e. the image of I under the action O(A) — Aut(Qy).

Now let n > 1,d € Nand f | (2d,2n — 2) be fixed and let hy € Ag3, be a
vector with

(ha, ha) = 2d, div(hg) = f.
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The conditions on n,d and f for the existence of hy are listed in [GHSI,
Prop. 3.6]. The vector hy is of the form

fo+cly-,

where v € l#_l —cf. Eq. (1.2) for the definition of I,,_1. Put
2b := (v,v).

Then, by [GHS1, Prop. 3.6.(iv)],

hi = 2U @ 2B5(—1) @ T, (3.1)

where T’g is a rank two lattice with Gramm matrix

The lattice Ty splits, i.e.
Tp = (=2d) ® (=2(n - 1)),
whenever div(hg) = 1 ((GHS1, Ex. 3.8]). Note that
(ha, hq) = 2d = f2(v,v) + A(ly_1,1ln_1) = 2bf? — 2c%(n — 1).

Then 2b > 0 and the matrix B is negative definite; it is also integral, since
flged(2d,2n — 2), by the definition of f. In particular, hj has signature
(2,20) and th is a type IV homogeneous domain with two connected com-
ponents, on which the groups 6(hj) and a(Angn, hq) act. Furthermore, the
groups 6(hj) and 6(AK3,H, hg) interchange the two components of th, ie.
the quotients €2, /a(AKgm,hd) and th/é(hfl—) are connected. This fol-
lows from the fact that the subgroups 6+(AK37n,hd) C 6(AK37n, hq) and
5+(hdL) - 5(hj), fixing the connected components, are proper subgroups
of index two; for example, any reflection with respect to a vector of square

two in a(hj) (or in 6(AK3,H, hq)) interchanges the two components — cf.
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[GHS3, Sect. 3.1].
The above quotients have the structure of quasi-projective varieties and
we put
Fig = Qs /O(Arcans ha); Gny = Q1 /O (). (3.2)

From |[GHS1, Lemma 3.2| it follows that we have a chain of natural sub-

group embeddings of finite index
O(h3) € O(Agsn, hq) € O(hT). (3.3)

In fact, it is immediate from the definitions that 6(hdL) C O(Ak3n, ha)
factors through the embedding 6(AK37n, hq) C O(Ag3n, ha), i.e. the group
5(hj) embeds naturally as a finite index subgroup of 6(AK37n, hq). In par-

ticular, to hqy we can associate a natural map
nghd—>fhd (34)

of finite degree, induced by the subgroup embedding. We are interested in
finding a different set of numbers 72 > 1,d € N, and f | ged(27 — 2, 2d), such

that there exists a vector hj € A3 57 with

(hg, hg) = 2d,div(hy) = f
and an isomorphism of modular varieties
o :Ghy = Gn;

furthermore, we would like to know whether this isomorphism descends to
an isomorphism

, ~
o Fng — Fhy

so that the following diagram commutes:

Fig—2> Fn,
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The motivation comes from the modular interpretation of the variety Fp,,,
introduced in Ch. 1.2 — let V° be a component of the moduli space of
polarized IS manifolds of K 3["-type and polarization type given by hq. Then

there is an open immersion of algebraic varieties
VO = Fh,s

by Thms. 1.2.6-7. Thus the existence of an isomorphism ¢’ as above means
that there are birational maps between components of the moduli space of
K3[M-type, of polarization type given by hg, and the components of the
moduli space of IS manifolds of K3["-type, of polarization type determined
by hg.

In certain cases, the degree of the map 7 can be easily determined:

Theorem 3.1
Let hg € Ag3p be a primitive element of the form hg = fv + clp,—1 with

(hd, hd) =2d >0 and div(hd) = f.

(+(5577) =

Let w: Fy, — Gy, be the map of modular varieties associated to hq. If

Suppose that

f=1lor f=2 and f#n—1,2n—2,2d,d,

then m has degree 2; else m is an isomorphism.

PROOF.
Put
K = hg & (hq)

and consider the following series of sublattices:

K < Agsn < Mg, < K.
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Put
H = AKgm/K. (36)

For any a € KV, let @ denote the coset a + K, considered as an element of
D(K). Dividing out by K we obtain the following sequence of finite abelian
groups:

H < A3 /K < D(hg) ® D((ha))-

Note that
D(Axsn) = (Mg /K)/H = (I, + H), (3.7)

where [/ _| = Tl_an_l. Let p and ¢ denote the projections from D(hJ) @

D({(hg)) to D(hy), resp. D((ha)). We now list several facts that were shown
in the course of the proof of [GHS1, Prop. 3.12|, under the assumption

((5.47) -1
2d

e (*) The groups H, p(H) and ¢(H) are cyclic subgroups of order < in
D(h)®D({ha)), D(h}), and D((hg)) respectively; the subgroup q(H)
is generated by fﬁzi/ € D((ha)), where hY := 55hg.

e We have that
D(hg) = p(H) & T, (38)

where T is a cyclic group of order an-27 generated by ﬂz,l + ce; here

€ is an element of H. Furthermore,

1= P(fol) - Cﬁzl/'

e The group O(Aks3.n, hq) has a natural identification with the subgroup
{v € O(hy) | 7 lpiny=idpiny} € O(hg). (3.9)

e The natural map
T: O(AKgm, hd) — O(T)

is a surjection with kernel 5(AK37n, hq) and
O(Ax3n, ha) = O(hy). (3.10)
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In particular, since 7 is surjective, we have that
O(Aksnsha) = O(Axans ha) = O(Akan, ha) = O(hy)

holds whenever O(T") = {id}. This happens whenever the cyclic group T
is trivial, or has order two, i.e. whenever f =n—1,2n—2 —cf. [GHS2, Cor.

3.13]. Hence the map = is an isomorphism for f =n —1or f =2n — 2.

Now assume that f # n—1,2n—2. Then O(T) is not a singleton, because
e.g. idy # —idy. In particular, the group 5(AK37n,hd) (the kernel of 7) is
a proper subgroup of index two of the group 7-1(&£idr). Let us show that

following inclusion holds:
O(Aksn, hg) C 7~ H(Fidy). (3.11)

If p € 6(AK3,n,hd) C a(AKgm,hd), then ¢ € 7-1(&idr) is obvious, be-
cause OV(AKg,n, hq) = 77 1(id7). If ¢ € G(AKgm,hd) \ 5(AK37n,hd), then ¢
acts as —id on the coset ZZ_I + H (which generates D(Ags,) — cf. (3.7))
by definition. Furthermore, ¢ fixes hy by definition, and hence also D((hg)).
Hence ¢ also acts as —id on the coset ﬂx,l + H + D(({hg)), which generates
the group T (cf. (3.8)); hence ¢ € 7~ !(%idr) and the inclusion (3.11) holds.
This allows us to conclude that 6(A K3, Ra) is a proper subgroup of index
two in 6(/\ K3.n,ha), whenever also the reverse inclusion holds, i.e. whenever
6(AK37n,hd) = 77 1(&£idr); else 6(AK3,n,hd) coincides with 6(AK3,n,hd).
So now it remains to show the following

Claim: The condition
O(Ag3n, hg) = 7~ (&idr)

15 equivalent to the condition f =1 or f = 2.

PROOF. Suppose first that O(Agsp, ha) = 7 L(+idr). Then O(Agsn, ha)
is a proper subgroup of index two in 6(AK3,H, hq), which means that there
exists ¢ € 6(AK37n,hd) which acts as —id on the coset Z,\l/,l +H. Let
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denote the induced homomorphism of D(K'). Then @ satisfies

\ -

By 1) =~y g +k=—p(ly_1 — &)+ chy +q(k), (3.12)

where k is an element of H, the summand —p(LvL_l — k) is an element of the

subgroup D(hy), and the summand cﬁzl/ + q(k) is an element of D((hg)).
Note that q(k) € (fﬁg) —cf. item (*) on p. 38. On the other hand,

7 AV VN a2V =V

So(ln—l) = (p(p(ln—l) - Chd) = (P(p(ln—l)> - Chd7 (313)
where the summand @(p@i_l)) is an element of the subgroup D(h7), and
the summand —cﬁcvl is an element of D((hg)). Comparing the summands

from Eqs. (3.12) and (3.13) in the cyclic group D((hg)) of order 2d, we

obtain the congruence
¢+ fs = —c (mod 2d), (3.14)

for some integer s. But this implies that f | —2c¢ (recall that f | 2d). Since
c and f are coprime, this implies that f =1 or f = 2.

Now for the other direction, suppose first that f = 1. Then Zx_l + ce
generates T — cf. (3.8). Let ¢ € O(Ak3n,hq) satisfy @ |pr= —idp. In

particular,

o,y +c@) =3, ) +ce=—1,_, —ce

Hence » maps the coset fol + H to —?x,l + H, ie. @ is an element of
O(Ak3n, hq). Therefore O(Afcsn, hq) = 7 (idy).

Now suppose that f = 2. This implies that d + n — 1 = 0 (mod 4)
— cf. [GHSI, Ex. 3.10]. Together with the condition (f,(%f,2%2)) =
(2,(d,n—1)) = 1, this implies that n—1 and d are both odd. Now 227\1/_1 +ce
generates T — cf. (3.8). Let ¢ € O(Agsan, ha) satisty @ |r= —idy. We obtain

220 +ce)=p2l ) +ce=-2l_,—ce

and, hence 2@(?:_1) = 21’

n—1

ZZ,l + H to either —ZZ,l + H, or (n— 2)?:1/,1 + H. Assume that @ maps

— 2ce. We conclude that p maps the coset
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fol + H to (n — 2)7;/,1 + H. Since the homomorphism @ is an isometry, n
should satisfy the congruence (n —2)2 = 1 (mod 2n —2). This congruence is
equivalent to n? =1 (mod 2n — 2), which is a contradiction to the fact that
n is an even number (recall that d and n — 1 are odd numbers by condition).
Hence  maps the coset Z,vl_l + H to —ZX—1 + H, i.e. P is an element of
G(Amm, hq). Therefore a(AKgm, hq) = 7~ (&id7) and we have shown the

claim. [ |

The above claim implies that 5(AK37n, hq) = 5(hj) is a proper subgroup
of index two in a(Angn,hd), if f=1,or f=2and f #n—1,2n—2. Else
if f>2 orif f=n-—1,2n—2, then 5(hj) = 6(AK3,n, hq) and the map 7

is an isomorphism.

Now suppose that f = d = 1, or f = 2d = 2. Then the cyclic group
p(H) is either trivial, or has order two. But then —idj1 is an element of
a(Angn, hq), which implies that

PO(hi) = PO(Aksn, ha), (3.15)

i.e. the map 7 is an isomorphism.
Finally, if f =1or f =2, and f # n —1,2n — 2,d, 2d, then _idhj is not
an element of 5(AK37n, hq), which implies that

[PO(AK3 .0, ha) : PO(h)] = [O(Aksn, ha) : O(h)] = 2,
i.e. the map 7 has degree 2. ]

In the following proposition, let hy € Ak3 ., be as above and let h; € Ak3 7

be a primitive vector with
(hg.hg) = 2d > 0,div(hg) = f.
Asin (3.1), we have isometries

hy = Ap and hs = Ag,
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where

Ap = 2U @ 2Es(~1) & T, (3.16)
Aé =2U & 2E8(—1) ¥ TE’

and T, T are negative definite lattices of rank 2. Asin (3.6), we can define
the subgroups H < D(h}) & D((hg4)) and H < D(h;) ® D((hg)). Let p(H)
and p(H) denote their projections to D(hy), resp. D(hi:).

If there exists an isometry
S:Ap — Ag,
then S induces, by extension of scalars, an isomorphism
S :P(Ap®C) - P(Az ®C),

which maps the period domain th to £, 1. Moreover, since S is an isometry,
d

we have

SO(Ap)S™" = O(Ap),

which means that o is compatible with the action of O(Ap), resp. 5(A§)

on th, resp. th%. In particular, S” descends to an isomorphism
o :Gny = G-

We then say that o is induced by S.

Proposition 3.2

There exists an isomorphism
0 :Ghy — Ghys

induced by an isometry

S:AB—>A§,

if and only if g(Ag) = g(Ag);
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PRrROOF. If there is an isometry
S:Ap — AE’

then it induces isometries S ® Z, for every p — prime; furthermore Ap and
A5 must have the same signatures. Hence g(Ag) = g(Ajg).

Now let g(Ap) = g(Az). But Ap is an indefinite lattice rank > 3, and it
contains a copy of the hyperbolic lattice, hence its genus contains only one
isometry type (cf. [GHS3, Section 3.1]). Thus the condition g(Ap) = g(Ag)

implies that there is an isometry

S:Ap — Ajg.
The map S induces an isomorphism

o:Gp, — th.

It is easy to determine g(Ap) from the matrix B — c¢f. Prop. 4.1 in the
next chapter.

We can use the next proposition to produce many examples of pairs hq €
Ags3n and h; € Ags i, for which there is an isomorphism Gp,, — ghd. In the

following proposition, let hy and B be given as on p. 35 and put
Ap := detB.

Let ¢ and s be coprime natural numbers such that the number

2n — 2

20 — 2 := 2bg* — 2c qs + (2n — 2)s*

is positive. Let p and r be integers satisfying ps — qr = 1.
Put
2n —2 2n —

sand Ly :=¢

f f

2
Ly :=—-2bq+c qg— (2n —2)s.
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Note that
2n — 2= —qlLy — sLo,

by definition. This means that (L1, L2) | 2n—2 and fi= (z?_LQQ) is a positive

integer. Furthermore,

2(L1, L) | fAB = f(4b(ii — 1) — (pL1 + rL2)?)

and Ag > 0, hence d:= fﬁ is also a positive integer. Put
- pLi+rLls
(LlaLQ) ’
2n — 2

2b := 2bp* — 2¢ pr+ (2n — 2)r2.

Let
w € 3U @2Eg(—1) C A4

be a primitive vector with (w,w) = 2b. Put

hd~ = fw + 5127172

and B
- —2b c2n=2
B = _ ‘ f
E% —2n+2

and note that Ap = Ajz.

Proposition 3.3

The vector hj € A3 is primitive with
div(hy) = f and (h3,hg) = 2d,
and there is an isomorphism Gy, — th.

PRrOOF. To show primitivity of hz, we need to show that (c, f) = 1. Since

~ pLy+rLs ~ qL1 + sLo

c=————and f=——7——,
Ly =0 L)
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this condition is equivalent to
(pL1 +1L2,ql1 + sLa) = (L1, La).

Now
(L1, L2) | (pL1 + 1L, qL1 + sLo)

is obvious. Furthermore, note that

s(pL1 4+ rLy) —r(qLy + sLo) = (ps —qr)L1 = Ly

Hence

(pL1 +rLle,qL1 + SLQ) | L.
Similarly,

(le + TLQ, qu + SLQ) ‘ Lo.
Hence

(pLy 4+ rLo,qLy + sL2) | (L1, La).

It follows that
(L1, Lo) = (pL1 + rLa,qL1 + sLo).

Now div(hj) is equal to the coefficient of w, which is f by construction.
Furthermore
~ ~ Az ~2n—2 Ap
hnhs) = f? P lom—slosi2) = fP=B- = L=
( d’ d) f(w’w)+c(2n 2, 02n 2) f 297 — 9 (Ll,LQ) 2% — 9

~ AB ~
= 2d.
(L17 LZ)

Note that
2n— 2
cnf =pL1 4+ rLs.

Hence

B 2 pLy +rLo
pLi+7Ly —20+2 )
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Put

SZ:IQO@<p q).
T S

The conditions imply that B = S'BS. Hence S~ is an isometry Ap — Ag.
This implies that g(Ap) = g(Az). Therefore, there is an isomorphism

ghd — gh(za
by Prop. 3.2. |
Examples.
1) Put
2d > 2,n=2

and let hg € A be of split polarization type, i.e. f =1,¢= 0. Then, since
n—1=f=1, Fy, =G, by Thm 3.1. Put ¢ =1,5 = 0. Then

27 — 2 =2d,2d = 2f = 2.

Put p = 0,7 = 1. Then ¢ = 0 and we obtain a primitive vector h; € Agq
of split polarization type. Thm 3.1 gives an isomorphism ghi — ]:hi' By

Prop. 3.3, Gy, = ghc_i. Thus we obtain an isomorphism Fj,, = ‘Fhi'

2) Put
2d > 2,d = —1 (mod 4),n =2

and let hg € Ay be of non-split polarization type, i.e. f = 2,¢ = 1. Put
q=1,5s=0. Then

~ d+1 ~ d+1 - d+1
n 5 d=d 5 f 5
Put p = 0,7 = 1. Then ¢ = 1 and we obtain a primitive vector hs € Aat1
. — . 2
with div(hz) = f. If d = 3, then f =2n —2 =2, else if d > 3, then f > 2.
In both cases, ghi = ]:hi , by Thm. 3.1. Thus Props. 3.1 and 3.3 give an
isomorphism Fj,, = ‘Fhfi’ i.e. we obtain birational maps between the compo-

nent of the moduli space of K3 -type, of polarization type given by hg and
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the components of the moduli space of K3l -type, of polarization type

given by hj.

3) Let n,d € N be fixed, and let hy € Ags, be a primitive vector with
div(hg) = f. Assume further that f > 2. Put ¢ = f,s = ¢. Then

M —2=20f2—2n—-2)=2d,f=fd=n—1.

As in 1) we obtain an isomorphism Fj, = ‘Fhi and note that it also inter-
changes the degree of the polarization with the dimension, i.e. we obtain
birational maps between the components of the moduli space of K3[M-type,
of polarization type given by hy and the components of the moduli space of

K34+ type, of polarization type given by hy_1.

4) Tt can also happen that G, = ghi, whereas Fp, # ‘Fhi' Let n,d € N
be fixed with n > 2,d > 1, and let hq € Ag3, be a primitive vector with
div(hg) = 1. Put g =2n —2,s = 1. Then

M —2=2n—-2)4dn—1)+1),f =2n—2>2,d=2d(n—1).

In particular, th — Fh has degree two and ghg = Fhy by Thm. 3.1.
Furthermore, Gy, = Gj, by Prop. 3.3 and we obtain (generically) a two-to-

one correspondence between the components of the respective moduli spaces.

5) Let us elaborate somewhat on the case of IS fourfolds with a polarisation

hgq is of non-split type, of degree hfl = 6. Let p,q,7, s be as in 2) above. Then
M —2=22d=6,f=2,C=1,

and we obtain a primitive vector hy € Ag, of non-split type, i.e. we obtain
0 1
an involution Iy @ ( Lo > of the period domain th that descends to

an involution S of the modular variety F ;- The latter contains as an open
subvariety the moduli space of IS fourfolds of non-split polarization type

of degree six. This moduli space is related to the moduli space of cubic
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fourfolds. Let us recall the basic facts about cubic fourfolds, following [BD]
and [AdT, Ch. 1]. The Fano variety of lines F(X) on a cubic fourfold
X, together with its Pliicker polarization hq € Pic(F(X)) is a polarized
IS fourfold of K3[-type, with a non-split polarization of degree six. The
associated Abel-Jacobi map induces a Hodge isometry

4
© - Hprim(

X,7) - hy ¢ H*(F(X),7Z),

where Hﬁrim(X ,Z) is taken with the weight two Hodge structure, induced
by H*'(X). By the Global Torelli theorem for cubic fourfolds, there is an
injective period map from each component of the moduli space of marked
cubic fourfolds to a component of th —cf. [Voi] and [Ch].

The moduli space contains a countable set of distinguished divisors Cgq,
indexed by numbers d, subject to some numerical conditions, given in [Has,
Thms. 1.0.1-2|. These were studied by Hassett in [Has|, and are character-
ized by the fact that, for each fourfold [X] € Cy, there is a T € H*?(X,7Z)
such that T+ C ngim(
I7 C H%(S,Z) of some degree d polarized K3 surface (S,14). On a different

note, Kuznetsov ([Kuz]) has associated a semi-orthogonal decomposition

X,7Z) is Hodge-isometric to the primitive cohomology

{Ax,0x,0x(1),0x(2)}

of the derived category D?(X) of a cubic fourfold — here the admissible
subcategory Ax can be interpreted as a noncommutative deformation of
the bounded derived category of a K3-surface. The associated IS fourfold
F(X) can be interpreted as a moduli space of sheaves in Ax — cf. [Add,
Ch. 4.2]. The loci of points [(X,n)] in the moduli space, where Ax is
actually equivalent to the derived category D?(S) of a K3 surface are also
known as the geometric or Kuznetsov loci. It was conjectured in [Kuz| that
these are exactly the loci for which the fourfold X is rational. It was only
recently proven that the Kuznetsov loci coincide (at least generically) with
the Hassett loci introduced above — cf. [AdT, Thm. 1.1].

By using the involution S above we can associate to a (generic) cubic four-

fold, a "dual" fourfold X’ with the property that the sub-Hodge structures
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h,dl and hc% are Hodge-isometric, but there is no polarized Hodge isometry
between H?(F(X),Z) and H?*(F(X'),Z), mapping hq to hz. In this respect,
this example is similar to the example of the involution of the moduli space
of IS fourfolds with a degree two polarization (double EPW-sextics), studied
by O’Grady in [OG4].
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Chapter 4
Hirzebruch-Mumford Volumes

In this chapter we compute the so-called Hirzebruch-Mumford volumes of
the modular varieties Fj,, in some cases. Given an even indefinite lattice A
of signature (2, m) and an arithmetic subgroup I' C O (A), the Hirzebruch-
Mumford volume of the space Dp/T', denoted by volgnm(T'), is defined as
a quotient of the volume of Dy /I" and the volume of the compact dual
space Df\c) with respect to suitably chosen volume forms on those spaces
— cf. [GHS3, Ch. 1]. One major application of this invariant consists in
estimating the growth of spaces of cusp forms on Dy /T as a function of their
weight. The HM-volume is also used to determine the Kodaira dimension of
modular varieties — cf. e.g. the results in [GHS4|, [GHS5|. In [GHS3, Thm.

3.1], the following formula for the HM-volume is given:

m+42
volgar(T) = 2[PO(A) : PT|det A|™+3/2 f[ 720 (k/2) [T op(A) 1
k=1 P (1)
In the above formula oy, (A) are local densities of the quadratic space over
Q) associated to the lattice A ® Z, for p — prime (cf. [GHS3, Ch. 3.2] for
the definition). We recall a formula for oy (A) from [Kit, Ch. 5] below. First
we introduce some notation and definitions. A lattice T' over Z, is called

p/-modular, if the matrix p~7(v;,v;)r is invertible over Z, — here (v;,vj)r
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denotes a Gram matrix for 7. The norm of T' is the following ideal in Z,:
norm(7") := {Z ag(z,z)r |z €T, a, € Zp}.

For a fixed p, the lattice A ® Z,, admits a Jordan decomposition @jez Aj,
where A; is a p/-modular lattice of rank n; > 0. For p # 2 define:

wooi= Zj”j((”j+1>/2+znk)7
j k>j

Pp(n) = H(l—p_zi)y
i=1
B(8) = [[Pilmi/2).

Ep(A) = (1 + x(N;)p~/%) 2,
juAj7£0

where x(XV;) is a character of the quadratic space associated to the unimod-
ular scaling IV; of the lattice L;; the character x of a regular quadratic space
W over the finite field Z/pZ is a function, defined by:

0, if dim W is odd;
x(W):=< 1, if W is a hyperbolic space;

—1, else.

Now we have the following formula for the local density for p # 2, given in
[GHS3, Ch. 3.2, (10)]:

ap(A) = 27 1P Py(A) B,y (A), (12)

where s is the number of non-zero terms A; in the Jordan decomposition of
A.

Now consider the case p = 2. A unimodular lattice N over Zs is called
even, if it is trivial, or if norm(N)=2Zy, and odd otherwise. Every unimod-
ular lattice N over Zs decomposes as a sum N @ N of odd and even
sublattices such that rk(N°%) < 2. Now define
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Py(A) =[] RaekNye/2);

1 even

E;(A) = 5(1 + X(Nje“”)erkNj /%) it Nj and Nj4q are even,
unless N;’dd > (e1) @ (eg) with €1 = ea(mod 4);
1

E;j(A) = 3 otherwise;

By(A) = J[E;n)
J
Now we have the following formula for the local density for p = 2:

ag(A) = 2" 1TU=I Py (A) By (A), (4.3)

where w is defined in the same way as for the case p # 2, and ¢ := Zj qj,

where
0, if Nj is even;

g =9 nj, if N; is odd and N1 is even;
n; +1, if N; and Njy; are odd.

From now on we consider the lattice Ap for a fixed negative definite matrix
B of rank two — cf. (3.16). It has signature (2,20). Define

0p = ged(B)
— here ged(B) denotes the ged of the entries of the matrix B;
&B = AB/5]23

In the following, ¢(m) denotes the Riemann zeta function;

(%) denotes the Hilbert residue symbol; for a fixed m, there is an associated
character to the Hilbert residue symbol — it is given by mapping n to ();
we denote this character by (7).

L(s,x) denotes the Dirichlet L-series with respect to the character x.

The notation p’||n means that p/ | n and (p/, I%) =1.

23



Proposition 4.1
The HM volume of Fy, is given by

VOIH]\/[(6+ (AKB,na hd)) =

o HD(11)L(11

JIa+p-
ploB
where

(4270 (1 - (B2,

21+ (B,

2

Cy(Ap) == i’

3

4,

16,

2~ (100 AN [PO(Ap) : PO (Mg, ha)l|Ap|? /265!
<AB>)|BQB4...B20|

201! C2(Ap)

*

if 24 Ap;

if 27(|6p,2 1 KB,NJ' is even;

if 2], 2t Ap, Nj is odd, (22) = 1;
if 29(165,2 1 Ap, N is odd, (3£) =
if 27|10, 2% || Ap;

if 271|0p, 211192||Ap, jo > j1 + 1;

PRrOOF. By the classical theory on the classification of lattices over Z,, (cf.
[OM, Ch. IX]), we need to compute a Jordan splitting of Ap ® Z, by the
procedure described in [OM, Sect. 94| and we obtain that the lattice Ap

decomposes in the following way over Z,:

e Ap ® Z, is a unimodular lattice of rank 22, if pt Ap;

o Ap ® Zjy is a direct sum of a unimodular lattice of rank 20 and a
p’-modular lattice of rank 2, if p’||6g,p 1 Ag:

o Ap ® Zjy is a direct sum of a unimodular lattice of rank 21 and a
p/-modular lattice of rank 1, ifpféB,ijﬁB;

o Ap®Z,is a direct sum of a unimodular lattice of rank 20 a pt-modular

lattice of rank 1 and a p/2-modular lattice of rank 1, if p/t||d g, p/t 772|| A, jo >

Ji;
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Then, by applying formula (4.2), the local density a,(Apg) is given by

( B(11)(1+ (82)p~H) 7, if pt Ap;
2p% Py(10) Py(1)(1 4+ p~0) 7 (1 + (B2)p )71, it pi[|6p.pt Ap
ap(Ap) = { 2pPP,(10), if ptdp,p'l|Ap
Ap2i+iz P (10)(1 + p=10)~1, if p’t(|05, P/ 72| Ap,
J2 > Ji-

Over Zs the decomposition is given by:
e Ap ® Zs is a unimodular lattice of rank 22, if 21 Ap;

e Ap ® 7y is a direct sum of a unimodular lattice of rank 20 and a 27-
modular lattice A; of rank 2, whose unimodular scaling IV; is an even

lattice, if 27||63,2 1+ Ap, % is even;

e Ap ®Zsy is a direct sum of a unimodular lattice of rank 20 and a 2J-
modular lattice A; of rank 2, whose unimodular scaling N; is an odd
lattice, if 27(|05,2 1 Ap, %ﬁnﬁ) is odd;

e Ap®7Z, is a direct sum of a unimodular lattice of rank 20 a 2/1-modular

lattice of rank 1 and a 272-modular lattice of rank 1, if 271||6 g, 2/1+72|| A, jo >
J1;

Then, by applying formula (4.3), the local density as(Apg) is given by

222Py(11)(1 + (§8)271H)~! . if 21 Ap;

P (10)P(1)(1 4 2-19)1(1 + (52)271)7Y, if 27][05,2 1 Ap, N is even;

23+23 Py (10) Py(1) (1 + 2710) 1, if 27(05,2 f Ap, Nj is odd,
(%8) =1

a2(Ap) = 232 Py (10) (1) (1 +2710) 1, if 27||65,21 Ap, Nj is odd,

(%8) = -1;

23122 p) (10)(1 + 2710)~1, if 27||6, 2% || Ap;

9271+72+20 P, (10) (1 4 2710)~1, if 2711|6271 %72|| A,
J2>n+1
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Hence the HM volume of Fj,, equals

22
volgar (0T (Aksm, ha)) = 2[PO(Ap) : PO* (Asn, ha)l|Ap[*/? [] 7T (k/2)
k=1

2 e 3 A a5 ¢ )0)- 001, (T )

G [[a+r - I a+ <Aj)p-1>Pp<1>-1

pl(SB p|5B,pJ[EB
9~ (21208)+0(B8) [ PO(A ) : PO (Agcsp, ha)]|Ap|? /265!

22 A
: H TR0 (K /2)¢(2)¢(4)...C(20) L(11, <*B> )C2(AB)
k=1

JIa+r- ] (1+<£B>pl)1’p(1)1

N P
plos ploB.pfAE

where Cy(Ap) is defined in the statement of the proposition.
As in [GHS3, Ch. 3.3], we simplify the above formula with the help of the
(-identity below:

R IRk + 5)G(28) = (—1)’“1%.

We obtain

volgar (OF (Agsm, ha)) = 27 @HP0B)0BE)[PO(Ap) : POT(Aksn, ha)||Ap |2/ 205"

A ByBy...B
B>)‘ 24 20‘02(AB)

—11
A UT(11)L(11, < - S0

JIa+r- ] (1+<AB>191)Pp(1)1- (4.5)
plop plos.plAp b

Now, the index [PO(Ap) : P@*(Angn, hg)] can be computed in the case

(f, (2751, 2”]72)> = 1. Note that f | d, whenever f is odd.
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Proposition 4.2
The index [PO(AR) : Pé\‘*'(AKgm,hd)] equals

o 2°Q2d/N)+o1 if f—pn —1or f=2n— 2, where

0, if fiseven and (2d/f) =1 (mod 2), or (2d/f) =4 (mod 8);
or if f is odd and d/f is even;

—1, if fis even and (2d/f) =2 (mod 4); or if f and d/f are odd;

1, if fiseven and (2d/f) =0 (mod 8)

o 2/(2n=2)/)+02 if f — d or f = 2d, where

0, if fisevenand ((2n—2)/f) =1 (mod 2), or ((2n —2)/f) =4 (mod 8);
or if f is odd and (n —1)/f is even;
)
)

—1, if fiseven and ((2n —2)/f) =2 (mod 4); or if f and (n —1)/f are odd,
1, if fisevenand ((2n —2)/f) =0 (mod 8)

o 20Qd/N)+p(n=2)/+01+02—1 4f £ £ 4. 2d,n —1,2n — 2, and f = 1 or

f = 2; here 61 and 05 are defined as above.

o 2°(2d/f)+p((2n—2)/f)+51+02 , otherwise.

PROOF.

o if (f, <27d,2"f_2>> =land f=n—1or f =2n— 2, then
O(Axsnsha) = O(Akzns ha) = O(Ap),
by [GHS1, Prop. 3.12]; hence, by [GHS3, Lemma 3.2|,

[PO(Ap) : PO (Aksn, ha)] = [O(Ap) : O(Ap)] = |O(D(AR))|.

Recall that D(Ap) is the direct sum of the cyclic groups p(H) and T'
of orders 2d/f, resp. (2n —2)/f (cf. (3.8) in Ch. 3). Since f=n—1
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or f =2n — 2, the group O(T) is trivial. The order |O(p(H))| equals
2r(2d/N)+01 _ ¢f [GHS1, Prop. 3.12]. Hence

|O(D(Ag))| = |O(p(H))| - |O(T)| = 234/ D+o1,

o if (f, (2761 2"]:2)) —1and f=dor f=2d, then
PO(Ak3n, ha) = PO(Ap)
(cf. (3.15) in Ch. 3); hence, by [GHS3, Lemma 3.2],

[PO(Ap) : PO (Agns ha)] = [O(Ap) : O(Ap)] = [O(D(Ap))|-

Since f =d or f = 2d, the group O(p(H)) is trivial. The order |O(T)|
equals 2°((2n=2)/)+%2 _ cf [GHS1, Prop. 3.12]. Hence

|0(D(AB))| = |O(p(H))| - |O(T)| = 2°(n=2)/H)+02

eif f=1or f=2 and f #d,2d,n—1,2n — 2, then 6(1\3) is an index
2 subgroup of a(Angn, hq) — cf. Thm. 3.1. Hence

[PO(Ag) : PO*(Ags . ha)] = |0O(D(AR))|/2 = |O((p(H)))| - |O(T)|/2

9p(2d/f)+p((2n—2)/f)+61+62—1

e otherwise, 5(AB) coincides with 6(AK3,n, hg) — cf. Thm. 3.1. Hence

[PO(Ag) : POY (Akan, ha)] = |0O(D(Ap))| = |O((p(H)))| - |O(T)|
9p(2d/ f)+p((2n—2)/f)+61+62

Note that if (f, (ﬁ 2"_2>> =1, then
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moreover,
4d(n — 1)

f2

This implies the following elementary identity on numbers of prime divisors:

Ap = Apdy =

p(2d/f) + p((2n = 2)/f) = p(38) + p(AB) + p(d5/ ged(dp, Ag)).  (4.6)

Hence, the expression (4.5) simplifies to

Corollary 4.3

VOIHM(O\+(AK3,n,hd)) _ 2p(63/gcd(53,53))+51+52722‘A |21/25]§17r’111“(11)

(1L, < : >)|BzB4 BQO‘CQ(AB)‘ H(l—l-p*lo)

20!
ploB

[T a+ <AB>p‘1)Pp(1)_l- (4.7)

~ p
ploB,pAB

If (f, (Qd, 2n— 2)) > 1, then O (Ap) is a finite index subgroup ofO(AKS ns Rd)
and the index [PO(Ap) : PO (A3, hg)] is a divisor of

[PO(Ap) : PO (Ap)] = |O(D(Ag))!.
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Chapter 5
Hodge Classes

The failure of 'naive’ global Torelli for higher-dimensional IS manifolds of
K3[M-type gives rise to certain Hodge classes in the cohomology of a product
of two IS manifolds. These classes do not come from parallel transport, and
thus are not induced by a bimeromorphic map between the two manifolds —
in this chapter we show that, nonetheless, these classes are algebraic in some

cases.

5.1 Preliminaries

Let S be a K3 surface. Let v € fI(S,Z) be a primitive, effective class of
degree (v,v) = 2n — 2.

In the following, M will denote either a moduli space of H-stable sheaves
My (v) for a v-generic polarization H on S, or a moduli space of o-stable
objects M, (v) for some v-generic stability condition o on S. Denote the

projection maps from S x M to S, resp. M by p, resp. ¢q. Let
: H(S,Q) — H (M, Q)

denote the Mukai homomorphism (1.10).

Let OT(H(S,Z),v) denote the subgroup of orientation-preserving isome-
tries, fixing v. We would like to normalize the Mukai kernel in a way, which
is compatible with a certain group operation, coming from the monodromy

representation constructed by E. Markman. First we recall the theory:
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Theorem 5.1.1 (|[Mar5, Thm. 1.6|)

There exists a natural homomorphism
mon : OF(H(S,Z),v) — GL(H*(M,Z)).
Its image is a finite index subgroup of Mon(M).
REMARK. In fact, the image of mon is an index 2 subgroup of the mon-
odromy group, for n > 2, by [Mar4, Thm. 1.2; Prop. 1.9] and Verbitsky’s

Global Torelli Theorem; the homomorphism mon is surjective for n = 2, by

the paragraph preceding [Mar5, Thm. 1.6].

Put ch(ey) := ch(€), if a universal family exists on S x M. Otherwise,
let ch(e,) denote the universal class, constructed in [Mar7|. Denote the

subgroup of Mon(M) which is the image of mon by N. Now put

1= @(Ds(v))/(v,v) € H*(M,Q)

and

K := ch(ey) Up*\/td(S) U ¢" exp(n),
and define ¢ : H(S, Q) — H2(M,Q) by
v:a— m{g(kUp Dg(a))} (5.1)

The map ¢ has the following properties:

Proposition 5.1.2
i) ([Mar5, Thm. 3.10])Let O (K (S),v) act on

H*(S x M,Q) = H(S,Q) ® H*(M, Q)

by g € OT(H(S,Z),v) on the first factor, and by mon(g) on the second

factor. Then the class r is O (H(S,Z),v)-invariant;
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ii) (cf. [Marb, Ch. 3]|)The restriction of ¢ to the sub-Hodge structure
vt C H(S,Z) is a Hodge isometry

@lye vt = H*(M,Z) C H*(M,Q)
which coincides with the Mukai isometry (1.11) from Thm. 1.3.4.

By composing the adjoint map to ¢ with the (Mukai) orthogonal projec-
tion H (5,Q) — vég (whose kernel is given by the algebraic class [Ag] +
(Ds(v))/(v,v)) ® v on S x S), we obtain a map

¢l HA(M,Q) — v} € H(S,Q) (5.2)

which is right inverse to ¢ and is given by an algebraic correspondence (cf.
[Schl, Ch. 2]).

5.2 Main Statements

Suppose that X is isomorphic to My := M,,(v1) and Y is isomorphic to
My = Mg, (v2). Here My, (v;),i = 1,2 denote moduli spaces of o;-stable
objects in DP(S;), with Mukai vectors v; € H(S;,Z) such that (v;,v;) > 0.

Furthermore, suppose that we are given a Hodge isometry
¢ H*(X,Z) — H*(Y,7Z). (5.3)

We aim to show that 1 is induced by an algebraic class. Of course, this
is a trivial consequence of Thm. 1.2.5, if ¢ is a parallel-transport opera-
tor, because then ¢ will be induced by a bimeromorphic map between X
and Y. However, there are examples of Hodge isometries, which are not
parallel-transport operators — cf. e.g. [Mar4, Ch. 4]. Examples also arise by
considering points over the same period, but lying in different components
of the moduli space of polarized IS manifolds of fixed polarization type — cf.
Ch. 2.

The first case we consider is the case in which the underlying surfaces are

elliptic. Recall the following definition:
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Definition 5.2.1
A K3 surface S is called elliptic, if there exists a fibration S — P!, whose

generic fiber is a smooth curve of genus one.

We do not require the existence of a section in the above definition. Now

we can prove the following proposition:

Proposition 5.2.2
Assume that S1 is elliptic. Then v is induced by an algebraic correspondence

which is a composition of rational Hodge isometries.

PROOF.
Since H(S;, Q) = v ®7,Q& Qu; (recall that (vs, v;) > 0), there is a unique

extension of ¥ to a map of rational vector spaces
0 : Er(sb@) - ﬁI(S?a Q)7

such that #(v1) = ve and such that the following diagram commutes:

H(S1,Q) —%— H(S,Q)
i
H2(My,Q) —2= HY (M, Q)

The map 0 is a rational Hodge isometry, because ¢ = 0|Ull is, and because
(v1,v1) = (B(v1),0(v1)) = (v2,v2) = 2n — 2.

Since S7 admits the structure of an elliptic fibration, there is an effective
isotropic vector (given by the class of an elliptic fiber) in H!(S1) by [Huy4,
Prop. 11.1.3]. Then [Nik2, Thm. 3] implies that the isometry ¢ is induced
by an algebraic class o € H*%(S; x S2,Q). Hence v is also algebraic, since
its kernel is the convolution of the algebraic correspondences inducing @J{, 0,

and @s. ]

REMARK. In particular, the above proposition holds for all K3 surfaces of
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Picard number greater than, or equal to five, as these always admit an effec-
tive isotropic divisor — cf. [Huy4, Prop. 11.1.3]. In his Beijing ICM address,
Mukai claimed to have a proof of Shafarevich’s conjecture for any projective
K3 surface, but it has not been published ([Muk3]). The conjecture states
that any rational Hodge isometry H(S1,Q) — H(Sy,Q) is induced by an
algebraic class. Thus it could be possible to remove the hypothesis on S

being an elliptic fibration in the above theorem.

In the following statements we drop the assumption that the underlying
K3 surfaces are elliptic. This can be done at the expense of considering
special Mukai vectors v;. So we fix two K3 surfaces S1 and So and let My,
My and 9 be defined as in the beggining of this section — cf. (5.3). We

consider the following special case first:

Theorem 5.2.3
Suppose that c1(v;) € HYY(S;, Z) vanish for i = 1,2. Then the isometry 1)
1s induced by an algebraic correspondence, i.e. it is given by a cohomological

correspondence, whose kernel is an algebraic class.

PRrROOF. In the following we sometimes abuse notation and write the same
symbol for a map of abelian groups and for its scalar extension to a homo-

morphism of rational vector spaces. Let
u: H*(S1,Z) — H(S),Z)

be the natural embedding into the full cohomology ring. Then we can con-

sider morphisms
(V27 -E[(S’HQ) — H2(M17Q)7Z = 1727

given by normalized kernels, as in (5.1). By Thm. 5.1.2, ¢; are Hodge
isometries, when restricted to the sub-Hodge structures v;- C H(S;,Z),i =
1,2. Denote by

ol H*(M;,Q) — H(S;,Q)

the respective right inverses — cf. (5.2).
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The condition ¢ (v1) = 0 implies that ¢ (H?(S1,Z)) and v; are orthogonal
with respect to the Mukai pairing on ﬁ(Sl,Z), i.e. 11 embeds the lattice
H?2(S1,7) into the sublattice v C H(Sy,7). Since the restriction of ¢
to v is a Hodge isometry onto H?(M;,Z), we obtain a Hodge isometric
embedding

1001 : H*(S1,7) — H*(My,Z).

Since there is only one O H? (M, Z)-orbit of primitive isometric embeddings
of the K3-lattice in H?(M,Z), the embedding splits H?(M1,Z) into an

orthogonal direct sum
10 (H(S1,Z)) ® (wr),

where wy € H*(My,7Z) is a primitive element of length (wy,w;) = 2 — 2n.
Consider the Hodge isometry v (5.3). We obtain a Hodge isometric em-
bedding
= gog othopou : H*(S1,Z) — ﬁ(S2,Z).

Now the K3 lattice has only one O(H(S2,Z))-orbit of primitive isometric
embeddings into the Mukai lattice. Hence H (So,Z) splits as a direct sum

T1(H?(S1,Z)) @ Uy,

where Us is isometric to the hyperbolic lattice U. Furthermore, we have a
splitting
ﬁ(slaz) - Ll(H2<517Z)) S5 U17

induced by ¢1; here Uj is also isometric to U. Hence we can fix an isometric
embedding
B:U, — Uy C H(Sy,7Z)

and extend 77 to a Hodge isometry
0:=7,®8: H(S),Z) — H(S,,7Z).

In particular, this shows that the surfaces S7 and Sy are derived-equivalent,

by Orlov’s theorem (|Or|). The situation is summarized in the following di-
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agram:

H2(S,,2)—“~ H(S,,Z) —%—~ H(S,,7)

U
1
] L)

Jo»

H2(M,Z) > HX(M>, Z)
Now consider the homomorphism

’(Z) = 902 0008011. . H2(M1,Z) — H2(M2’Z)

Let us show that

P opioL =1 oprou;

in other words the two maps coincide, when restricted to the sub-Hodge
structure o1 o 11(H?(S1,2)) C H*(My,Z):

Josmobl = 802090(9010801‘“1)

(by the definition of 1))

= o (foun)

(because goi o (1 restricts to the identity on vi)

= 2011

(by the definition of )
= (p2oph)ovopion

(by the definition of 77)
= Yopion

(because gog is a right inverse to ¢2).

(5.4)

The sublattice Uy C I:j(Sl,Z) has a basis e1, ey given by the standard
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generators of H°(S1,7) = 7Z and H*(S1,Z) = Z. Then 6(e1),0(e2) is a basis
for Uy C fI(SQ, Z) and we can write vy € Uy as

ve =1r16(e1) — s16(e2),
where 71 and s; are coprime integers satisfying |r1s1| = n — 1. Put
wy = r16(e1) + s16(e2).
The vector we generates the sublattice UQL C Us. Since
wy:=0o cp{(wl) € Us
is a primitive vector of length 2 — 2n, we can write it as
w1 = rof(eq) + s26(e2),
where rg and sg are coprime integers satisfying |reoss| = n — 1. Now the map
2 H(S2,Q) = H*(M2,Q)

has kernel Qus.

Hence
Vo + Wo 1 ~
0 — -
pa(f(e1)) = paf o ) o P2 (W)
and _
W — V2 1 ~
0 = = — .
pa(B(e2)) = paf 2o, ) 281902(w2)
In particular,
Ty = (@) = (72 1 2o (i
Y(wr) = p2(wr) = (21”1 + 251)902(102)-

Now since 2(Ws) generates 1 o o1 o 11 (H2(S1, 7))+ and 1 (w;) generates
Yoo (H?(S1,7Z))*t, we obtain that oo (ws) = £1)(w1). In the following,
we modify the homomorphism {DV to a homomorphism which coincides with
1. Let

[Ag,] =mg+m2 + M4
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be the Kiinneth decomposition of the cohomology class, Poincaré dual to the
diagonal in S7 x S;. By the Standard Conjectures for surfaces, the classes

i, = 0,2,4 are algebraic. Given a,b € Q, define the algebraic class
[Ag, (a,b)] == amy + w2 + by, (5.5)

and let
Piag, (b)) H(S1,Q) — H(S1,Q)

be the corresponding homomorphism, induced by the algebraic correspon-
dence [Ag, (a,b)]. The map ®(ay (4] sends a class (p,l,q) € H(S1,Q) to
the class (ap, , bg). Since ry and sg are coprime, we can choose u, v satisfying

rou + sev = 1 and put a = 2ryu, b = 2s7v. Now consider the morphism

Y= 02000 @ag (ap)) © ol

We obtain the following equality:

Popron = p2000Pag (ab) © (] 0 1 001)
(by the definition of ¢)

= 2000 (Pag (ab)© 1)

(because cp]i o (1 restricts

to the identity on vi)
= @200
(because P(Ag, (ab)) TESETICES

to the identity on 1y (H?(S1,7)))

= Yoprou(by (5.4)).
(5.6)

In particular, the restrictions of 1; and 1’ to the sub-Hodge structure o1 o
11(H%(S1,Z)) € H*(My,Z) coincide. Furthermore:
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P'(wi) = p2000Pag (ap) © ] (wr)
= ¢2000Pag (ap)(r2€1 + 5262)
= @20 9(0,7’261 + b8262)

= argp2(0(er)) + bsapa(0(e2))

_,ary | bsy .
= (QT1 + 251)902(102)
_ 2riury 251089 -

= (urz +vs2)pa(w2) = pa(wa) = P(w1).

(5.7)

Note that the map 0 is a Hodge isometry between fI(Sl, 7) — E[(SQ,Z);
it follows from a theorem of Ploog (|Pl]) that either

0 =&, or 0 =Dg, o ®,

where @ is an isometry induced by a derived equivalence between S7 and S
and Dg, is the duality operator on ﬁ(Sl,Z). This implies that 6 also has
an algebraic kernel. Furthermore, the map ¢’ is given by an algebraic corre-
spondence, since it is the convolution of the correspondences ng{, N s, (a,b)]>
6 and 9. Finally, (5.4)-(5.7) imply that the maps 1’ and v coincide and we

are done. |

REMARK. Examples of a Hodge isometry v, which is not a parallel-transport
operator (and hence is NOT induced by a birational map between X and
Y) are constructed in [Mar4, Ch. 4|. There S; = Sy = S, X = Mpg(v1),
Y = Mpg(va), where v; = (11,0,s1) € H(S,Z), vy = (r2,0,s2) € H(S,7Z)
and n — 1 = r181 = ras9; in addition, the numbers r;, s; satisfy ged(ry, s1) =
gedre,s9 =1, 11 < 81,72 < 82, and 11 # r3. The above theorem shows that
such isometries are induced by algebraic classes.

As pointed to us by D. Ploog, it is an interesting open question whether

moduli spaces, which parametrize objects with compatible Mukai vectors on
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two derived equivalent surfaces, are also derived equivalent. If this were true,

then Thm. 5.2.3 would be a trivial consequence of it.

Next we consider examples of Mukai vectors with ¢;(v;) # 0. We need
to fix some data first. Start with an integral Hodge isometry between the

cohomology lattices of two derived equivalent K3 surfaces S1 and S
0:H(S),Z) — H(S2,Z). (5.8)

Let H € H%'(Sy,Z) be a primitive element, satisfying (H, H) # 0 and put
2l := (H, H). Fix integers r, L, S, satisfying the following conditions:

r>1,(L,r)=(S,r)=1,rl—LS>0.

Put
m:=rl— LS P:=L—mr

and note that
(P,r)=(L—mr,r)=(L,r)=1,m=—LS (mod r).
In particular P is invertible modulo r and we can fix an integer s, satisfying
s=—P! (mod r),
which is equivalent to r | Ps + 1. Note also that
S=-mL'=-mP™' =ms (mod 7).

Hence r | S — ms and we can put @ := % Let A7 be a rank two lattice

with Gram matrix

- 2s rQ + 2t 5 g
= Pst1 (5:9)
rQ + = 2PQ

with respect to some fixed basis {h1, ha}. A simple computation shows that
the vector h := mhy + ha has length (h, h)r = 2I. Note that, by [Nikl, Thm.
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1.2], there always exists a primitive isometric embedding
K : AT — HQ(Sl,Z)

(independently of the signature of Ar). Moreover, since OH?(S1,7Z) acts
transitively on the primitive vectors of length 2/, we may assume w.l.o.g.
that x(h) = H. Now put

H1 = Iﬂ:(hl),HQ = H(hQ).

Let U be a hyperbolic lattice with basis {e1, e2}. Then it follows immediately
from the definition of r, s, P, Q), H1, Hy that the map

j:U — H(S1,Z),e1 — (r?,rHy, s),ea — (P, Hy, Q)
defines a primitive isometric embedding. Moreover the vector
vy := (rL,rH,S) =mj(e1) + rj(ez)

is effective (in the sense of Def. 1.3.1), of square (vi,v1) = 2mr. Then the
moduli space M1 := M (v1) is a smooth IS manifold of dimension 2mr + 2,

for some stability condition o in Stab(S1). Now put

Vg = 0o Q[Asl(%ﬂ‘)] (U)

Now vy is integral, because

vz = 0(Pp1 (miler) +1j(e2)))
= me(q)[A(%,r)]((TQJ'Hla s))) + re(‘I’[A(%7r)](<P7 H»,Q)))
= mé((r,rHy,rs)) +’I“9((§,H2,’FQ))
= mré((1, Hy,s)) + 0((P, THQ,TZQ)).

It is also primitive in the hyperbolic sublattice of H (S2,7), spanned by
0((1, Hy,s)) and 0((P,rHs,72Q)). Since the latter sublattice is a direct

summand in I:T(Sé, Z), ve is also primitive in ﬁ(SQ,Z). Furthermore, vs is
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effective of square (v2,v2) = 2mr and the moduli space Mg := M (v2) is a
smooth IS manifold of dimension 2mr + 2, for some stability condition 7 in

Stab(S2). Now let ¢ denote the map
Y= o000 (I)[Asl(i,r)] o go]i : H*(M1,Z) — H*(Ms, Z).

The map v is induced by an algebraic class, by definition. Furthermore, we

have the following proposition:

Proposition 5.2.4

The map 1 1s an integral isometry, which is not a parallel transport operator.

PrROOF. Put 0 ;=00 (I)[As (r, 1)) To show that ¢ is integral, it is enough to
1 i

U

show that the rational isometry
61 : H(S1,Q) — H(S2, Q)
restricts to an integral primitive isometric embedding
v1 @ Uf — E(SQ,Z).

That vy = 0;(v1) is integral and primitive was already shown above. (*)
Furthermore, we have that vi = j(U)* @ (w), where w := mj(e1) — rj(e2).
Analogously to (*), 6; restricts to an integral primitive embedding on the
rank one sublattice (w). (**)

Now let (a,G,b) be an element of j(U)*+. Since (a,G,b) is orthogonal to

j(e1), we obtain the relation
r(G, Hy) = as + br?.

This immediately implies that a = ra; for some integer a1, because s and

r are coprime. Hence

01((a,G,b)) = H(q)[A(%,r)]((ra’lvab)))
= 6(a1,G,rb),
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i.e. the restriction of 6; to j(U)* is integral. It is also primitive by the
unimodularity of j(U)+ = Ags. (***)

(*)-(***) imply that the restriction of 01 is to v1@wv{ is a primitive isometric
embedding into H(So, 7).

For the second part, assume that 1 is a parallel transport operator. Then,

by [Marl, Cor 7.4] there exists an integral isometry
U H(S,,Z) — H(S2,Z)
such that the following diagram commutes:

H(Sy,7) —L— H(S»,7)
A ]
H2(M,,Z) —Y~ H2(M>, 7)
Note that

\I/(’Ul) = i’l}g, (510)

because they both generate @Q(HQ(MQ,Z))L. But
U (v1) = r¥(jler)) + mP(j(ez)),

whereas

vy = mrd((1, Hy, s)) + 0((P,7Ha, *Q)).

This contradicts (5.10), because both pairs {¥(j(e1)), U(j(ez2))} and
{6((1, Hy,5)),0((P,rHs,72Q))} are standard integral bases of the hyperbolic
sublattice W(j(U)) C H(Sy,7Z) and, up to sign and permutation, the vector
U(v1) has the same coordinates with respect to any standard integral basis
of W(j(1).

]

In the following proposition we express the maps ® 4 (qp) in terms of Todd

classes.
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Proposition 5.2.5
We have that
Pag(ap) = Prs

where T := [Ag| + p* “Vitds — ¢* "V/tds.
PRrROOF. Since

\/@: (1,0,1) € f_j(svz)a

we have that %/tdg = (1,0, m) for m € Q. It follows that

P . a+\1/@((r, H,s)) = (s+(a+1)r0,0),

<I>q* l—btds((r, H,s)) = (s,0,(1—0)s).

Hence

Op((r,H,s)) = (d+ P aryggs — P 1-ya5) (1 H, 5))
= (r,H,s)+ ((a—1)r+s,0,0) — (s,0,(1 —b)s)
= (ar,H,bs) = Pagap ((r, H, s))

for all (r, H,s) € H(S,Z). |

The advantage of the cycle I' is that it has an obvious lifting to a global
algebraic cycle in any family § xp & — B of pairs of K3 surfaces — in
the above expression simply replace Ag by Ag, and p*v/tds, ¢*v/tds by the
pullbacks of the relative Todd cycles, associated to the family.

5.3 The case of twisted K3 surfaces

We would like to expand the previous discussion by considering pairs of
derived equivalent twisted K3 surfaces (51, 1) and (S2,a2) instead of the
derived equivalent surfaces S; and Sz in (5.8).

Let (X, ) be a twisted symplectic manifold and let £ be an a-twisted
sheaf of rank » > 0 on X. We make use of the normalized characteristic
class k(€) € H*(X,Q), defined in [Mar6, Ch. 2.2] as a formal r-th root of
the chern character of the object £ ® det(£)~! in D°(X) — here £ denotes
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the r-th derived tensor power of £ as an object in D°(X,a"). We start by
a comparison statement between #(€) and the character ch?(&), associated
to a B-field lift of a (cf. Eq. (1.12)).

Proposition 5.3.1

For every a-twisted sheaf £ of rank r we have the equality

K(E) = chB(E)exp(—cP (&) /7).

PrROOF. This can be easily seen by using Heinloth’s note on the computa-
tion of gerbe cohomology — cf. [Hei|]. To each a-twisted sheaf, the author
associates chern classes taking values in the cohomology group H*(X%, Q)

of the gerbe X®. Furthermore, if « is torsion, then, by [Hei, L. 1],
H*(X*,Q) = H*(X,Q)[[2]],

where z is the first chern class of a (differentiable) bundle on X, or, equiv-
alently, an a-twisted bundle on X of weight one. As shown in [Hei, Ch. 4],
whenever the Dixmier-Douady class of a in H3(X,Z) vanishes (i.e. when-
ever « is topologically trivial), there exists a (differentiable) line bundle Lp
on X% associated to a B-field lift of a and if we put z := ¢;(Lp), the
H*(X,Q)-valued chern character ch®?, defined by Huybrechts and Stellari
satisfies
ch(F) = chP(F)exp(z) = ch(F @ L") exp(2)

for every a-twisted sheaf F' on X. Now put 7 := a; note that det(€) is an
(algebraic) line bundle on X7, which means that 7 = 1 € H2 (X, 0%), i..
the cocycle, associated to X7 is a coboundary and the gerbe X7 is, in fact,

in the class of trivial gerbes. Let us put

w:=c1(det(€)) € H(X7,Q),z :=c1(Lg) € H*(X7,Q).
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We have

ch(F) = ch(F @ det(E)™!) exp(w)
= ch(F® Ly")exp(%)
= ch"B(F)exp(?) (5.11)

exp(w) = exp(Ly" ®det(£))exp(?)
— exp(Li} ® det(£)) exp(2)
— exp(¢f (det(£))) exp(Z)
— exp(cF(€) exp(3) (5.12)

Hence, if we substitute (5.12) in (5.11) and compare the H*(X,Q)-valued

coefficients of exp(w), we obtain
ch™B(F) = ch(F ® det(€)™!) exp(—cP (&),

for every t-twisted sheaf F. In particular, if we consider the multi-Tor

sheaves, associated to £ and defined in [Mar6, Ch. 2.2], we obtain

n

R(E) = Y (—1)ch(Tory(€,r) @ det(E)™") (by def.)

i=1

= Z(—l)ichrB(TOTi(g,T))GXP(—C{B(S»
i=1

= ch"™B (&) exp(—cf(€))

T
= (chp(&)) exp(—cP(&)) (by [HSt1, Prop. 1.2.ii)]).
By using a suitable Taylor expansion, we can take r-th root on both sides
of the above identity and obtain the desired result — note that units in the

torsion-free ring H*(X, Q) have unique r-th roots. [ |

Now let (S1, 1) and (S2, a) be two derived equivalent twisted K3 surfaces.
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Choose two B-fields By and Bs and let
0 : H(Sl, Bl, Z) — EI(SQ, BQ, Z)

be an isometry induced by the class ch®(€) of a twisted universal sheaf of
rank r > 0; here B := By H Bs. Let

' (€)=p"g+q"h
be the Kiinneth decomposition of ¢?(€) € H?(S; x So, B,Z). Furthermore,
let
0 : H(51,Q) — H(5,Q)

be the rational isometry induced by the class k(£)p*\/tds,¢"\/tds,. Sup-
pose that v, € fI(Sl,Bl,Z) is an effective Mukai vector of the form vy =
(rL,rH,S) — here L and S are fixed integers, satisfying the conditions from

the previous section. Assume further that » = 72 and h have the form r = 72

?

h = Fﬁ, for some integer . Then the following holds:

Proposition 5.3.2
The rational isometry 0, restricts to an integral primitive isometric embed-
ding
v1 B vp < H(S2,7).

Proor. By Prop. 5.3.1, the following diagram commutes:

H(S1,Q) — 22— H(S2,Q)

exp(;‘f)T Texp(_f’)
H2(Sy, By, Z) —2~ H?(S,, By, 7.)

Recall the following identity, which follows from the projection formula:

(P aU (p BUG)) = ¢ (p (@UB)UG™Y)) = x(aUpB)y (5.13)
= —(a,Ds,(B))y (cf. (1.5))
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for any «, 5 € H*(S1,Q),vy € H*(S2,Q).
Now, choose a basis {e;},i = 1,...,22 of H?(S},Z) and put

0((0,0, 1)) = (rg,ll,s);
9(61) = (Ti,hi,si),i: 1,...,22;
0((1,0,0)) =: (P12, Q).

Denote by [3]; the j-th graded piece of a cohomology class .
We obtain the following identities from (5.13)

ro = [g.(p"(0,0,1) UvP(&))]o =

= [g:(p*(0,0,1) U " (1k(€),0,0))]o = 7;
ri = la(p e UvP(E))o

= [a(p*e; Up*g U q*(1,0,0))]o = (e, 9)
b= [a(p"(0,0,1) Uv(E))]

= [g(p*(0,0,1) Uq"h)]2 = h.

Note that h? = 2rs because 6((0,0,1)) = (r, h, ) is isotropic. We can now

express explicitly the map 6,; in terms of the integral map 6:

9:((0,0,1)) = ep(—) Ublexp(-£) U (0,0,1)

= exp(T) U((0,0,1)) = exp(—) U (r0, 11, 5)

—h h
= eXp(T)U(TahNS):(Tah_T'T S+r-—m-——)=

Oule) = exp (_Th)ue(exp(—i)Uei)

= () Uble -~ (0.0, (ei,:g’»

= exp(T) U (i, hiy 8;) — eXp( ) U— (7“, h,s)

h h2 ( i)
= (rihi —ri —sitrig 5 ———) = (r:,0,0)
h i i h
(0 T e s W) WP
r T T r

Since 6, is a rational isometry and 6,((0,0,1)) = r(1,0,0), from the above
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expression we can deduce that 6,((1,0,0)) = %5, where € is a primitive
integral isotropic vector. By assumption, 7 and h have the form r = 72,

h = 7h. Then the orthogonality relation

implies that 7(h, h;) = 72s;+r;s, which means that 7 | r; (note that (7, s) = 1
by the primitivity of (72,7h, s)), i.e. the vectors ,(e;) = (0, h; — %E,O) are
integral. From this we can conclude, as in the proof of Prop. 5.2.4, that 6,
restricts to a primitive isometric embedding on vy @ vi-. |

Now put Mj := M, (v1) for some stability condition o in Stab(St, a1),
and let vy € H(S2, Q) denote the integral vector O (v1). Put My := M. (v3)

for some stability condition 7 in Stab(S2, as). Now let ¢ denote the map
=900, 0 apJ{ : H* (M1, Z) — H*(Ms, 7).
As a corollary of Prop.5.3.2 we obtain the following:

Corollary 5.3.3

The map ¥ is an integral isometry, which is not a parallel transport operator.

REMARK. In this chapter we assumed throughout that the Hodge partners
X and Y can be represented as moduli spaces of objects on a (twisted) K3
surface. It is reasonable to expect that this assumption could be dropped if
one is willing to work with noncommutative spaces. This is closely related
to the problem of associating to a general IS manifold X of K3 -type a
so called K3 category DP(A) ([HMSt1, Def. 2.1]), and representing X as
a moduli space of objects in this category. The general K3 category can
be thought of as a noncommutative deformation of D°(S) (for a K3 surface
S) without point-like objects. If we understand correctly, one aim of the
forthcoming work [MM] is to associate to a global commutative deformation
of a moduli space of sheaves on a K3 surface a (generally noncommutative)
deformation of the surface. At least locally to first order, there is a natural

way to do this — cf. the example following Def. 6.2 in the next chapter.
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Chapter 6

Deformations of twisted FM

kernels

In the previous chapter, we represented certain Hodge isometries as a convo-
lution of algebraic correspondences, given by characteristic classes of (quasi)-
universal sheaves (and their adjoints) on the product of a K3 surface and
an IS manifold, tangent sheaves and FM kernels on the product of two K3
surfaces. It is natural to study these objects in families. Global deformations
of the convolution of a universal sheaf with its adjoint on the product of a
moduli space of sheaves on a K3 surface with itself are studied in [MM]. In
this chapter we give a small glimpse of the local (noncommutative) deforma-
tion theory of FM kernels on the product of two (twisted) varieties, such as
K3 surfaces.

Let X be a smooth projective variety, wx its dualizing sheaf and
ox: X = X xX

the diagonal immersion. Let us recall the basic facts about the Hochschild
structure on X, following [CW]| and [Cal3]. First we define the Hochschild
cohomology and homology groups of X:
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Definition 6.1

HHi(X) = Home(XxX)(OAxaoAx[i]),
HH;(X) := Home(XXx)(éx*(w}/([i—dimX]),OAX).

The group HH*(X) := @@, HH*(X) has a graded ring structure and HH,.(X) :=

@, HH;(X) has a left module structure over it. There is an isomorphism

Lo%Oa, — @D Qixli]

(2

called the Hochschild-Kostant-Rosenberg isomorphism. It induces the graded

identifications

Inkr : HH;(X) — HQY -

D H(X. %),

q—p=i
IM8R HHY(X) — HTY = @ H(X,T).
q+p=i
These are usually modified with the square root of tdx, which makes them

compatible with the product and module structures on both sides in some
cases (cf. [NWMS]):

iHKR = ((—)_l\/ tdx) o IHKR and THKR = ((—) A th) ¢) IHKR-

The group HH?(X) parametrizes the so-called noncommutative first-order
deformations of X. By this we mean the deformations of the category of Ox-
modules mod — Ox (and its attendant subcategory Coh(X)) as an abelian
category, in the sense of [LvdB|. These include, but do not exhaust the
first-order deformations of Ox as a sheaf of associative algebras — to such a
sheaf Ax, we can associate the abelian category of left Ax-modules mod —
Ax. However, each deformation A.,c € HHQ(X ) does admit a geometric
description as a category of X.-modules mod — X, where X, is a C(e)-linear
stack of algebroids in the sense of Kontsevich (|[Kon|) — cf. [Lowl]|. In the
context of deformation quantization, algebroid stacks over the power series

ring CI[[t]] (also known as D@Q-algebroids) have been extensively studied in
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[KS].
In fact, by using the HKR isomorphism to identify HH?*(X) with

2
HY(X, \Tx)® H' (X, Tx) ® H*(X, Ox),

the first-order deformations can be described rather explicitly — cf. [Tod,
Ch. 4]. The elements of H!(X,Tx) are the Kodaira-Spencer classes, which
parametrize the usual deformations of X as a scheme, the elements of HO(X, A Tx)
can be considered as bidifferential operators Ox x Ox — Ox that determine
an associative product (a so-called *-product) on the module Ox @ Ox to
give a deformation of Ox as a sheaf of associative algebras (a *-algebra),
whereas the elements of H2(X,Ox) correspond to the deformations of X as
a Gp,-gerbe.

Deformations over more general local rings (R, mp) than C(¢) are parametrized
by the so-called Maurer-Cartan elements of I'(X, g(X) ® mp), where g(X) is
a differential graded Lie algebra related to the Hochschild cochain complex
of Ox — cf. [BGNT1] and [BGNT2].

Now to each FM transform
de : DY(X) — D(X)
there is an induced functorial map in Hochschild homology
(Pe)un : HHL(X) — HH,(X').
If ®¢ is an equivalence, there is also an induced map in cohomology
oM HH*(X) — HH*(X)

—cf. [CW, Thm. 8.1].

However, when X and X' are IS manifolds, we can still associate a natural
map <I>§H in Hochschild cohomology to a certain type of functors, other than
equivalences. In the following, we use H*(X,C) and HQ% interchangeably

— we identify them via the natural isomorphism, coming from the Hodge
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decomposition. Let us define
(I)?Q = IHKR @) ((I)S)HH (¢] IIEII(R

Note that the isomorphisms H*(X,C) = HQY% and H*(X',C) = HQ%,
conjugate ®F to ®H? — cf. [MSt, Thm. 1.2]. Here ®F denotes the co-
homological transform ®% : H*(X,C) — H*(X’,C), induced by the class
v(E).

As is well-known, contraction against a symplectic form
ox € H'(X,0%) = H*°(X)

yields isomorphisms A\’ Tx = ?{j for 7 > 0 (cf. e.g. [AdT, Ch. 6.3]). Pass-
ing to cohomology and conjugating with the modified HKR isomorphisms,

we obtain an isomorphism
Yoy : HH*(X) = HHp_ . (X).

Definition 6.2

Let us call ®¢ a functor of Hodge type, if @gQ restricts to an isomorphism
a*0(x) = 7*°(X') c HQ .
Now given a functor of Hodge type ®¢, put
oxr = dH%ox).
Then o/ generates H*?(X’) and we can define
=] o (B o Yoy

Note that, although the isomorphism v, , depends on the choice of a sym-
plectic form ox (by scaling), the map @?H doesn’t depend on this choice.
Also @?H coincides with the usual definition, whenever ®¢ is, in addition,
an equivalence — this follows from the compatibility of the modified HKR
isomorphisms with the module structures (HH*, HH,) and (HT*, HQ*) for
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varieties with trivial canonical bundle — cf. [NWMS, Thm. 1.2].

Now let S be a K3 surface and M — a moduli space of sheaves on S, of
dimension greater than two. Suppose there is a universal sheaf £ on .S x M.
An example of a functor of Hodge type that is not an equivalence is furnished

by the right adjoint to ®g¢:
dg,. : D' (M) — D(9).

This is because H2%(M) = Co is not in the kernel of the restriction of
OH to HQ Y

HY  HO? — HOG2 = H2(S).

This follows from

(pe(@s), 0Mm)
= ()‘E./VUO-M) 7& 0.

(@5, D5, (0M)) = (BF (F5), oMm) = (2 (T5)]2, 01)

Above g denotes a generator of H*2(S), A\ € C* is a non-zero scalar, and
pe denotes the Mukai homomorphism. In particular we obtain a well-defined
map

o HH2(M) — HH2(S),

which associates to any first-order deformation of M a (possibly noncom-
mutative) deformation of S.

Next we recall a couple of statements about small deformations of FM
equivalences in the untwisted case. For an algebroid stack X on a smooth pro-
jective variety X, D°(X) denotes the bounded derived category of Coh(X),
DP(mod — X) is the bounded derived category of mod — X, whereas D? , (X)
denotes the full subcategory of D°(mod — X), consisting of objects with co-

herent cohomology.

Theorem 6.3 (|Tod, Thm. 4.7])
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Let X and'Y be smooth projective varieties and let
ds : DY(X) — DY)

be an FM equivalence with kernel £ € DY(X x Y). Then for any first-order
deformation Xq, o € HH?(X), there is a deformation Yg, where

8 = 8" () € HE(Y)

and a deformation of € to an object g of D°(X_, xYpg), such that the induced
FM transform
®z: D¥(Xa) — D*(Yp)

s an equivalence.

In the analytic setting, there is also a general statement for certain higher-
order nilpotent thickenings of a complex manifold, called x-quantizations;
these are a special type of R-linear algebroid stacks, locally isomorphic to
stacks of right invertible modules on a x-algebra — cf. [ABP, Def. 2.1.13];
here R denotes the standard Artinian ring C(¢)/(t") for some n > 0. How-
ever, note that, unlike Thm 6.3, the Fourier-Mukai kernel in the following

statement is assumed to be concentrated in degree zero, i.e. it is assumed to
be a sheaf:

Theorem 6.4 (|[ABP, Thms. 2.2.1-2])
Let X and'Y be complex manifolds and let

dg : DY (X) — DL, (V)

coh coh

be an FM equivalence with kernel £ € Coh(X x Y') and suppose further that
the support of € is proper. Then for any *-quantization X of X, there is a
«-quantization Y of Y and a deformation of € to € € Coh(X? x Y) such
that the induced FM transform

Oz : DLy (X) = DLy (Y)

coh coh
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is an equivalence.

The proof of the above statement is rather involved — the authors’ strat-
egy is to reduce the problem to a problem of deforming a coalgebra in the
category of D-modules on quantizations. In [ABP, Ch. 1.4], the authors
assert that their methods can be adapted to prove a stronger statement on
deformations of FM-kernels on G,,-gerbes.

Given a twisted variety (X, «), let A denote the endomorphism algebra
sheaf End(F) of a locally free a-twisted sheaf F of rank r, where r is the
order of av in Br(X). The sheaf A is also known as an Azumaya algebra (i.e.
an étale locally matrix algebra) over Ox. Denote its opposite algebra by
A°P and its external enveloping algebra sheaf (on X x X) by A° := AX AP,
The Azumaya algebra A is very ’close’ to Ox in a precise sense — many of
their additive invariants, such as algebraic K-theory, Hochschild homology,
cyclic homology, etc. are isomorphic (modulo torsion) — cf. [TvdB, Cor.
3.1]. By |Lie, Prop. 2.2.2.3], applying the functor Hom(F,—) produces an
equivalence between of a-twisted sheaves on X and the category of right
modules A — mod, that we prefer to write as mod — A°. The Hochschild
cohomology of A is defined as

HHR(A) = Home(M_Ae)(éX*A, 5)(*./4[77,])

More conceptually, HH"(A) should be interpreted as a group of natural
transformations Hom(14, 14[n]), where 1, is the identity quasi-endofunctor
of a dg enhancement a of the category D?(mod — A€) — cf. [Ke].

The following statement is probably well-known to experts, but we couldn’t

find a reference and so would like to give an argument anyway.

Theorem 6.5
Let X and Y be smooth projective varieties and let A, B be Azumaya algebras
over X, resp. Y. Let

(I)S : ch)oh(A) — DZoh(B)
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be a Fourier-Mukai equivalence with kernel & € Db, (AP X B). Then for
any first-order deformation A,, o € HH2(A), there is a deformation Bg, B €
HH?(B) and a deformation of € to an object of Db, (AY x Bg) such that the

coh

induced Fourier-Mukai transform

coh coh

Dz DLy (Aa) = Doy, (Bg)

s an equivalence.

ProOF. Put C := A°? X B. Consider £ as an object in D°(mod — C)
via the natural inclusion D%, (C) C D’(mod — C). An element of ¢ €
HH?(C) is by definition a morphism between the objects (§xxy)«C and
(6xxy)«C[2] in D(mod — C¢). Considering them as FM kernels, we can
evaluate this map at an object F € D’(mod — C) to obtain an element

xe,F(c) € EXt’ZDb(mod7C) (F,F). We obtain a characteristic morphism:
xe,r : HHA(C) — Exthy 00 ¢y (Fs F)- (6.1)

Since mod — C has enough injectives (cf. e.g. [Lie, L. 2.2.3.2]) we can
use the obstruction theory, developed in [Low2|. In particular, according to
[Low2, Cor. 4.9] the element x¢ r(c) is an obstruction to the lifting of F to
an object F of the deformation D?(C..).

Now we can use the product structure on C and the standard method of
Toda of representing the zero element in Ext%b (mod—C) (€,€) as a sum of two
"opposite" obstruction classes, coming from deforming one of the factors,
while keeping the other one fixed.

Consider the products X x X xY and X xY x X x Y, and let p;; and ¢;;
denote the respective pairwise projections. Let 0 : X x X — X x X denote

the standard involution of the two factors. Let
£ % (=) : D’(mod — A°) — D’(mod — C)

be the functor induced by left convolution with £ — it is an equivalence of

88



categories, since ®¢ is. Furthermore, define the functor
& : D’(mod — C%) — DP(mod — C), F — Rgsa(F @ ¢15€)

(recall that we can tensor left C¢ modules by considering them as (C,C)-
bimodules).

Now let us consider the natural map
p*: HH?(A) — HH?(C),a — a K 1.
It is induced by evaluating the functor
(id x dy).pia(—) : D°(A°) — D*(C°)
at Hom(dx4(A),0x+(A)[2]). Let us show that the map
Xege opt: HH2(A) — Ext?(&,€)

is an isomorphism. Note that, by definition, the map xc ¢ o p* is induced by
evaluating the functor ®o(id x dy ), op*y(—) at Hom(8x+(A), 5x+(A)[2]). But
the functor ® o (id x 8y ), o p¥y(—) is naturally isomorphic to the equivalence
E x (04(—)) — cf. e.g. the proof of [Tod, L. 5.7|. This implies that the map

Xc,e o p* is an isomorphism. Analogously, we obtain an isomorphism
xeeoq”: HH2(B) — Extz(f,g).

Now put
a:=xceop*(a) and §:= (xce0q") ' (~a).

We obtain

xce(aBB) =xceop™(a) +xceoq (B) =a—a=0.

In particular, the obstruction vanishes and the object £ lifts to an object
& € D’(mod — AP x Bg). This means that Li*€ = & — here

ix : D’(mod — C) — D°(mod — A% x Bj)
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is the exact inclusion functor, and
Li* : D’(mod — A? x Bg) — D~ (mod — C)

is the left adjoint restriction functor. Furthermore, € fits into a distinguished
triangle

1xE —> £ 14E.

This implies that £ € Db, (A x Bg), since i, preserves coherence. The
(A,)) C D°, (Bg) and the statement that dz is an equiv-

. . _ b
inclusion ®z(D ook,

coh
alence are proven as in [ABP, L. 5.4.8] and [ABP, Prop. 5.4.9]. There is
an alternative approach to showing that ®z is an equivalence, similar to
[HMSt1, Prop. 2.12] — we can use dualizing complexes on algebroid stacks
(cf. e.g. |KS, Ch. 23], where Serre duality for DQ algebroids is treated)
to obtain a left adjoint @5L to ®z. Since ®¢ is an equivalence, the adjunc-

tion counit @z o &z — id restricts to an equivalence on the subcategory
L

b

b (A x Bg), the adjunction counit

ixDP , (C); since the latter generates D
is an equivalence on the whole category D%, (A% x Bg), hence @z is fully
faithful. A similar consideration for the adjunction unit shows that <I>§L is

also fully faithful. Hence & g, is a quasi-inverse and ®; is an equivalence. W

REMARK. It could be possible to extend the above result to higher-order
thickenings (and even formally) without resorting to D-modules, by devel-
oping an obstruction theory, based on relative Hochschild-Atiyah classes,
mimicking the approach of [HTh|. For many geometric applications, it is im-
portant to represent the obstruction class as a composition of a Hochschild-
Atiyah class and a deformation class — cf. e.g. [AdT, Ch. 7], |[BFL, Ch. 5|,
[HMSt3, Ch. 3|, [HTh, Ch. 3]. In the notation above, the Hochschild-Atiyah
class AH (&) is the element of Hom(E, L&% . v 0xxy+«C @ £), obtained by
applying the adjunction unit

7 :0xxy«C — xxv«LOx  yOx xysC

(viewed as a morphism of FM kernels) to the object £. Let ¢ € HH?(X) and

consider ¢ as an element of Hom(L6% .y 0xxv«C,C[2]) by adjunction. The
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composition ¢ ® idg o AH(E) yields the class xce(c) € Ext*(€,€). In the
untwisted case, the class AH (&) is mapped to the exponent of the classical
Atiyah class A(€) via the HKR isomorphism — cf. [HMSt3, Rmk. 3.4].
Although we do not use a HKR-type isomorphism between the Hochschild
cohomology of an Azumaya algebra and the cohomology of its polyvector
fields, it is still available in this generality as a special case of [CvdB, Cor.
1.4], where such statement is shown for Lie algebroids over a ringed site. In
fact, it was shown in [BGNT2, Cor. 35|, in the analytic setting, that the
Hochschild cochain complex of an Azumaya algebra is quasiisomorphic to

the Hochschild complex of its underlying complex manifold.
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