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Abstract

This thesis deals with unilateral contact problems with Coulomb friction. The main
focus of this work lies on the derivation of the dual-dual formulation for a frictional
contact problem. First, we regard the complementary energy minimization problem
and apply Fenchel’s duality theory. The result is a saddle point formulation of dual
type involving Lagrange multipliers for the governing equation, the symmetry of
the stress tensor as well as the boundary conditions on the Neumann boundary
and the contact boundary, respectively. For the saddle point problem an equivalent
variational inequality problem is presented. Both formulations include a nondiffer-
entiable functional arising from the frictional boundary condition. Therefore, we
introduce an additional dual Lagrange multiplier denoting the friction force. This
procedure yields a dual-dual formulation of a two-fold saddle point structure. For
the corresponding variational inequality problem we show the unique solvability.
Two different inf-sup conditions are introduced that allow an a priori error analysis
of the dual-dual variational inequality problem.

To solve the problem numerically we use the Mixed Finite Element Method. We pro-
pose appropriate finite element spaces satisfying the discrete version of the inf-sup
conditions. A modified nested Uzawa algorithm is used to solve the corresponding
discrete system. We prove its convergence based on the discrete inf-sup condi-
tions.

Furthermore, we present a reliable a posteriori error estimator based on a Helmholtz
decomposition. Numerical experiments are performed to underline the theoretical
results.

Keywords. Mixed Finite Element Method, dual formulation, saddle point problem,
variational inequality, inf-sup condition, error estimator
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Zusammenf assung

In dieser Arbeit betrachten wir Ein-Koérper-Kontaktprobleme mit Coulomb Reibung.
Das Ziel dieser Arbeit ist eine Herleitung der dual-dualen Formulierung dieser Rei-
bungskontakprobleme. Ausgehend vom Minimierungsproblem der komplemen-
taren Energie leiten wir mit Hilfe der Fenchel’schen Dualitdtstheorie ein dquiva-
lentes Sattelpunktsproblem her. Dieses beinhaltet Lagrange Multiplikatoren fiir die
zugehorige Differentialgleichung, die Symmetrie des Spannungstensors sowie die
Randbedingungen auf dem Neumannrand und dem Kontaktrand. Fiir das Sat-
telpunktsproblem geben wir ein dquivalentes Variationsungleichungsproblem an.
Beide Formulierungen enthalten ein nichtdifferenzierbares Reibungsfunktional. Da-
her fithren wir mit der Reibungskraft einen weiteren Lagrange Multiplikator ein und
erhalten somit eine dual-duale Formulierung des Problems, welches eine zweifache
Sattelpunktsstruktur aufweist. Fiir das zugehorige Variationsungleichungsprob-
lem zeigen wir die eindeutige Losbarkeit. Basierend auf zwei Inf-Sup-Bedingungen
konnen wir eine a priori Analysis des dual-dualen Variationsungleichungsproblems
durchfiihren.

Wir verwenden die Gemischte Finite Elemente Methode zur numerischen Approx-
imation der Losung des Problems. Hierzu fithren wir geeignete Finite Element
Raume ein, welche die diskrete Version der Inf-Sup-Bedingungen erfiillen. Um das
diskrete System zu lsen, benutzen wir einen modifizierten, geschachtelten Uzawa
Algorithmus. Wir beweisen seine Konvergenz mit Hilfe der diskreten Inf-Sup-
Bedingungen.

Dartiberhinaus leiten wir einen, auf einer Helmholtz-Zerlegung basierenden, a pos-
teriori Fehlerschétzer her. Zudem stellen wir numerische Experimente vor, die
unsere theoretischen Ergebnisse bestatigen.

Schlagworter. Gemischte Finite Elemente Methode, duale Formulierung, Sattel-
punktproblem, Variationsungleichung, Inf-Sup-Bedingung, Fehlerschatzer
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1. Introduction

Contact problems in mechanics are investigated for more than hundred years. In
1881 Hertz [58] analyzed the so-called Hertz contact problem where he derives
analytical representations for the shape of the contact area between two elastic
spheres and determines the resulting contact pressure. The need for a more precise
analysis and simulation in manufacturing and other fields of engineering science
came along with better approximations of real life problems in terms of mathematical
models and their numerical resolution.

The mathematical theory of elasticity, see Sokolnikoff [79], is governed by Lamé’s
equation. Combined with Hooke’s material law we obtain problems of linear elas-
ticity. If the stresses occurring in a body subject to extern and intern forces exceed
a certain value, e.g. the yield stress, the theory of linear elasticity is no longer valid
and more complex nonlinear models have to be used, e.g. models for plasticity. For
an introduction to elasto-plasticity we refer to Ne¢as and Hlavacek [69]. The theory
of plasticity is described in Han and Reddy [57] and an overview of other inelastic
models can be found in Simo and Hughes [78].

The second field where nonlinearities appear are contact boundary conditions. In
the simplest setting some linear elastic body is coming into contact with a rigid fric-
tionless foundation. This is the so-called Signorini problem, see Kikuchi and Oden
[63]. As the material points of the body must not pervade the rigid foundation they
satisfy a nonpenetration condition, which is an inequality condition. Therefore, the
theory of variational inequalities is closely connected to contact problems. In most
cases contact problems are formulated in terms of variational inequality problems.
Duvaut and Lions [31], Glowinski et al. [53], Kikuchi and Oden [63] and Necas et al.
[60] give an elaborate review of this topic. An abstract introduction to variational
inequalities can be found in Kinderlehrer and Stampacchia [64] and Glowinski [52].
In the latter work the author distinguishes between variational inequalities of the
first and of the second kind. Variational inequalities of the first kind are restricted
to a convex set. For example the displacement field solving the Signorini problem is
restricted to all vector fields that do not violate the nonpenetration condition. Vari-
ational inequalities of the second kind are formulated on a whole space but involve
a nonlinear convex functional, for example if the rigid foundation in the Signorini
problem causes friction. In this case the tangential part of the stress on the contact
boundary depends on the normal part. The common model of this phenomenon
is the Coulomb law of friction, where the absolute value of the tangential stress
cannot exceed a multiple of the absolute value of the normal stress, denoted as the
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1. Introduction

friction force. A simpler model is the law of Tresca friction. Here, the friction force
is assumed to be given.

There are several other models known in literature. Oden and Martins [74] give an
extensive overview. Johansson and Klarbring [62] consider additionally the influ-
ence of temperature and state a thermoelastic frictional contact model. Oden and
Pires [73] propose a Coulomb friction like model with a nonlocal relation between
tangential and normal stresses.

This work is limited to the case of unilateral linear elastic contact problems with
Coulomb friction. Since we deal with linear elastic materials, the contact problem can
also be stated as a minimization problem. The principle of the minimum potential
energy states, that the displacement field, solving the contact problem, minimizes
the potential energy of deformation. Similarly the corresponding stress minimizes
the complementary energy, see Sokolnikoff [79]. The first one is denoted as the
primal problem, whereas the second one is named dual problem. In this way
the displacement field is called the primal variable and the corresponding stress
tensor the dual variable. Tools from convex analysis, see Ekeland and Temam [32]
and Ito and Kunisch [61], allow us to reformulate the minimization problems as
saddle point problems, which on their parts are equivalent to variational inequality
problems, under certain assumptions. These tools are summarized in the theory of
Fenchel’s duality. The introduction of a saddle point problem is attended by the
usage of Lagrange multipliers. In the primal case the primal-dual problem regards
the displacement field as primal variable and the friction force as dual variable.
This approach is quite popular in literature. Glowinski et al. [53, 52] present an
extensive analyzation of this approach. Among many others we mention Suttmeier
[81] who chooses the primal-dual approach to solve grinding processes. Hild and
Renard [59] and Dorsek and Melenk [30] introduce the normal stress as well as
the tangential stress on the contact boundary as additional Lagrange multipliers.
The latter solves the problem with an adaptive hp-Finite Element Method. Finally,
Chernov, Maischak and Stephan [25] use the primal-dual formulation in combination
with an hp-Mortar Boundary Element Method to solve a two-body frictional contact
problem.

The main backdraw of solving the primal problem is the fact, that the stress tensor
denotes a more important quantity in engineering sciences. For example the stress is
a measure to determine plastic zones that may appear in a body under extern loads.
As in the primal formulation the displacement field is approximated, the stress
tensor has to be computed in a postprocessing which yields a further source of error.
For this reason, we propose in this work an approach based on the dual problem.
For the Laplace problem with unilateral frictionless contact boundary conditions
Wang and Wang [84] solve a dual variational inequality problem of the first kind.
A similar approach is used by Wang and Yang in [85] for a unilateral frictionless
contact problem in linear elasticity. Maischak [67] presents a dual approach for
a transmission problem with Signorini conditions, see also Gatica, Maischak and
Stephan [49]. The probelm is solved via the coupling of FEM and BEM. For a

2



transmission problem with friction a similar approach is presented by Maischak and
Stephan in [68]. Bostan, Han and Reddy [13] derive the dual formulation for a scalar
elliptic model problem involving a variational inequality of the second kind with the
help of Fenchel’s duality theory. Bostan and Han [12] extend this approach to some
linear elastic problem with Tresca friction and homogeneous normal displacement
on the contact boundary. Finally we would like to refer to Kunisch and Stadler
[65] who consider the linear elastic contact problem with Coulomb friction. Using
Fenchel’s duality theory they derive the dual problem with the friction function as
additional Lagrange multiplier for the contact problem with Tresca friction. The
authors have to regularize the problem to use a semi-smooth Newton method.
Finally, they use an augmented Lagrangian method to solve the original problem.

The approach within this work will include both, variational inequalities of the first
and of the second kind. We also apply the theory of Fenchel’s duality. But, unlike the
above mentioned approaches, where the conjugate problem of the primal problem
is derived, we will compute the conjugate problem of the dual problem. The first
approachresults in a dual minimization problem, usually involving dual variables as
the stress inside the body and its normal and tangential parts on the contact boudary.
In contrast, our approach leads to the primal problem with additional Lagrange
multipliers, denoting the displacement on the Neumann boundary and the contact
boundary. After applying the Fenchel’s duality theorem, we derive a saddle point
problem with the stress tensor as primary unknown. The displacement decomposed
into volume and boundary parts and the rotation of the displacement are considered
additionally in terms of Lagrange multipliers. Unfortunately, the corresponding
equivalent variational inequality problem involves a nondifferentiable functional.
To overcome this difficulty, another Lagrange multiplier, denoting the friction force,
isintroduced. This leads us to a problem having two-fold saddle point structure and,
as the friction force denotes a dual variable, to the term of a dual-dual formulation.

The notion of dual-dual formulations was first introduced by Gatica [34] in 1999.
Within this work the solvability of variational problems having dual-dual form
is presented extending the theory of Babu$ka and Brezzi. As an application a
nonlinear exterior transmission problem is considered, where the two fold structure
results from the coupling of the Boundary Element Method in the exterior region
with the Mixed Finite Element Method in the interior region. The work was first
presented as technical report and released in parts in [33] whereas the final version
[34] was published in 2002. The theory is extended to problems concerning plane
hyperelasticity by Gatica and Heuer in [35] where the authors also propose suitable
finite element subspaces. Finally the theory is generalized by Gatica, Heuer and
Meddahi in [40]. The dual-dual formulation for a nonlinear exterior transmission
problem is further investigated by Gatica and Meddahi in [43]. Moreover Gatica and
Heuer present solution algorithms for dual-dual type problems in [37, 36, 38, 39].

The approximation of saddle point problems can be realized by the Mixed Finite
Element Method, see Brezzi and Fortin [18] for a detailed introduction and descrip-
tion. The main difficulty is to find appropriate finite element spaces for which the
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1. Introduction

resulting linear system is regular. Babuska [6, 7] and Brezzi [17] developed the the-
ory of the Mixed Finite Element Method. The key is the so-called Babuska-Brezzi
condition which assures unique solvability of the saddle point problem. In the dis-
crete case it implies the regularity of the matrix in the corresponding linear system.
In plane elasticity the PEERS elements introduced by Arnold, Brezzi and Douglas
Jr. [5] are well suited for the triple of stress tensor, displacement field and rotation
tensor. Other possible choices are listed in [18]. Our approach is based on the var-
ious contributions by Gatica et al. [45, 48, 10, 46, 19, 47, 11, 42] where the authors
introduce several mixed finite element formulations for problems in plane elasticity,
some of them having two-fold or even three-fold saddle point structure.

Many of the above cited references also introduce a posteriori error estimators. An
introduction to the topic can be found in Verfiirth [82] and Ainsworth and Oden [2].
Furthermore, Han [56] presents approaches to a posteriori error estimation via the
Fenchel duality theory. One of these approaches is used in the above mentioned
work by Dérsek and Melenk [30] for an estimate of the primal-dual formulation for
a contact problem with friction. We will restrict ourselves to an a posteriori error
estimator of residual type which is based on the works of Maischak [67], Gatica
and Stephan [44], Carstensen and Dolzmann [22] and Gatica and Meddabhi [50]. In
[67] the author uses the Helmholtz decomposition introduced by Alonso [3] and
Carstensen [21] to derive an a posteriori error estimator for an interface problem
with Signorini contact.

Outline of the work

In Chapter 2 we introduce the basic notations and some necessary definitions, par-
ticularly the Sobolev space H(div, QQ). The chapter finishes with a short summary of
Fenchel’s duality theory from convex analysis.

Chapter 3 forms the main part of this work. We introduce the boundary value prob-
lem and discuss the contact boundary conditions. After explaining the friction laws
of Tresca and Coulomb in detail we give a short overview of the primal approach. In
Section 3.1 we derive the dual-dual formulation of the contact problem with Tresca
friction. This process is divided into several steps. After introducing the minimiza-
tion problem related to the complementary energy principle we apply the theory
of Fenchel’s duality in Section 3.1.1. Using the Fenchel duality theorem we arrive
at the saddle point problem with additional Lagrange multipliers in Section 3.1.2.
The equivalence of the saddle point problem with the minimization problems of the
previous section is proven in Theorem 3.10. The saddle point problem is equiva-
lent to a variational inequality problem, which is presented in Section 3.1.3. As the
problem involves the nondifferentiable functional concerning the friction force on
the contact boundary a further Lagrange multiplier is introduced. In this way in
Section 3.1.4 a second saddle point problem is derived, having a two-fold structure.
We show the equivalence of the corresponding variational inequality problem with
the variational inequality problem of the previous section in Theorem 3.17. Taking
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advantage of the existence and unique solvability of the minimization problems and
the equivalence of the subsequent problems we show existence and unique solvabil-
ity of the variational inequality problems in Section 3.1.5. Finally, in Section 3.1.6
we present two inf-sup conditions for the bilinear forms concerning the Lagrange
multipliers. These conditions are necessary for the error analysis of the discrete
formulation. We finish the section with the continuous dependency of the solution
on the given data.

In Section 3.2 we introduce appropriate mixed finite elements for solving the varia-
tional inequality problem numerically. First we explain the setting of the discretiza-
tion of the domain and define the finite element spaces to approximate the solutions
of the continuous formulation. We introduce the discrete variational inequality
problem in Section 3.2.1 and present some conclusions that are necessary for further
observations. In Section 3.2.2 we show, that the finite element spaces satisfy the
discrete versions of the inf-sup conditions. We prove two versions of the inf-sup
condition for the dual Lagrange multiplier approximating the friction force. The
first one is proven for a mesh-dependent norm, but we show, that it holds for a
larger class of problems. On the other hand the second one gets along with a norm,
that is independent of the meshsize but needs a further assumption on the given
Tresca friction. The section closes with an error analysis in Section 3.2.3. We prove a
Céa-type estimate and give an a priori estimate of the error under certain regularity
assumptions.

Section 3.3 deals with the algorithm, that we propose for the solution of the discrete
variational inequality problem. To improve readability we rewrite the problem in
an algebraic form in Section 3.3.1. In Section 3.3.2 we introduce an Uzawa-type
algorithm for the solution of a contact problem without friction. A similar algorithm
was already proposed by Maischak in [67] for a transmission problem with Signorini
boundary conditions. However, we explain the algorithm in detail, as we will need
it to prove the convergence of the nested Uzawa algorithm in Section 3.3.3. This
algorithm solves, in a nested loop, the variational inequality problem for the contact
problem with Tresca friction. We explain, how to adjust the algorithm for the solution
of the contact problem with Coulomb friction, without the need of a further loop. For
the solution of the variational inequalities we rewrite the subproblems for contact
and friction on the contact boundary as two minimization problems with inequality
constraints, respectively. We propose an interior point method of predictor-corrector
type for quadratic programs as solver for the subproblems. Finally, in Section 3.4,
several numerical experiments are presented to underline the theoretical results
of the previous sections. We investigate the rate of convergence and examine the
sensitivity of the solution algorithm on the controlling parameters.

To perform a faster convergence of the solution algorithm we introduce an a poste-
riori error estimator of residual type in Chapter 4. The estimator is based on a local
Helmbholtz decomposition of the error of the symmetric stress tensors as proposed by
Carstensen and Dolzmann [22]. We prove reliability of the estimator in Section 4.1.
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1. Introduction

In Section 4.2 we investigate the performance of the estimator on some numerical
experiment.




2. Basic foundations

In this chapter we give a brief overview of the theoretical background concerning
this work. Section 2.1 collects definitions, notations and equations that are often
used within this work. Section 2.2 deals with some properties of the Sobolev space
H(div, Q). The results and their proofs can be found in the works of Girault and
Raviart [51] and Duvaut and Lions [31]. Finally Section 2.3 states some needful
results from convex analysis. The proofs can be found in the works of Ekeland and
Temam [32] and Ito and Kunisch [61].

Throughout the work we will use several results from different references. Whenever
it is needful to repeat the result in this work, we will use italic type.

2.1. Notations

Within this work we consider functions on some open bounded domain Q with
Lipschitz boundary I' := Q. Those functions can be scalar, vector valued or tensors
of second order. In the interest of improving readability we therefore use bold letters
for all vector valued functions. Small greek letters denote tensors of second order on
the one hand as well as functions on some part of the boundary on the other hand.
In this case the right meaning should be clear from the context. We use a similar
notation for function spaces which are usually abbreviated with capital letters, e.g.
for some function space X containing scalar functions we use X for the space of those
vector valued functions whose components live in X. A special treatment has to be
done in case of tensors of second order. We do this exemplary in Section 2.2 for the
spaces H(div, QQ) and H(div, Q), respectively.

Sometimes we will use an index notation and the Einstein notation for sums over
the same index labels. We use a comma to denote a differentiation. For a function
u € HY(Q) we have for example

d
. du;
Vu = u;je; ® e; and divu=u;; = Z —.
i Jx;
i=1
Here the vector product e; ® e; of the cartesian base vectors e; and e; denote the

component of the tensor. In the above example i is the row index and j the column
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2. Basic foundations

index of the gradient tensor Vu. For tensors of second order we use

d
0O:T:= Z Gz'sz'j
ij=1

as the inner tensor product. Note that in general the product is defined as the
multiplication of the two right most indices of the left multiplier with the first two
indices of the right multiplier. As we consider contact problems with continua of
linear elastic isotropic material we are faced with Hooke’s law o(u) := C : £(u),
stating the dependence of the stress tensor o(u) and the linearized strain tensor
e(u) := %(Vu + VTu) of some displacement field u. This involves the elasticity tensor
of fourth order C whose components are defined as

Ciju = Abijon + w(0wdj + 610jx) (2.1)

using the Lamé constants A and p and the Kronecker delta. Furthermore we have the
following symmetry properties of the elasticity tensor (see Chapter 3 in Sokolnikoff
[79] for more details)

Cij = Cjin = Cyj- (2.2)
The ellipticity and symmetry of C yields the existence of C™! and a > 0 such that
:Clit>at:t VY, (2.3)

(see Chapter 3 in Duvaut and Lions [31]). Note that the symmetry properties (2.2)
are also valid for the inverse elasticity tensor C™'. We often use the decomposition
of a tensor into its symmetric and antisymmetric parts. These are defined for an
arbitrary tensor 7 as

sym(t) := %(T +10) as(t) := %(T — D). (2.4)

Note that the symmetric part of the gradient of any vector field u € H(Q) equals
the linearized strain tensor of u, i.e. &(u) = sym(Vu). If not explicitly identified
we usually use C as a generic positive constant which can change its value within
computations. In elasticity problems Korn’s inequality assures uniqueness of the
primal problem. Since we will use the primal problem as an auxiliary problem in
our work we state the result which stems from Duvaut and Lions [31, see Theorems
3.1 and 3.3 of Chapter III].

Theorem 2.1: Korn’s second inequality
Let Q) be abounded open set with regular boundary I" and let the Dirichlet boundary
I'p have positive measure. Let

Vp:={ve HI(Q) :v=0onTIp}
Then there exists an ay > 0 such that

a(v,v) = fe(v) 1 Ce(v)dx 2 aollvllg VveVp. (2.5)
Q




2.2. Some properties of the Sobolev space H(div, ())

Finally from the second binomial theorem we have the following inequality which
will be used very often. Using 0 < (ea — b)> = ¢2a*> — 2¢eab + b* for two arbitrary
integers a and b we get

e, 1,
< = — ? . .
ab_za +2€b Ye>0 (2.6)

2.2. Some properties of the Sobolev space H(div, €2)

If we are dealing with dual formulations in elasticity we are faced with tensors of
second order. In the equilibrium equation of the mechanical system the divergence
operator is acting on the stress tensor. If we further assume that the volume force on
the right hand side of the equilibrium equation is at least L*-integrable we are led to
the space

H(div, Q) = {7 = (1) 1y | (vip)L, € H(div, Q) fori=1,...,3},
where Q c R4, d = 2,3 is an open bounded domain and
H(div, Q) := {v € LX(Q) := (L%(Q))"| divv € LX(Q)}
equipped with the norm

. 1
Wl = (V12 g + Idiv VI ).

Consequently H(div, Q) is equipped with the norm

d 2
||T||H(div,Q) = (Z”(Tij)?-l ”%—[(div,ﬂ)] :
i=1

From Girault and Raviart [51, see Chapter I] we have the following trace theorem
concerning H(div, Q).

Theorem 2.2:
Let n denote the outer normal on the boundary I' := dQ) of the domain Q. Then the

mapping
Yn:VEV-np

defined on (C7(Q))” can be extended by continuity to a linear and continuous map-
ping, still denoted by y,, from H(div, QQ) into H . (T'). Moreover the range of y, is
exactly H? (') and we have

< . i
IIJ/nVIIH,% oS IVlla@ive Y veH(iv, Q).




2. Basic foundations

In our case we are interested in the tractions on the boundary, that are 7 - n|r. Since
each row vector of a tensor T € H(div, Q) is in H(div, Q) we can apply the above
result to get

Theorem 2.3:
The mapping

Y,:TH T-nl

defined on (Cy (Q))* can be extended by continuity to a linear and continuous
mapping, still denoted by y,, from H(div, Q2) into H: (T'). Moreover the range of y,
is exactly H? (') and we have

S .
Iy,tly g, < el ¥ T € Hdiv, Q).

2.3. Convex analysis

The following results are collected from the works of Ekeland and Temam [32] and
Ito and Kunisch [61]. We use them in Chapter 3 to derive a saddle point formulation
from a minimization problem and its dual.

Let X, Y be two reflexive Banach spaces with duals X’, Y’ and let ] : X — (—o0, o0]
be a proper, lower semicontinuous (l.s.c.) and convex function. We consider the
following minimization problem, denoted as the primal problem (P):

Find ¥ € X such that
J(%) < J(x) VxeX 2.7)

Clearly if ] is coercive, then there exists a minimizer ¥ € X of the primal problem
(P). Now we define a family of perturbed problems in the following way. Let
D(x,y) : X XY — (00, o] be proper, Ls.c. and convex with ®(x,0) = J(x), then the
problem (P,) reads:

Find ¥ € X such that fory € Y

D%, y) < D(x, y) VxeX (2.8)
Obviously (P) is equal to (Py).
Remark 2.4: If J(x) = F(x) + G(Ax), where F : X - Rand G : Y — (—oco, o] are

two proper, Ls.c. and convex functions and A € L(X,Y), then we can set D(x,y) :=
F(x) + G(Ax + y).
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2.3. Convex analysis

Definition 2.5:
The functional J* : X’ — [—oo, o] defined by

J'(x") = sup{{x”, x) — J(x)}

xeX

is called the conjugate of J.
The dual problem (P*) of (P) with respect to @ is then defined by:
Find #* € Y’ such that
-0, 7) = —9*(0,y") Yy ey. (2.9)
Remark 2.6: If we consider the case of the previous remark, i.e. ®(x,y) = F(x) + G(Ax +y),
then the conjugate ®*(x*, y*) of ® reads
@, y) = F = XY) + G ).

Definition 2.7:
The functional L : X X Y’ — [—0co, o) defined by
—-L(x, ") := sup{(y", y) — O(x, y)} (2.10)
yey

is called the Lagrangian.

Now we can state the following result from [61, see Theorem 4.35].

Theorem 2.8: Fenchel’s duality theorem
Assume that ® is a convex, l.s.c. function that is finite at (¥, 7*). Then the following
are equivalent.

e (%, 7") € X XY isasaddle pointof L, i.e.

LEy)<LE7)<Le§) YxeX yeY 2.11)

e ¥ solves (P), i solves (P*), and ®(x,0) = —®*(0, i").

The next result from [32, chapter VI] states equivalence between saddle point prob-
lems and variational inequality problems. It is very useful for frictional contact
problems because the functional in the saddle point formulation does not need to
be Gateaux-differentiable.

Proposition 2.9:
Assume that L = m + [ with

VxeX, y - Ilxy) is concave and Gateaux-differentiable,

Yy eY, x—=lxy) is convex and Gateaux-differentiable,

VxeX, y - mxy) isconcave,

Yy eY, x—m(x,y) isconvex.

11



2. Basic foundations

Then (%, 7*) € X X Y’ is a saddle point of L if and only if

g x— 5+ mle ) - mE )20, VxeX,
Jx

5 2.12)

_< ay* (.7?, ]7*)/ y* - ]7*> + m(f, ]7*) - m(f, y*) = 0/ v ]/* ey

12



3. Dual-dual formulation for a contact problem
with friction in 2D

In this chapter we apply the theory of Fenchel’s duality from Section 2.3 in order to
derive dual formulations of a contact problem with friction in 2D. Let us consider
the following contact problem in 2D elasticity with Tresca friction. Assume a linear
elastic body occupying the open bounded domain Q ¢ R2. The Lipschitz-boundary
I' := JQ is divided into three disjoint parts, the Dirichlet boundary I'p where we
assume homogeneous Dirichlet conditions, the Neumann boundary I'y where a
prescribed traction is acting on the body and the contact boundary I'c where the
body is supposed to come into contact with a rigid foundation, see Figure 3.1. To
circumvent technical computations in the subsequent analysis we assume that the
contact boundary I'c and the Neumann boundary I'y do not touch, i.e. TcNTy =0.
Then the displacement vector field u(x) in each material point x € Q of the body
satisfies the following PDE: Here the stress tensor o(u) is connected to the strain

—divo(u) =f inQ,
u=0 onlp,
ouw-n=t only, (3.1)
U, £ 0, <0, (u,—go,=0 onlg,
ol <F; o w+F || =0 onTc.

Figure 3.1.: Boundary distribution

tensor &(u) via Hooke’s law for linear elasticity, see Section 2.1. The volume body
force f € L%(Q), the prescribed traction t; € H’%(FN), the positive gap function

g€eH 2 (Tc) and the friction function ¥ € L*(I'c) are assumed to be given. On the
contact boundary I'c we have the decompositionsu = u,n+u; and o -n = o,n + o;
of the displacement and the traction into their normal and tangential parts, where n
denotes the unit normal exterior to the contact boundary I'c and

U, =u-n, u; =u-—un, g, =n!-0-n, 0;=0-Nn—0o,Nn.

On the contact boundary we find some KKT-conditions for the normal part. They
implicate that all material points of the body Q may not penetrate the rigid foun-
dation, which has positive distance g to the contact boundary I'c. Furthermore, if

13



3. Dual-dual formulation for a contact problem with friction in 2D

some point x € I'c is not in contact (i.e. u,(x) < g(x)), then the normal stress 0,(x) at
this point has to be zero. Otherwise due to the nonpenetration condition the body
cannot expand at those material points x € I'c that are in contact (i.e. u,(x) = g(x)).
Therefore the normal stress occuring at those points is always a compressive stress
which leads to ¢,(x) < 0. Finally, the equation in (3.1), states that for all material
points on the contact boundary either of the above situations is valid.

Friction laws

The last boundary condition in the boundary value problem (3.1) state the friction
law of Tresca friction. A more physical law would be the Coulomb friction law, see
e.g. Kikuchi and Oden [63, Chapter 10], which reads

if oyl < pglonl, thenu, =0 onTI¢, (3.2)
if loyl = pslogl, then Is>0: w = —soy onTc. '

Here i 2 0 is the friction coefficient, which is assumed to be uniformly Lipschitz on
T'c. It specifies how strong the body is sticking to the rigid foundation when coming
into contact at some point x € I'c. The second line in (3.2) is equivalent to

o w = —pglogllu]  onTe. (3.3)

When considering real life problems the friction coefficient, being not necessarily
constant is usually not known exactly since it depends on the material properties of
the body Q and the rigid foundation as well as on the roughness of both materials
at each point. The last factor is a local property that changes in each material point.
Nevertheless we restrict ourselves to some constant values for the friction coefficient
which is sufficient for our purpose.

The Coulomb friction law indicates the direct dependence of the shear stress on
the normal stress in each material point on the contact boundary. If some material
point x € T'c is not in contact with the rigid foundation then no shear stress (or
tangential stress) appears due to |0;(x)| < flo,(x)| = 0. On the other hand we have
to distinguish two cases. First, the material pointx € I'c sticks to the rigid foundation.
In this case |0:(x)| < piflo,(x)| and the tangential stress is not large enough to move the
material point in tangential direction. Second, the material point is moving along the
rigid foundation in tangential direction. The absolute value of the tangential stress
equals piflo,(x)|. In this case the tangential stress cannot increase when the normal
stress is fixed at the same time. The excess energy has transformed into kinetic
energy (and usually also thermal energy). Figures 3.2 and 3.3 give an example of
the stick and the slip situations, respectively. The dashed, colored lines depict the
deformed geometries.

However a direct treatment of contact problems with Coulomb friction seems dif-
ficult and in some cases even impossible. The first result concerning existence of a
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solution for a sufficiently small friction coefficient was discovered by Necas, Jarusek
and Haslinger [70]. Other references were already mentioned in the introduction.
To approach the Coulomb friction law, Necas et al. [60, see Chapter 2.5.4] propose a
fixed point iteration. We give a short abstract of this approach and refer to the above
references for more details.

For given ¥y € L*(I'c) and uy, both positive, we compute Fr1 := i Ioi‘zl where oi‘z
is the normal stress on I'c of the solution of the contact problem (3.1) with given
Tresca friction function F; > 0. We proceed until some stopping criterion is reached.
The whole algorithm, in particular the part of solving problem (3.1), is explained in

Section 3.3. For convenience we drop the index k of the friction function #;. Note

FD IﬂD
0 e
0 \ \ ' '
R Q Iy ~ Q I

=0 : u 70

rc rC

Figure 3.2.: Deformed geometry Figure 3.3.: Deformed geometry when slip
when stick occurs. occurs.

that we demand ¥ to be in L*(I'c) and not in H -3 (Tc) as we would expect from the
definition above. The reason for this assumption will be seen later in this work.

Furthermore, we define NC# := {x € I'c : ¥ is not continuous in x} and assume that
the number of points x € NC¢ is bounded. The motivation of this assumption is
the following. If we would allow all functions ¥ € L*(I'c) then we could take for
example the indicator function Ir\q for x on I'c

1, ifjxleR\Q,

I =
rie(x) {0, if x| € Q,

which is of coursein L*(I'c). But for the strong formulation (3.1) this would lead to an
undefined contact situation on the whole contact boundary I'c and we would have
little prospect for success of stating theoretical or numerical results. We therefore
state the following assumptions on the friction functional 7

F el*Tc) and #NCy <N forsome N €N. (3.4)

Let us also give a heuristic motivation of the above assumption. It seems natural
as the diameter of some material point of a continuum is obviously bounded from
below by ¢ > 0 from the physical point of view. Hence the thought is as follows.
Considering the contact problem with Coulomb friction (3.2), then for all x € I'c
that are not in contact with the rigid foundation, the boundary conditions lead to
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3. Dual-dual formulation for a contact problem with friction in 2D

u,(x) < g(x) = 0,4(x) = 0 and finally o;(x) = 0. Now let some material point x € I'c
come into contact with the rigid foundation, then u,(x) = g(x) = 0,(x) # 0. Without
loss of generality we assume dist(x,dI'c) > 0 and B.(X)|[r C I'c, then y is in contact
with the rigid foundation for all y € B.(x). As the contact situation is exactly the
same for all y € B,(x) we have 0,(y) is continuous in y for all y € B.(x). Finally, due
to I'c being bounded we can find a finite set of material points x' € I'¢, such that
U;B:(x)) D Tc. But this means that the number of points, where the normal stress
o, is not continuous, is finite. Since we expect the sequence of Tresca functions Fx
tending to uy |0,|, which satisfies assumption (3.4), it seems feasible to demand it for
all elements of the sequence.

Remark 3.1: Assumption (3.4) on the friction function F is necessary for the theoretical
results in the next sections. In Section 3.2 we will use a further observation, concerning the
support of the friction function, to handle it numerically.

3.0.1. Primal formulation for contact problems with Tresca friction

Before we start with the investigation of our approach let us repeat some results
on the primal formulation where the displacement field is regarded as unknown
variable. We already defined the space of energetically admissible functions Vp in
Section 2.1. Regarding the nonpenetration condition on the contact boundary we
are led to the definition of the closed convex subset of Vp

K;:={veVp:v,<gae onlc}

Defining the coercive and continuous bilinear forma(:, -) on Vp x Vp, the continuous
linear form L(-) on Vp and the continuous but nondifferentiable functional j(-) on
VD by

a(u, v) := fe(u) 1 C:e(v)dx,

Q

L(v):= ff~vdx +fto~vds,

N

Q r
o= [ Fwide,
T'c
the energy functional corresponding to the boundary value problem (3.1) reads

J(v) := % a(v, v) = L(v) + j(v). (3.5)

The energy principle states that the solution of (3.1) minimizes the energy functional
J(-) over all admissible functions in K,. Hence we arrive at the primal minimization
problem:
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Find u € K, such that
J(u) < J(v) ¥ veK,. (3.6)

Since J() is coercive on K,, strictly convex and l.s.c. there exists a unique solution
u € K, of problem (3.6), see e.g. Chapter II in Ekeland and Temam [32]. This
approach was investigated for years and is well known in literature. Some few
references among many others are for example the books of Duvaut and Lions [31],
Glowinski et al. [53], Glowinski [52], Kikuchi and Oden [63] and Necas et al. [60].
In the next section we will use the following well known result, see the references
above, concerning the primal minimization problem.

Lemma 3.2:

If the solution u of the primal minimization problem (3.6) is smooth enough, then
it is connected with the strong formulation (3.1) in the following way. Defining
o(u) := C : &(u) there holds

—divo(u) =f inQ,
ou)n=t; only,
o(u), <0 and |o(u)|<F onTg,

fut -o(u); + Flulds = 0.

T'c

Proof. For completeness we show the proof. From [53] we know that the minimiza-
tion problem (3.6) is equivalent to the following variational inequality problem of
finding u € K, s.t.

a(u,v—u) —L(v—u)+j(v)—ju) =0 VveK, 3.7)
If we choose v = ¢ + u with ¢ € C5°(Q)? then v € K, and we have

fo(u):e((l))dx—ff~(j)dx=0 V(i)eCS“(Q)Z.

Q Q

Applying integration by parts it follows —divo(u) = f in Q, if u is smooth enough.
Now using

alu,v—u)— | £f-(v—u)dx = (v—u)-o(u)-nds
Elf‘ FNL

the variational inequality reduces to

f (v—1)- (0(w)- 0~ to)ds + f (00 — 1) (w) ds
Iy T'c

+f[(vt—ut)-o(u)t+ff|vt|—ff|ut|]dszo VveK,

T'c
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3. Dual-dual formulation for a contact problem with friction in 2D

and choosing v € K, withv=uonTcandv =+¢+uonly for¢ € H? (Ty) we have

f(j)-(o(u)-n—to)ds:O V¢€ﬁ%(FN) = o(u)-n=tonTly.
I'n

Withv € K;, v=uonTy, v, = w; and v, = u, + ¢, on I'c for ¢, being the normal
component on I'c of some ¢ € K, we derive

f¢n6(u)11 ds>0 \4 (i) € K() = G(u)n <0Oon FC.
T'c

Taking v € K; with v =uonIyand v = u + ¢ on I'c for some ¢ € H:(I'¢) with
¢, =0,ie. v, =u,onlcand vi = u; + ¢, onIT'c, we have

0< f((i)t cor + Fluy + ¢, — Fluyl)ds
T'c
< f((i)t cor + Flul + Flo,| — Flul)ds = f((i’t"f + Fl,l)ds V¢e H? (Te).
I'c T'c

For positive ¢, we get ; + ¥ > 0 and for negative ¢,, o; —F < 0 on I'c which reads
together |o;| < F on I'c. Finally, for v € K, withv =uon Iy, v, = u, and v; = 0 and
v; = 2uy, respectively on I'c we have

futO'(u)t + Tlutl ds=0 on rc.

Tc

In the next section we investigate the complementary energy principle in order to
derive dual formulations where the primary unknown variable is the stress tensor.

3.1. Dual-dual formulation in 2D

In this section we want to derive the dual-dual formulation of problem (3.1). To
do so we have to investigate the dual minimization problem resulting from the
complementary energy principle. After applying Fenchel’s duality theory we can
state an equivalent saddle point problem. Then in a final step we derive variational
inequalities that are suitable for some numerical analysis. But first let us set up the
dual minimization problem.
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3.1. Dual-dual formulation in 2D

3.1.1. Dual minimization problem

Before we introduce the dual minimization problem we make the following obser-
vation. As we consider a 2D problem we can define the unit tangential vector on the
boundary I'as t := (_Vi,zl ) for n = () ) being the unit outer normal to the boundary T
For some v € H(Q) and 7 its corresponding stress tensor we define

v i=v-t and T=T-t=(t-n—1,n)-t=t-7-n.
Then dueto 7; - n = 0 and v; - n = 0 we have |ty = |t¢|, |v¢| = |v¢] and
vt =)t = (n+vy) - (tit) = v - Ty

For this reason we can restrict the friction boundary condition (3.1)5 to the scalar
version

ol < F; o +F lugl =0 onTc. (3.8)

Similar to the primal formulation we introduce the space of energetically admissible
functions

Xs = {"[ = (’['1‘]-)1"]'=1/2 T E H(le, Q), Ti]' = Tji/ 1/] = 1/ 2} (39)

In a dual problem the boundary conditions switch their roles. Hence the Dirichlet
condition and the nonpenetration condition are no longer essential but natural. For
reasons of readability we restrict ourselves to homogeneous Dirichlet conditions.
On the other hand we have the Neumann condition as well as the inequalities on
the contact boudary concerning the stress. These are the essential conditions of the
dual problem and have to be built into the space of admissible functions X; leading
to a convex set of admissible functions. Finally, the governing partial differential
equation (3.1); is no longer of second order, when regarding ¢ as primary variable.
Therefore we also build this equation into the closed convex set which is defined
as

K:= fteXs:—divi=finQ; t-n=tyonIy; 7, <0onlg; |ty <F onT¢}. (3.10)

Since we assume the volume body forces f and the traction t; on the Neumann
boundary I'y to be nonzero, we introduce Langrange multipliers for the displace-
ment field u in Q and the trace of u on I'y to derive the dual-dual formulation. We
introduce additional Lagrange multipliers denoting the tangential and normal dis-
placement 1, and u,, on the contact boundary that are tested with the normal traction
and the tangential traction, respectively. We have f € L?(Q), t; € H: (T'y) and the
trace of X; on I'c, which is H? (T'c) due to Theorem 2.3. Therefore we define

Y := L3(Q) x H 2 (Ty) x H 2 (T¢) x H™2 (T¢). (3.11)
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3. Dual-dual formulation for a contact problem with friction in 2D

If we define the continuous bilinear form a(-,-) on X; x X, and the functional J(-) on

X; by
i(o, 1) := fo s C7lrdy,
Q (3.12)
](T) Y IZ(T T) <g/ T11>FC1
then J(-) is the conjugate energy functional and due to the minimum principle of the

conjugate elastic potential we know that the stress tensor o(u) of the solution of (3.1)
minimizes J(-) over K. This leads us to the dual minimization problem.

Find ¢ € K such that
Jo)<J(x) Vrek (3.13)

Due to Lemma 3.2 the convex set K is not empty. Moreover the functional J(-) is
coercive on ﬁ, strictly convex and continuous and therefore we have the existence of
a unique solution for the dual minimization problem (3.13), see again Ekeland and
Temam [32, Proposition 1.2 in Chapter II]. The coercivity of | on K follows from the
coercivity of (-, -) on the subspace of all divergence free tensors and the continuity
of the dual product on I'c. From Theorem 2.3 and equation (2.3) we have

) —
IR = el s e + I ¥ T €K
(& e < llgll ey I| n”H_i( IIgIIHZ( lITllx
T 1 S a2 — @
= J(r) = 3d(t, ) = (g, ) = Szl IIfIILz(@ IIgIIH%(rC)IITllx
— @ _a
= el ($ielix = gl 3 ) = 3162
= lim J(7)> lm ||t (“ T ) 4|f 00,
i J(v) i el gliTlix = IIgIIHZ(r) il IILZ(Q)

since f e L2(Q)and g € H 3 (T'c). Furthermore, we observe for all 7; # 1 in K

Jst1 + (1= 9)72) = s](11) = (1 = )](72)

2 1
= S am,m) +s(1 - 9)a(r, ) +

—_q)? _
25) (T2, T2) — %ﬁ(Terl) - % (T2, 72)
s(s—1) _ )

= 3 (Tl,T1)+S(1 _S)H(Tlr

~(T2/ TZ)

Z—S(l—S)ﬁ(Tl—Tz,Tl—T2)<0 VSE(O,l),

which means that J(-) is strictly convex on K. For the primal minimization problem
(3.6) and the dual minimization problem (3.13) we can prove the following
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3.1. Dual-dual formulation in 2D

Theorem 3.3: _
Let u € K, and ¢ € K be the solutions of the primal minimization problem (3.6) and
the dual minimization problem (3.13), respectively. Then there holds

c0=C:e(u) and J(u) +T(o) =0.

Proof. The proof follows the ideas of Necas et al. [60, see Section 1.1.12]. See also
Theorem 5.3 in Maischak [67]. Let us define M := {t € L*(QQ)*? : 7 = 77} and
J Ky xMXM— R

1
Jv,(1)=z | C:C:Cdx+ | 7:(e(v)—Qdx—L(v)+ j(v).
[ |

Q

Obviously there holds

sup f r:(e(v)—odx={ 0, ifC=e(v),

eM oo, else.
Q

Thus the primal minimization problem (3.6) can be expressed as follows

Defining

inf J(v) = “ c)ier11<f o SUP JWw,C,1).

veKg g TeM

I(7):= (v,gfé}{, o T, 81

we conclude

I(1) < iean JWv,ev), 1) = iean J(v) = J(u) YTeM,

which also holds true for the supremum

sup I(t) < J(u).

TeM

Now if we set

with

I(17) = %2& L(C 1)+ V1€I1Kfg L(v,7)

II(C,T):Z%IC:CZCdX—fTZCdX for(,teM,
Q Q
L (v, 7) ::f’c:e(v)dx—L(v)+j(v) forve K, 7€M,

Q
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3. Dual-dual formulation for a contact problem with friction in 2D

then we can compute both infima and thus I(7). The first infimum follows immedi-
ately since we are concerned with a differentiable quadratic form. It follows

: _ 1 -1
gg\fill(C,T)——if’c.C :Tdx.
Q

For the second infimum we first observe that for g € H 3 (Tc) there exists an extension
G € Vpsuch that G, = gand G; = 0 onI'c. Now for every v € K there exista ¥ € Ko
with v = ¥ + G and we can write

L(v,7)=LF+G,1) = L(G, 1)+ L(¥,1) ¥V veK,.

Here we used
j¥+G) = f?'lz?t + Gylds = f?lﬁtlds =j(®) + j(G).
Tc Ic
Now we are able to take the imfimum over K, which reads
inf I(v, 1) = (G, 1) + inf L,(¥, 7).
veKy veKy

Next we show that

teK o L1720 Vvek,. (3.14)

To see this we first let 7 € K and compute

12(\7,’[)=f’c:e(\”/)dx—f€7~fdx—t(‘”/)+j(\”/)

Q Q
=f’f:e(‘”/)dx+f€7~div1dx—t(€7)+j(\”/)= f€7~1~nds—t(€7)+j(\”/)

Q Q IyUTe
=fz7n’[nds+fz7ﬂt+?_lz7t|ds VVEKO,TEE,

Tc T'c

where we have used the equality constraints for 7 in K and Green’s formula. As

9, < 0and 7, <0 for ¥ € Ky and 7 € K we have 9,7, > 0 and so the first integral is
positive. For the second integral we observe

5th + Tlfjtl = (Tt + ‘7‘_sign 50{)}
and by a distinction of cases we have

1.9 <0 =signty=-1: 4 <|/<F = 1+Fsignd=1-F <0
2.0, >0 =2signty=1: 1, 2|1yl 2 -F = t+Fsignfy=1,+F >0,
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3.1. Dual-dual formulation in 2D

leading to (7 + ¥ sign©;)d; > 0. Finally, we have
Iz(f/,’l’) :f'ﬁn’l'n d5+fﬁt’l't+7:|'(7t|d5 >0 VveKt eI~(.
Tc Tc
Now let T € M such that (¥, 7) > 0 for all ¥ € Ky which means
fT:e(V)dx—L(\?)+j(€1)20 V¥ € Ko.
Q
The terms on the boundary parts vanish if we take ¥ = +¢ with ¢ € C5(Q)* which
is clearly in Ky. Thus we have

f(’c:e(<p)—<p~f)dx=0 Y e Cr(Q)?
Q

that is —div7 = f in Q in the weak sense. After integration by parts the functional
reduces to

LV, 1) = fV-T-nds—fv-tods+f?'lz7t|ds
TyUT e TN Tc

and choosing v € Ky with ¥ = 0 on I'c we get 7 - n = ty on I'y. Next taking ¥ € K,
with % = 0 on I'c we have 7, < 0 due to @, <0 and I,(¥, 7) > 0. Finally, ¥ € K, with
7, = 0 and signd, = —signt; onI'c leads to |t;| < ¥ onI'c and therefore T € K which
is the desired assertion (3.14).

For 7 € K we just have seen that

L(v,7) = fvn’[ ds + f’ctvt + Flogl ds ¥ veK,.
Tc Tc

If we take the infimum over all v € K, we see with 7, < 0 and v, < g that the first
integral assumes its infimum for the upper bound of v, that is

inf | v,T,ds= | gtuds.
vng
T'c T'c
Furthermore, we have 7,0; > —|14||v;| > —F |v;], which leads
f’[tvt + Floglds >0 VvekK,,
Tc

and so the infimum is assumed for v; = 0.
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3. Dual-dual formulation for a contact problem with friction in 2D

On the other hand for 7 ¢ K we have seen that there exists a ¥ € Ky with (¥, 7) < 0.
But since k¥ € K for all k € N we get

%im L(kV, T) = —00
and therefore have
L, Tr., 1fTE K
inf L(v, 1) = (8 Tuire —
veKg —o0, ift¢ K.

From the above observations I(t) is computed to

1 —
——i(7,7) +{¢, T)r., ift €K,
I() = > (t,7) <g )rc

—00, ifTéER

and we have

J(u) 2 sup I(7) = sup(-J(7)) = - Helkf J(v) = =J(0).

7eK

Next we prove that o(u) = C : ¢(u) as defined in Lemma 3.2 minimizes J(t) for all
7 € K. Due to Lemma 3.2 we know that o(u) € K. Using Green’s formula we get

—](u)=—%fe(u):@:e(u)dx+ff~udx+ftg~uds—fTIutlds
Q Q I'n T'c

= —% fo(u) :C7 i o(u)dy + fo(u) O o(u)dx — funo(u)ﬂ ds

Q Q Tc

- f (o) + Flu) ds
T'c

> %fo(u) (O o(u)dy — fgo(u),, ds = J(o(u)).

Q Tc

Witho € K being the solution of the dual minimization problem (3.13) we conclude
with the above computations

J(o(w)) 2 J(0) 2 ~J(w) 2 J(o(u))

and since the dual minimization problem (3.13) has a unique solution we have
o(u) = 0. Furthermore, we have seen above that J(u) = —J(o) which finishes the
proof. o
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3.1. Dual-dual formulation in 2D

Now let us apply the theory of Fenchel’s duality to the dual minimization problem
(3.13). Our aim is to state the problem as a minimization problem over the space X;.
The equality constraints in K will be enforced by introducing Lagrange multipliers
on QQ and I'y combined with a Penalty method. For the inequality constraints we
will use the indicator function. But first let us define a minimization problem on X;,
that is equivalent to (3.13). We want to state this in the form of Remark 2.4. Therefore
we define the operator A € £(X;,Y) as follows

AT = (A17T, Ao, AsT, Ay7) == (div T, T -1, T4, T)). (3.15)
Then we define the two functionals F : X; - R and G° : Y — (—o0, 00] by
1_
F(7) := 5 a(t, 1), TEX,,
c
G(v, P, py, ) := E{IIV + 15+ lly - to”f{—%(r )} + I () + Bua), (v, pn) €Y
N

where ¢ > 0 denotes the penalty parameter. The indicator functions are defined by

else, 00, else.

O/ lfl |S7:/ _</ n) ’ if ngol
k@ﬁ:{m a Iﬂw%={ Sifhrer - TE

Now we can state the following result.

Lemma 3.4:
If ¢ > 0 arbitrary, then the functionals F and G° are proper, convex and Ls.c. on X,
and Y, respectively.

Proof. Let u € H(Q) be the solution of the primal minimization problem (3.6). We
define 7 := C : ¢(u), which lies in X; due to Lemma 3.2, and observe F(t) = %a(u, u).
With Korn’s inequality (2.5) and the continuity of a(-, -) there exists a constant C > 0,
such that

a C
0 llully o) < F(7) < Slhullg ) < oo.

Due to Lemma 3.2 we have Ad(u) € Y, go(u), <0 and |lo(u)lladiv,o) < llullgpq) +
lIflli2(cy)- Since u is depending continuously on the given data, its H'(€2)-norm is
bounded. With

G“(Ao(u)) = G*(diva(u), o(u) - nlry, o(u)dr., o(W)ulr.) = —(g, o)),
we can use Theorem 2.3 to show
0 < G(Aa(u)) = —(g,0(W)u)rc < IIgIIH%(rdIIG(u)IIH_%(FC)

<ligll 1~ No@lluaivo <118l 1 (g q) + Ifllezq) < ce.

H2 (T¢) H2 (T¢)

To prove convexity we first show, that any squared norm induced by a scalar product
is convex. So let V be a Banach space with scalar product (-, -) and with norm
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3. Dual-dual formulation for a contact problem with friction in 2D

IIxII%/ := (x,x). Then for a fixed b € V we show that ||x + b||%, is convex for all x € V.
For a € (0,1) and x, y € V there holds

llax + (1= a)y + b, — allx +bIF, — (1 - a)lly + bl
= a?lxlly; + (1= a)’llyly, + 2ax, by +2(1 = a)y,b) + 2a(l - a)x,y) + [l
= a(lxlfy, + 2(x,b) + [Ibl5) = (1 -a) Iyl + 2(y,b) + [IbIF)
=—a(l-a)( - 2(x,y) + lyl) = —a - a)llx - yll;, <0.

Due to the ellipticity of C™! (cf. (2.3)) we have that the bilinear form (-, -) induces a
norm on [L%(Q)]*? which proves the convexity of F.

Let (v, ¢, ut, ttn), (W, X, vt,vs) € Y and a € (0, 1). If y, > 0 or v, > 0 we have
GCrorapn + (L= a)vy) <00 =aG'(, - ) + 1= a)G (-, o V).
Otherwise if i1, < 0and v, < 0 we have au, + (1 — a)v, < 0. In this case we have
EBlap, + (1= a)vy) = (g apy + (1 — a)va)re
= —a(g, e — (1 — a)g, vire = alf (uy) + (1 — a)I8 (vy).

The convexity for p; follows with the same arguments. If |y < F and |[vy| < F it
holds
loepy + (1 — @yl < lellpel + 11 —allvell < aF + (1 —a)F = F.

The convexity for v and 1) follows from the convexity of a squared norm and the fact
that the penalty parameter c is just a multiplicative constant. Therefore G° is convex
for arbitrary ¢ > 0.

As F is continuous it is l.s.c. in particular. From Ekeland and Temam [32, see
Proposition 2.3 in Chapter I] we have that G is Ls.c. if its epigraph is closed, i.e.

epi G = epi G = {[(v, ), o, i), a] € YX R G(v, Y,y i) < ).

If we define _
Ke = A{(v, ¥, s, pun) €Y : py <0, |l < F), (3.16)

we clearly have epi G C Kc x R. Now let ¢ > 0 be fixed. Let us define

c
H, ¥, o, pra) 2= Sllv + 5+ llp — ‘rollir%(F )} — (& thnre-
N

Of course we have epi G° C epi H and since H is continuous its epigraph is closed.
Furthermore, we have

epi G° = epi HNKe X R.
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3.1. Dual-dual formulation in 2D

To see this we take on the one hand [(v, ¢, u, ), a] € epi G, then (v, ¢, us, pn) € fc
and we have

H@, Y, i, ftn) = G(V, ¢, s, ptn) < @ = [(v, ¢, s, in),a] € epi H.

On the other hand if [(v, ), i, i), a] € epi HN Izc X IR, then since |j;] < F and p, <0,
we have

azHW, Y, p, pn) =GV, pr i) = (V) iy, pn),a] € epi G

But since epi H and Kc X R are closed we have that epi G° is closed as well. If we
now take the limit ¢ — co we have

epi lim G° C KxR,

with

K:= (v, ¥, pn) €Y :v+£=0inQ, p —ty =0on Ty, (3.17)
pn <0onTe, |ul <F onTc} )

Note that K is a closed subset of Y. Furthermore, we have
epi im G* c epi §(v, ¥, i, i) with §(v, ¥, uy, ) := —(g, tnre-

Again we have that § is continuous and so its epigraph is closed. Analogously to
the above case we conclude epi lim G¢ = epi § N K x R and therefore epi lim G is
closed. o

Let us define the family of minimization problems (P°):

Find ¢ € X; such that forc > 0
F(0) + G°(Ao) < F(1) + G°(A1) Y 7eX. (3.18)

Theorem 3.5:
The family of minimization problems (5°) converges to the dual minimization prob-
lem (3.13), as the penalty parameter c tends to infinity.

Proof. As we have seen in the proof of Lemma 3.4 the epigraph of lim G° is a subset
of K X R. But this means that
—& Twre, ifATE K,

lim G°(At) =: G(A1) = { )
>0 oo, else.

Again due to Lemma 3.4 the problems (F¢) are uniquely solvable for every ¢ > 0 and
we have the equivalent formulation for (3.18)

F(o) + G°(Ao) = n&n {F(t) + G°(A1)}.
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3. Dual-dual formulation for a contact problem with friction in 2D

Finally, we take the limit of the minimum. We are allowed to switch the order using

the fact, that the effective domains fc of G¢ and K of G defined in (3.16) and (3.17)
are closed.

1im(m§(?{F(T) +GY(AT)}) = EI;}(?(}LIL}{F(T) + G (A7)

C—00 N TE

= m;n (F(t) + G(AT)) = min (F(1) + G(At)) = min J(1).
T€Xs K

eXs,Ate ek
|
If we set W := (v, 1, iy, 11,) € Y and define the functional
(1, W) := F(1) + G (AT + W),
then we can define the perturbed problem (13%):
Find 0 € X; such that forc >0andweY
(0, w) < D(t,w) VY rTeX. (3.19)

Clearly we have (P5) = P°. Now the conditions of Fenchel’s duality theory hold
and we are able to derive the conjugate problem of the dual minimization problem
(3.13). We first have to compute the conjugate of A.

Let (u, @, Ay, Ay) € Y = L2(Q) X H? (Ty) X H? (Te) X H? (T¢). If we further assume
Vu € L%(Q) and ulr € Hz(T), which means u € H'(Q), then we have

(A;u,’c):(u,AlT)zfu-diVdez—fVu:de+fu-’c-nds,
Q T

Q

(N, 1) = f(p-”[-nds,

I'n

(A5A,,T) = f/\nn~’[~nds,
Tc

(AjA, T) = f/\tt-”[-nds.
T'c

Reminding Section 2.3, we have for the conjugate of ®°
(', i) = (e — Ay + G ().
The conjugate of F is computed to

F(=A'(u, @, A, Aw)) = sup{—(A'(u, @, Ay, Ay), T) = F(7)}

T€Xs
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3.1. Dual-dual formulation in 2D

=sup{fVu:de—1fT:C'l:de—fu-”[-nds
T€Xs 9 2

Q Ip
—ﬁu + @) -7-nds —ﬁu,z + AT, ds —ﬁut + ATy ds}
I'n Tc Tc
=0, u+q@ =0,
1j‘Vu :C:Vudx, if b Irp, u+ ¢ Iy
= 2 Uy + /\n = 0|1“C/ Uy + /\t = 0|1“C/ (320)
Q
00, else.

This can be seen very easy when regarding the volume part and the boundary parts
separately. Due to the ellipticity of C1, see (2.3), the volume terms assume the
supremum for 7 = C : Vu at 3 fQVu : € : Vudx which is positive due to Korn’s

inequality (2.5). Note that we also use the density of C3*(Q)*? in X, since we cannot
expect that C : Vu € X,.

For each boundary part there are two possibilities. We do this exemplary for the
Neumann boundary part. The other parts follow with the same arguments. First,
u + @ does not equals zero. Then we can find some 7 € X; such that sign7 - nlr,, =
—sign(u+ @) and with kt € X; for all k € IN we can take the limit of k towards infinity
to conclude that the supremum is infinity. Second, u + ¢ = 0 and the boundary
part vanishes. Due to the symmetry properties (2.2) of the elastic tensor C we have
Vu:C:Vu=c¢(u): C:e(u)since

1 1
Vu:C = ui,jCiﬂdek ®e = Eui,jCiﬂdek e + Euj,iCﬁklek (X J]

1
= E(u,v,j + uj,i)Ciﬂdek ®e = e(u) :C
and the right product follows analogously with the symmetry of the last two com-
ponents of C.

The conjugate for G° is computed to

G™(w, @, A, Ay) = sug{(u, Ve + (@, Pdry + (A, tndre + {Ar, dre — GE(W))
WE

c c
= SUP{(UI V) — E(V +E v+ + (e Pir, - E(ll) —to, P — todry
Y

wE

(3.21)
+ </\n/ H;z)l"c - ILS([J;Z) + </\t/ [Jt>l"c - 17’(,“15)}

1 1 . .

2_C(u, u)LZ(Q) - (u, f)LZ(Q) + 2_C<(P, (P>FN + <(PI to)rN + ](/\f)/ if /\n + 8 2 O’

00, else.

Here the first four terms follow due to the ellipticity of the inner products of L%(Q)
and H’%(I“N). This holds true since L?(Q2) and H’%(FN) are Hilbert spaces. The
suprema are assumed for v = lu — f € L2(Q) and ¢ = L¢p + tp € H ().
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3. Dual-dual formulation for a contact problem with friction in 2D

For the normal part on the contact boundary the supremum is clearly assumed for
Un <0. If A, + g <0, then (A, + g, un) > 0 for pu, < 0 and with ky, <0 forall k e N
the supremum is infinity. Otherwise, if A, + g > 0 then the dual product is negative
and the supremum is assumed for u, = 0. For the tangential part the supremum is
assumed for p; = ¥ sign A; at j(A;), since £ > 0 and the absolute value of A, is the

supremum over all y; € H? (Tc) with | < 1.

Since G = lim,_,., G° we have

—(w£)o + (@, to)ry + j(A), if A, +g=0,
G*(u/ q)/ /\t/ /\V!) =

0, else.
With @ := lim,_,, ®° we have

@(1, W) = F(1) + lim G (AT + W) = F(7) + G(AT + W)

and using equation (2.9) and the results from above the conjugate problem (P*) of
the dual minimization problem (3.13) reads

sup {—%fe(u):@:e(u)dx+fu~fdx—f(p~t0ds—f77|/\t|ds}, (3.22)
ol Q Tc

!
(WP AL AneY; N

where

Y, = {(w,, Ay, Ay) € Vp x HE(Ty) x HE (Te) x HE(Te) s u+ ¢ = Olr,,

Uy + Ay =0[r, uy + Ay = 0fr., —A, £ g ae. on FC}.

But this is just the primal problem (3.6) with additional Lagrange multipliers.

3.1.2. Saddle point formulation

Due to Lemma 3.4 the assumptions in Proposition 2.9 are satisfied and we are able
to state a saddle point problem that is equivalent to the dual minimization problem
(3.13). Let us first compute the Lagrange functional L : X, XY’ — R. To do this,
we first compute the Lagrange functional L° and then take the limit of ¢ to infinity.
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3.1. Dual-dual formulation in 2D

From Definition 2.7 we have
~L(t;u, @, Ay, Ay) = sup{{(u, @, Ay, A,), W) — D (T, W)}

weY

= sup {(W, V)i + @, Ydry + (A, thadre + (A, pedre — F(T) = G(AT + W)}
wey

1
= sup {(u, Vi) — %(v +divt+£,v+divt + f)pq) - 2 f’[ s Clrdx

weyY

+<(P,l/}>rN—%(T'n+ll)—t0,T'n+l/J—t0>rN

+ (o fdre = B (T + ) + (A, pdre = L (T, + )

1 . 1. 1
Z—C(u, W) — (w,div T + f)120) — Ea(”[, T) + 2—C<(p,(p>1—N i, +g30,

= =@, T-n—to)ry — (A, T + j(A) = A, Todre,
o, else.

The last equation follows analogously to the computations of the conjugates F*
and G“ in the previous section. Hence the supremum on the contact boundary is
assumed for 7, + p, = 0 and 7; + y; = F signA;. The other terms follow again due

to the ellipticity of the inner products of L*(QQ) and H 2 (Ty).

Now defining L := lim L we have

% a(t,7) + b(u, 7) + f(u)
d ] —¢ if /\n +8 > 0,
Lt A Ay =] T @D = o) . (3.23)
+dcn(An, T) +dci(Ar, T) = j(Ar),
— o0, else,
where the linear forms and bilinear forms are defined by
f(u) := fu-fdx, to(p) ::f(p-tods, dn(p, ) ::f(p-T-nds,
“ & B (3.24)

dC,n (/\nr T) = f/\nTn dS, dC,t(/\t/ T) = f/\tTt dS.

Ic Ic

Remark 3.6: We obtain the same result for (3.23) if we compute the Lagrangian via ®(t, w).

We have the following saddle point problem:
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3. Dual-dual formulation for a contact problem with friction in 2D

Find (o;u, @, Ay, A,) € X X Y’ such that for all (7;v, Y, py, pn) € X XY’
L(o;v, ¢, s, pn) < L(osw, @, A, Ay) < L(T0, @, Ay, Ay). (3.25)

Remark 3.7: Due to Lemma 3.4 and Proposition 2.8 we have that the saddle point problem
(3.25) is equivalent to the dual minimization problem (3.13) and the primal problem (3.22)
in the sense that for the solution (o;u, @, Ay, Ay) of (3.25) we have ¢ € X, solves (3.13)
and (u, @, Ay, Ay) € Y solves (3.22). Since the minimization problems are both uniquely
solvable this holds true for the saddle point problem.

Remark 3.8: For convenience we redefine the Lagrange multiplier A, by lifting it with the
gap function g, i.e. we set A, := A, + g with A, + g > 0. In this way the gap function
tested with the normal stress becomes an additional term in the Lagrange functional and we
search for A, > 0. Moreover in order to treat the problem numerically we have to impose the
symmetry of the tensors in form of another Lagrange multiplier to extend the problem to the
space

X := H(div, Q). (3.26)

The fact that 7 is symmetric means that the antisymmetric part as(), as defined in
(2.4), vanishes. Since the nonzero part of as(tau), i.e. %(le — Ty1), is in L2(Q) we
define

Y := LX(Q) x L3(Q) x H 2 (T'y) X H 2(T¢) x H2 (T¢). (3.27)
Furthermore, we define A : X — Y
At = (A1, Apt, Ast, Ayt, AsT) = (div T, T1p — To1, T - 1, T4, Ty) (3.28)
and observe

(,0,7 g):(T“ le) = (T2 — 1) z(f),] 8):as(’c) =n:(A) Vnel*(Q), teX

T21 T22

If we finally define

= 1

F(T) = E ﬁ(Tr T) - <gr Tn>1"cr

G (W, &, s ) = S+ 1 o + €Iy + W = to, 1 = tolry (3:29)
+ 1) + I ()},

fort € Xand (v, &, ¢, uy, i) € ?, then the results of Lemma 3.4 and Theorem 3.5 still
hold true. Furthermore, we get
T11 T12

) s Tdx Vnel*Q), TeX.

T21 T22

(o) = R = |

Q
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3.1. Dual-dual formulation in 2D

Proceeding analogously to the previous computations of the conjugates F* and G*
we get with (3.20)

u=0[,, u+q =0,

11z(u u) if
2 e up+ Ay = OlFC/ Uy + Ay — 8= O|FC1

F(=A"(u,n,@,AyAy) =

00, else.
and using (3.21)
)~ (1,0 + 5, P,
G, A ) = ‘ N ‘< 1 if 1, > 0,
@, to)ry + j(A) + % (M. Mo,
o0, else.

Therefore we still get the primal problem (3.6) as the conjugate problem of the
perturbed problem

Find ¢ € X, such that for w := (v, &, ¢, s, ) € Y

Do, W) < D(r,w), VYr1eX (3.30)

with @ := lim(F + G°). To compute the resulting Lagrange functional L : XX Y’ —

c—00

R U {—00, o0}, we make use of Remark 3.6. Defining

K:= {(V,E,Lp,‘ut,‘un)€§: v+f=0inQ,&=0, -t =0onTy,
luel < F onTe, py <0 on FC},

we have

1 o
= —~ =y =cr X ~ =a(t, —\&stn s if AT+ € K/
B(z, W) = im(E(@) + Co(Ar + W) = | 270D =& T, HATHW

o 00, else.

In this way the Lagrange functional is computed to

Lt 1,0, A, Ay) 1= sup (W, 1, @, Ar, Ay), W) = D(1, W)
wey
%E(T, T) — (T) + b(u, 7) + f(u)

- +5(,7) + dn (e, T) — to() =0 (3.31)
+ deu(An, ) + dr (A, ) = j(Ar),

— 00, else,
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3. Dual-dual formulation for a contact problem with friction in 2D

involving the new linear form and bilinear form

g(t):== [ gtuds s(n,T) := (T11 le) ras(t) dx = | n(ti2 —t)dx.  (3.32)
/ / /

21 T22
Q

The result is evident since the supremum is assumed for At + w € K and therefore
divt +v = —f, as(1) +& = 0, T-n + 1 = t;. The supremum concerning the last two
multipliers is assumed similar to the previous computation of L for 7, + 1, = 0 and
Ty + i = F sign A;. We have the following saddle point problem

Find (o;u,n, @, A, Ay) € X X Y’ such that for all (T, v, &, py, ) € XX Y
L0;v, &, i, ) < Lo, m, p, Ay Au) < L(T 0,1, 0, A, ).
Note that the left inequality holds true for all y,, € H(Tc) with tn # 0. Without loss

of generality we therefore restrict the Lagrange multiplier concerning the normal
part on the contact boundary of the saddle point problem to

Un € ﬁ% (Te) = {y € ﬁ%(l“c) :pu 20 ae. on FC}.
If we introduce
Y, = LX(Q) x L3(Q) x HA (Ty) x H (To) x A (o),
then the above saddle point problem reads

Find (o;u,1, @, A, Ay) € X X Y; such that for all (7,v, &, i, yy, t1a) € X X ?;
L(0;V, &, e, 1) < L(03 0,1, @, Ar, A) < L(T 0,1, @, Ar, A (3.33)

Remark 3.9: In the case ¥ = 0, which means that no friction occurs on the contact
boundary T'c, a similar procedure as the one above is valid. The indicator function I#(u;) in
the definitions of G¢ and G is exchanged by the penalizing term §{u;, yi)r. in order to force
the tangential traction to zero on the contact boundary. This is due to 0 < |o;| < F =0 on
T'c in (3.1). Therefore the j-functional (3.5) vanishes in the Lagrange functions (3.23) and
(3.31), respectively. Remark (3.7) applies in a modified form.

Now we are in the position of stating a first result concerning equivalence and
uniqueness.

Theorem 3.10:
The saddle point problem (3.33) is equivalent to the minimization problems (3.13)
and (3.6) in the following sense.
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3.1. Dual-dual formulation in 2D

(i) If (o;u,n, ¢, Ay, Ay) € X XY, is a saddle point of (3.33), then o € K is the unique
solution of the minimization problem (3.13). Furthermore,itholdso = C : e(u)
inQ,n= %((Vu)lz -(Vu)n)inQ,u=00onITp,u+¢@=00onTy, u;+ A =0o0n
I'cand u, + A, = gonTe.

(i) If o € K is the solution of the dual minimization problem (3.13) and u € K, is the
unique solution of the primal minimization problem (3.6), then (o; u, 5 ((Vu)lz -

(Vu)1), —ulry, —ttelr., § — tnlr.) € X X er is a saddle point of (3.33). Since ¢ and
u are unique, the saddle point is unique as well.

Proof. (i) Let (o;u,n, @, A, Ay) € X X Y; be a saddle point of (3.33). Then, since

—1 —_ —_
2A, € HZ(T'¢), we can insert (0,0,0,0,0) € Y, and (2u,21,2¢,2A;,2A,) € Y, into the
left inequality of (3.33). Noting that

jQ2A) = fTIZ)\tlds = ZITlAtlds = 2j(Ay),

we conclude after subtracting Z(o; w,n,@, A, Ay)
b(u,0) + f(u) +5(n,0) + dn(@,0) = Hp) + dcu(An, 0) +dci(A, 0) — j(A) =0 (3.34)
and the left inequality of (3.33) reduces to

b(v,0) + f(v) + (&, 0) + dy (1, 0) — Htp)
+ de(tin, 0) + des(u, 0) = j(u) <OV (v, &, iy, 1) € Y.

If we take (=v,0,0,0,0) € ?g with some ¥ € L2(QQ) we have

b(‘”/,a)+f(‘7):f‘”/-(f+divo)dx:0 Y ¥ eLX(Q)

Q
from which we deduce —divo = fin Q.
In the same way by inserting (0, +&,0,0,0) € Y/, for & € L(Q) and (0,0, +%,0,0) € Y/,

for (p € H(Ty), respectively we have

5(510) = fg(ﬁlz —021)dx =0 vie LZ(Q),

dN(zju,o)—t(z];)=f¢~(o~n—to)ds=o Ve Hi(Ty)
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3. Dual-dual formulation for a contact problem with friction in 2D

and we conclude 0 = ¢” in Q and ¢ - n = ty on I'y. For (0,0,0, 0, un) € ?g with

~1
un € H} (I'c) we observe
~1
dC,n(‘Um U) = f‘UnGn ds <0 Vv Hn € H-f (rC)
T'c
and thus 0, < 0 a.e. onI'c. Finally, if we insert (0,0, 0, fi;,0) € ?; with fi; € 3¢ Te)

and sign fi; = signo; we have for all fi; € H:(I'¢c) with sign fi; = signo;

des(fi 0) — (1) = f (ovfts - Tl ds = f (01 sign i, — )|l ds
Tc e
= f(Ut signo; — F)|fil ds = f(|(7t| - F)lfilds <0
I'c I'c

and since |y > 0 on T'c, we have |o;| < ¥ a.e. on I'c. But this simply means o € K.
Using (3.34) the right inequality of the saddle point problem reduces to

(@) = 32(1,0) = g(0) £ T(0)+ b, 1)+ f(@) +5(1,7) + d(ep, ) ~ £p)
+ dcn(Aw, T) + dci (A, T) = j(Ar)

VteX

Restricting 7 to the convex set K we have
b(u,7) + f(u) =0, dn(p,7) —tHe@) =0 and s(n,7) = 0.
Furthermore, with 7, <0, A, > 0and 7; < |t;] < F on I'c there holds
dcn(An, ) <0 and dci(A, T) = j(Ay) 0.
Now the right inequality of the saddle point problem (3.33) restricted to K reads
J(0) < J(7) + den(An, T) + des(Ay, 1) — j(A) < J(1) Y 1€eK,

which means ¢ € K is the solution of the dual minimization problem (3.13). Ad-
ditionally the right inequality in (3.33) states that the tensor o € X minimizes the
functional L(;v, &, @, py, 4y) in X. The linear forms that only act on Lagrange mul-

tipliers can be regarded as constants within this minimization problem and so we
have

1.

Ea(o, 0) = {8, 0)r. +b(u,0) +5(1,0) + dn(p, 0) + dcu(Ay, 0) + dci (A4, 0)
< %d(’c, T) — (g, Dr. + b(u, 1) +5(1, 7) + dn(p, T) + dcu(Ay, T) +dci(Ar, T) YTeX

Now X as a Hilbert space is evidently closed and convex and the above functional
is Gateaux differentiable with respect to 7. Therefore using the theory of variational
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3.1. Dual-dual formulation in 2D

inequalities (see e.g. Kinderlehrer and Stampacchia [64]) the above minimization
problem is equivalent to the following variational inequality problem of finding

0 € X such that
i s L - s L +b s L + s L
d(o,7—0)—(g T~ 0)r. +b(u,7-0) +s(n,7-0) > 0 Vrex. (3.35)
+dn(@, T —0) +dcu(Ay, T —0) +dci(Ay, T —0)

Choosing 7 = +¢ + o with ¢ € [C7]*? N X, the bilinear form s(-,-) and the terms on
the boundaries vanish and we have

d(o,¢)+b(u,¢)=fo:®'l:qbdx+fu~divqbdx=0 Y ¢ € [CTTP? N X..

Q Q

Integrating by parts and using the symmetry of ¢ in the right integral leads to

fu~div¢dx=—fVu:¢dx=—fVu:%(¢+¢T)dx

Q Q Q
=—f%(Vu+VuT):qbdx=—f€(u)3¢dx
Q Q

and so the above equation reads
f(o (Cl—e(u):pdx=0  YPe[CTIPNX,,
Q

which means 0 = C : ¢(u) in Q. If we do not require ¢ to be symmetric in the above
choice of 7, then again integrating by parts and using o : C™! = ¢(u) the variational
inequality reduces to

ﬁ(a,q5)+b(u,q5)+s(n,¢)=fe(u):¢dx—fVu:¢dx+f(P,] 1) pdx

Q Q Q
=f[(,°,]g)—%(Vu—VuT)]:qbdx:o V¢ e [CTP
Q

and therefore 1 = %((Vu)lz — (Vu)z1) in Q. Next we observe by choosing 7 € X, and
using 0 : C™! = ¢(u) we have

ﬁ(a,T—a)+b(u,T—a):fe(u):(T—o)dx+fudiv(”[—a)dx=fu-(’c—o)-nds.
T

Q Q

If wetaket € X, witht-n=0-nonIyUIcand 7-n =+ + 0 -n on I'p for some
Pe H:(Tp) we get

fu~1[)ds=0 Ve HI(Tp)
I'p
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3. Dual-dual formulation for a contact problem with friction in 2D

which leads to u = 0 on I'p. In the same way choosing T € X, with7-n=0-nonT¢
and 7-n =+ +0-nonTly for some 1 € H’%(FN)weget

f(u+(p)~1[)ds=0 Ve H I(Ty)
I'n

and sou = —¢ on Iy, since u|r, € ﬁ%(FN). Next choosing 7 € X, with7-n=0-non
I'n,t-n=+tp+o-nonIcforsomep € H’%(Fc)wherelpt =0and ¢, = 11) € H’%(FC)
we get

f(u71+/\n_g)¢d5=0 VII)EH_%(FC),

I'c

from which we deduce u, = g— A, onT'c. Finally, we choose T € X; with7-n = ¢-non
I'ny,T-n=xtp+0-nonl¢forsomep e H‘%(Fc)withljjn =0and ¢, =1 € H3(T¢)
to get

f(ut +A)Pds=0 VPpeH 2(Te),

Tc
which states u; = —A; on I'c and concludes the first assertion.

(ii) To prove the second assertion we leto € K be the solution of the dual minimiza-
tion problem (3.13) and u € K, be the solution of the primal minimization problem

(3.6). Then due to Theorem 3.3 we have o = C : ¢(u) in Q. Since ¢ € K we have

f(v) +b(v,0) =0 Vv eLXQ),
v, 0) — Hy) = 0 Ve HA(Ty),
s(&,0)=0 Y & e LX(Q).

As seen in the proof of Lemma 3.2 we have that the minimization problem (3.6) is
equivalent to the variational inequality problem of finding u € K, such that

a(u,v—u)— f(v-—u)—tv—-u)+j(v)—ju) >0 ¥ veK,.
Letting v = u + ¥ with ¥ € Ky, then v € K, and we have
fo:E(V)dx—f(ff)—tg(\”/)+j(u+\7)—j(u)20 Y v € Ko.
Q
Using o € K and Green'’s formula the above inequality reduces to

fﬁnon ds + fﬁtot ds + f?lut + Ty|ds — f?'lutlds >0 Y v € K.
Tc Tc

I'ec I'c
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3.1. Dual-dual formulation in 2D

Now choosing v € Ky with &, = 0 and ¥; = +u; on I'c we have using A; = —u;
desl,) = ) = ~(es, ) + j) =~ [ s~ [ Fhuias =o.
Ic Ic

Analogously to the above argumentation we can write the dual minimization prob-
lem (3.13) as a variational inequality problem of finding ¢ € K such that

(0,7~ 0) 2(8g, Tn — On)re VrekK
If we now define
K, = {VEVD: dive(v)=0in Q, ¢(v)-n=0o0nTy,

e(v); =0and g(v), £ —0, on FC},

wehave 7 = g+ ¢(v) € Kforallv € K. Integration by parts in the above inequality
and using 0 : C™! = &(u) we derive for all v € K,

i(o,t—o0) =d(o, e(v)) = fe(u) ce(v)dx

Q

=—fu~dive(v)dx+ f u~e(v)~nds=funS(V)ﬂdsz(g,e(v)n)pc.
Q

TNUTe Tc

Noting that g, < 0 < —0,, we can choose v € K, with ¢(v), = +0, on I'c in the above
inequality and using A, = g — 1, we arrive at

dC,n(/\nron) = - f(un - g)Un ds = 0.
e

— ~ ~1
Since ¢ € K we observe for y; € H? (Tc) and p, € H2(I'c) with 7 > 0

—TSO}ST

= o <Flul and ouu, <0
Sl < <) ST H

and therefore we can state the left inequality of the saddle point problem 3.33

L(o;v, &, P, e, n) = %ﬁ(o, 0) — g(0) + b(v,0) + f(v) + s(&,0) + dn(, 0)
+ deu(pn, 0) + des(pe, 0) = j(ur)
=J(0)+ | (ot = Fluyds + | ouptds < J(0) = L(oyw,m, p, Ar, An)-
fou-runs |

I'c
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3. Dual-dual formulation for a contact problem with friction in 2D

To prove the right inequality we first observe for 7 € X

L(o;w,n,, Ay Au) = L(t;w, 1, @, Aty Ay)
= —%ﬁ(a - 7,0 —-1)+d(0,0—-1)—g(oc— 1) +b(u,0-1)
+s(n,0 = 1) +dn(p,0 — 1) +dcu(Ay, 0 — T) +dcs(A, 0 — 7).

Using 17 = 1((Vu)12 — (Vu)21) we have s(n), ) = fQ(Vu — &(u)) : tdx. Then integration
by parts in the bilinear form b(-, -) leads for all 7 € X to

.I:(U; u, n/ q)/ /\n/ /\t) _I(T/ u, n/ q)/ /\t/ /\n)
=-— %ﬁ(o—’c,o—’c)+ﬁ(o,o—’c)—fVu:(o—T)dx+f(Vu—e(u)) :(0—1)dx
Q

Q

+ f(u + @) (0—-1)-nds+ f(un - g+ A0, —Ty)ds + f(uf + Ay)(or — 1) ds.
I'n Tc T'c

Finally, using the definitions for ¢, A, and A; the boundary integrals vanish and with
¢(u) = C' : 0 we can show the right inequality of the saddle point problem 3.33

Lo;u,m, @, AuA) = LT, m,¢,A, A) = —%ﬁ(ﬁ -1,0-1)<0 V7teX

where the inequality is due to the ellipticity of the bilinear form a(-, ). |

3.1.3. Variational inequalities

We want to derive a variational formulation which is equivalent the saddle point
problem (3.33). Thus we have to check the assumptions of Proposition 2.9. With the
restriction of 1, € ﬁ% (I'c) we have L : X x ?ﬁr — R. Of course X as a Hilbert space is
convex, closed and not empty. Furthermore, if we take u, = —u,|r. € H? (T¢c), where
u is the solution of the primal minimization problem (3.6), then ?; is not empty.
Since H? (T'c) is a real valued vector space and h; : H? (Tc) 2 R, - (u+s)alinear
formon Hz (T¢c) fors € H? (Tc) the equation h;(u) = 0 defines an affine hyperplane H.
Therefore the set H; := {u € H 5 (Te)lhs(u) = 0} defines a closed half-space bounded

— —1 —
by H. With H 2 (T'c) being closed we conclude that H2 (I'c) = Hy N H 2 (T¢) is closed
as well, see Ito and Kunisch [61].

Remark 3.11: Ifwe do not lift the Lagrange multiplier A, by the gap function g as described in
Remark 3.8 we would deal with the convex set K_g := {u, € H? (Te) : pn = =gae onTch

This set is closed as well since g € H? (T'c) and so we have K_y = Hg N H? (Te), ie. K gis
closed.
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3.1. Dual-dual formulation in 2D

The convexity follows straightforward. Let us define

1
ZZXXFY” SR (T'V CE ll) #t ‘Ll) N Eﬁ(T/T)_g(T)+b(T/V)+f(V)+S(T/é)

+dn (T, ) — to(W) + des (T, ) + den(T, i),

m: X)(FY"+ - R, (T,'V/CSIII)/ thHﬂ) g _j(Ht)/

then we can decomposef = I+ m. The bilinear and linear forms in [ are all Gateaux-
differentiable. Furthermore, all linear functionals are both, convex and concave. The
bilinear form (-, -) is convex we have that [ is convex in X for all (v, &, Y, s, i1n) € Y,

and concave in ?ﬁr for all T € X. Since m does not depend on 7 € X, it is convex in
X for all (v, &, Y, yy, 1n) € Y, Finally, the j-functional itsself is convex in H 3 (T'c) and
therefore m is concave in Y/, for all 7 € X.

Now all assumptions of Proposition 2.9 are satisfied and for (o;u, 1, @, Ay, A,) € Xx?ﬁr
being the saddle point of L, we have to compute the following Gateaux derivatives
for r € X and for (v, &, Y, y, pn) € Y,

dl
( %(o;u, n,@, A, A, T=0),

al
5 o ~wourn, //\//\n ’ 1Sy W Bty Bn) — v /A/Aﬂ .
<a(v,5,¢,yhyn)(oun<p tAn) (V& iy, i) = (0,1, @, vy A))

We do this exemplary for 7 € X. It holds

dl d
< Z(O, u, T]r(P/ /\t/ /\n) ; T— 0> - g (l((j + X(T - 0), u, n/ q)/ /\t/ /\n)) |X:0

% %ﬁ(o +x(t —0),0 +x(t — 0)) — g(o + x(1 — 0)) + b(o + x(T — 0),u)

+ f(u) +s(0 +x(t —0),n) +dn(o + x(t — 0), p) — to()
+ dci(o + x(T — 0), At) + dcu(o + x(t — ), A)] lv=0

d(t—o0,0)—g(t—0)+b(t—o,u) +s(t—o,1n)
+ dn(T — 0, @) +dci (T — 0, Ay) + deu(T — 0, Ay).

After computing the other derivatives and applying Proposition 2.9 we end up with
the following variational inequality problem:
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3. Dual-dual formulation for a contact problem with friction in 2D

Find (o;u,n, @, A, Ay) € X X ?ﬂr such that

i(t—0,0)+b(t—o,u) +s(t—0o,n) +dn(T—0,p)
+dci(t =0, M) +dcu(t—0,A,) > g(t—0) VY7eX

\

b(v —u,0) <—f(v-u) Vvel?Q)
s(&-n,0) < 0 Y & e LHQ)
AN — @, 0) <tp—¢) VipeHITY)
dei (e = A, 0) = ) + j(A) < 0 VYweHTo
den(in = Au,0) < 0 V € HE(To).

The first four inqualities that are valid on a whole Hilbert space can be reduced to
equalities, e.g.

Taking T = 0 and 7 = 20 in the first inequality we have

—{d(o,0) + b(o,u) + s(0,n) + dn(0, @) + dci(o, Ar) + dcu(o, An)}

—8(0),
a(a,0) + b(o,u) + 5(0, 1) + dn(0, @) + dc(0, Ar) + dcu(o, An) (3.36)

g(0),

vV v

which reads
(o, 0) + b(o,u) + s(o, n) +dn(o, @) + dci(o, A) + dca(o, Ay) = g(0).
Then with + 7 € X we arrive at
a(t,0) + b(t,u) + s(7,n) + dn(T, @) + dci(T, &) +deu(t, Ay) = g(7) VTeX

The same procedure applies for the other three inequalities mentioned above and so
we finally arrive at the dual variational inequality problem:

Find (o;u,1, @, A, Ay) € X X Y; such that

a(t,0) + B(T; w, 1, @) +dci(t, Ar) + deu(T, An) gty VreX

b(v,0) =—f(v) Yvel*Q)
s(&,0) = 0 VE&el¥Q)
—, (3.37)
N, 0) =t(p) YypeH2(Iy)
des(pe = Ay 0) = j(us) + j(AY) < 0 Yy eH(T)

dC,n(,un - /\n/ 0) O v ,un € ﬁ% (rC)

IA

where we have used the bilinear form B(T; w,1, @) :=b(t,u) +s(7,1) + dn(T, P).
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3.1. Dual-dual formulation in 2D

Remark 3.12: Note that the computation in (3.36) is valid for all Lagrange multipliers as
~1

well, since setting yu; = 0 and y; = 2A, in (3.37)s and p, = 0 € H} (I'c) and p, = 2A, €

—1

HZ(Tc) in (3.37)¢ we get for the solution (o;u,1, @, A, Ay) of (3.37)

d(o,0) + b(o,u) +s(o,n) + dn(o, @) +dci(o, Ar) +dca(o, Ay) = g(o)
b(u,0) = - f(u
s(n, 0) =0
(3.38)
dn(ep, 0) = to(g)
dce(Ar, 0) = j(Ay) = 0
dC,n (/\n/ 0) = O

The last two equations in (3.38) state in a weak sense the equality constraints on the
contact boundary I'c of the strong form (3.1).

Remark 3.13: A similar procedure applies in the case where no friction occurs, i.e. F = 0.
Following remark 3.9 and the computations above we arrive at the variational inequality
problem for contact without friction:

Find (0;u,1, @, At, Ay) € X X Y/, such that
a(t,0) + B(t;u, N, @) +dci(t, Ay) +deu(t,Ay) = g(1) VteX

b(v,0) =—f(v) Vvel*Q)
s(&,0) = 0 VEel)Q)
—~ (3.39)
An(@, 0) = typ) ViypeH(IN)
des (s, 0) = 0 VueHTo
dC,n([J;z - /\nr 0) < 0 v Hn S ﬁ% (FC)

3.1.4. Dual-dual formulations

Since the j-functional in the saddle point formulation (3.33) is non-differentiable we
introduce another Lagrange multiplier in order to approximate the sign of A; on the
contact boundary I'c. As the support of the integral in j(-) is restricted to the support
of the friction function ¥ we also restrict the new Lagrange multiplier to the support
of . Let us define

Ac =supp¥.
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3. Dual-dual formulation for a contact problem with friction in 2D

Then we set vA; = [A;] a.e. on Ac, with
veA:={ke HIAc): |kl <1, ae onAc)
and define the bilinear form

qxc, ) := fTK‘uds forke A, pe ﬁ%(rc).
Tc
Remark 3.14: The introduction of the additional Lagrange multiplier is done in a similar
way as in the primal-dual formulation, see e.g. Glowinski [52, Chapter II, Section 5.3]. The

difference is, that we choose H? (Ac) instead of LX(Tc) in the definition of A. The reason
will be seen in the proof of the inf-sup condition concerning q(-,-) in Section 3.1.6.

Let us consider the following saddle point formulation:
Find (o,v;u,n, @, A1, Ay) € XX A X ?; such that

z"(o/ v;v, g/ ll’/ Ht/ ‘un) S I:((j, v,u, n/ (P/ /\t/ /\n) S i"(T/ K,u, n/ (P/ /\t/ /\n)
N (3.40)
V(T 165V, &, iy, ) € XXAXYY,

where

a(t,7) — g(1) + b(7, v) + f(v) +5(7, &)

2 1
L(t, 159, &4, Wy, ) = >

+dn(T, ) — tAP) +dei(T, ) — g, ) + den (T, tn)-

The bilinear form 4(, -) is continuous and linear in both variables and therefore we
can apply Proposition 2.9 with [ = L and m = 0. Analogously to the previous
subsection we have the saddle point formulation (3.40) being equivalent to the
following dual-dual variational inequality problem:

Find (o,v;u,n, @, A, Ay) € XX A X ?ﬁr such that
ﬁ(T/ G) + B(T/ u,n, (P) + dC,t (T/ /\f) + dC,n (T/ /\n) = g(T) YTeX

b(v,0) =—f(v) Vvel*Q)

s(&,0) = 0 V&el)Q)

dy(tp, 0) =t() YpeHITN) (341)
des(p, 0) = q(ue, v) = 0 YweH )

dcy(tin = A, 0) < 0 VYuye A (re)

qc = v, Ay) < 0 VkeA
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Remark 3.15: There arise some questions from the introduction of the new Lagrange mul-
tiplier v. First we note that from (3.41); we have

vA; = A ae. onAc, (3.42)

since taking k = sign A, € A we get

fq:ﬂ/\fl - VAt) dS < 0
Tc

in (3.41);. But as v € A we have |A;| — vA; > 0 and thus

fq:ﬂ/\fl - VAt) ds >0 = f?(lAtl - VAt)dS =0.
Tc T'c

Since the friction function F is positive on the contact boundary I'c we conclude (3.42). If
¥ is zero, then the inequality (3.41); is of course valid, but furthermore we deduce from
(3.41)s, that o, = 0 as well, since the equation reduces to the one in the frictionless case, see
Remark (3.13).

If Ay = 0 on some part T C Ac, we are in the situation where the body is sticking on the
rigid foundation. Then from (3.42) we have that v € A can be chosen arbitrarily. But in this

case, we have from (3.41)s by taking u; € H? (Tc) with supp(ug) C T

0 =dcs(ur, 0) — qus,v) = f‘ut(at -Fvyds = v= % on l“sct. (3.43)

st
l-‘C

Finally, if Ay # 0 and F # 0, then we conclude from (3.42) and (3.43), which is valid here
as well

15}
v=signA; A v=

?t = signoy=signd,=v A vor=|o=F. (3.44)

Corollary 3.16:
For the normal stress 0, and the tangential stress o on I'c we conclude

0, <0 and lo] < F on I'c. (3.45)

Proof. The first assertion follows from (3.41)s, using (3.38)¢ and the fact, that u, >0
on I'c. The second assertion follows due to Remark 3.15. O

Theorem 3.17:
The variational inequality problems (3.37) and (3.41) are equivalent in the following

sense. If (o;u,1, @, Ay, Ay) € X><?jr isasolution of (3.37), then (5, v; u, 1, @, A, Ay) € XX
A XY/ solves (3.41) with v := sign A; € A. On the other hand if (o, v;u, 1, @, A1, A,) €
X x A XY, is a solution of (3.41), then (o;u, 1, @, A4, A,,) solves (3.37).
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3. Dual-dual formulation for a contact problem with friction in 2D

Proof. Let (o,v;u,n, ¢, A1, Ay) € XX A X ?Q be the solution of (3.41). To prove that

(o;u,n, @, A, Ay) € XX Y, is a solution of (3.37), we only have to show the inequality
in (3.37)5 concerning the tangential displacement on the contact boundary. With
v € A we have

g, ) = — f Fopds > - f Flulds = —j(u) ¥ e € HHTO)
Tc Tc

and from (3.41)s, (3.42) and (3.38) which is valid here as well we get
0 = dci(pe, 0) — qlus, v) = dee(pr — A, 0) — que, v) + q(As, v)
> dey(p = A 0) = j(ue) + j(A) Y € HA(o).
But this is just the first inequality in (3.37).
On the other hand let (o;u, 1, @, A1, A,) € X X ?; be the solution of (3.37). For g € X
fixed, we have d,(u) := dc;(u, 0) is a continuous linear functional on H 2 (T¢). With
(B38)and uy =+ € H%(I“C) in (3.37)s we get
des(1,0) = j(1) SO A —~de(p, 0) = j(u) O = e, 0)| < j(u) ¥ e HA(To).
As F € L*(I'c) ¢ LY(I'c) we can define the mapping
n:HY(T¢) » L'T¢e), e Fu

Taking into account the positivity of ¥ we have

e, o)l < () = f Flulds = f (Fulds = Il ¥ ue HA(TO),
I'c I'c

which is a seminorm on L!(I'c) and therefore sublinear. Since H? (T¢) € LY(T¢) the
assumptions of the Hahn-Banach theorem, see e.g. Yosida [86, Chapter IV], are
fulfilled and we have the existence of some linear functional d, on L}(I'c) which is
an extension of d, such that

o) < Il ¥ p € LATO).

For u € LY(T¢) thereexistsav € L*(I'c), the dual of L'(T'¢c), with Moo £1 = veA
and

||,U||L1(FC) = <HrV>-

Here (-, -) denotes the duality product. This can be seen very easy from the definition
of the L-norm as the supremum of the duality product over all dual functions
Kk € L*(¢c)

||,U||L1(rc) ‘= sup <,U/K)-

llilleo r ) <1
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3.1. Dual-dual formulation in 2D

The supremum is assumed for v = sign u € L*(T'¢). Since d, is an extension of d, we
have

(00 = desie0) < o = [ Fomds =qtun) ¥ e FAro)
Ic

If we take u = =, € H:(I'¢c) we finally arrive at

des(ur,0) = qQue,v) Y € HA(T).

Taking u; = A; and regarding (3.38) we get

0 = des(hi0) = jA) < gAv) = 1) = f F A — M) ds
Tc

and since v € A we have v A; — |A;] < 0 from which we deduce
vA; = |Ai a.e. onAc.
Finally, we have vA; = |A;| > kA, for all k € A leading to
gA,x=v) <0 VxkeA

and thus the proof is complete. O

3.1.5. Existence and uniqueness results

The above derivations permit us to state existence and uniqueness results of the
variational inequality problems (3.37) and (3.41).

Theorem 3.18: _
There exists exactly one solution (o;u,1, @, A1, A,) € X X Y/, of the dual variational
inequality problem (3.37). There exists exactly one solution (o, v;u,1n, @, A, A,) €

XX AX ?jr of the dual-dual variational inequality problem (3.41).

Proof. In Section 3.1.3 we have seen that the dual variational inequality problem
(3.37) is equivalent to the saddle point problem (3.33). Due to Theorem 3.10 we have
the equivalence of the saddle point problem (3.33) with the primal minimization
problem 3.6 and the dual minimization problem 3.13. Since both minimization
problems are uniquely solvable we have that the saddle point problem (3.33) as well
as the dual variational inequality problem (3.37) are uniquely solvable.

The second statement follows directly from Theorem 3.17 and the existence and
uniqueness of the dual variational inequality problem (3.37). O
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3. Dual-dual formulation for a contact problem with friction in 2D

3.1.6. Inf-Sup conditions

In order to derive an error analysis for the variational inequality formulations of
the previous section certain inf-sup conditions are required. When dealing with
variational problems without inequalities, these conditions imply unique solvability
of the problem. The theory was established by Babuska [6], [7] and Brezzi [17]. For
existence results of two fold saddle point problems occurring in mixed methods we
refer to Gatica [34] and the recent published work of Walkington and Howell [83].
The proofs go back to the theorem of Lax-Milgram and are based on the abstract
result of Brezzi and Fortin [18, see Proposition 1.1 in Chapter II]. To prove the first
inf-sup condition we follow very closely the works of Gatica and Wendland [45] and
Babuska and Gatica [9].

If we define the bilinear form B : X x Y’ — R for 7 € X and vV, &, 1, n) € Y
B(T/ (V/ E/ II)/ L, #n)) = b(V, T) + S(é/ T) + dN(II)/ T) + dC,l’(‘ut/ T) + dC,n (‘uﬂ/ T)/ (346)
then we can state the following

Lemma 3.19:
Let us assume that the boundary part I'c is polygonal, then the bilinear form
B(:,-) defined in (3.46) satisfies the inf-sup condition: 3 f; > 0 such that for all

V&Y, e n) €Y
B 4 7 4 4 7 n
sup (@ (v, &, ) Bill(v, &, 9, s, tn)lly, (3.47)

07X lITllx

where the norm on the product space Y is given by

1
2
2 2 2 2 2
v, &, w, )y, ==V + + + + .
109, &, o, )l (n Iy + 1l + Iy + bl o+l )

2(Te)

Before we prove this lemma, we state some needful results from Gatica and Wend-
land [45], where they prove an inf-sup condition for a mixed boundary value problem
from elastostatics solved by the coupling of mixed FEM and BEM. The proof will
have the same structure. Analogously to [45] let us define the following subspaces
of L2(Q2)*2 and X, respectively,

C:={e(v):veVp},

H:={rteX: %(T+TT)€(E}.

Then from [45, see Lemma 4.4] we have the following
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3.1. Dual-dual formulation in 2D

Lemma 3.20:
For every £ € L2(Q) there exists a unique 7 € H such that divt =0inQ, 7-n=0o0n

I'yUTcand i(t—17) = (f)é S) Moreover, there exists C > 0 such that

lItlix < Cllllz ¥ & € LAQY).

Now we are in the position to prove Lemma 3.19. The proof is in parts the same
as Lemma 4.5 in Gatica and Wendland [45] (see also Gatica and Babugka [9] and
Gatica et al. [10],[42] for similar results). We transfer it to the present case of a
frictional contact problem. For the sake of completeness we write down all steps of
the proof.

Proof. The proof is organized in five steps. The first three steps are from Lemma 4.5

of [45]. Let (v, &, 4, uy, ) € Y’ be arbitrary but fixed. According to lemma 3.20, we
let 7(&) be the unique element in $ such that div7(£) =0in Q, 7(§) - n=0onTyUI¢

and as(7(&)) = % (_05 S) in Q. We observe that
w© 5 (% §) = 1O~ 1OnE = 3@ ©n — 1O ~ 2@ — 1O
=as(z(&): (Y §) =&
Thus

B(T/ (V/ é/ l/J/ ‘ut/ Hn)) > su B(T/ (V/ é/ l/J/ ‘th, Hn))

0#£7eX lITllx 0£7€% lITllx

. X (3.48)
B(@), v, &, ) Ja7@ (% §)dx IR,
= LG ST @K @Ik

In the second step we consider z € Vp as the unique solution of the following
boundary value problem

2 Cilléllz -

dive(z) =vin Q,
z=0onIp,
&(z) - n=0onTyUTc.

The corresponding variational problem reads

Find z € Vp s.t.

f@(z):e(w)dx:—fvwdx Y we Vp.
Q Q

Now the second Korn's inequality assures that the bilinear form on the left hand

side of the above equation is coercive, i.e. fQ &(z) @ e(w)dx > C||w||iIl @ for some
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3. Dual-dual formulation for a contact problem with friction in 2D

C > 0. Furthermore, the solution is continuously depending on the right hand side,
that is ||zl ) < ¢IVil2(q)-

Choosing 1 := ¢(z) wehavedivt =vinQ,T-n=0onI'yUTI¢, t = 2T in Q and
1Zllx = lle@)lx < lle@)l2(q) + IIdiv e(@)lli2q) < 1zl ) + IVllz) < Cliviizg)-
Hence, we get the following inequality

B(T/ (V/ E/ II)/ #t/ ‘uﬂ)) > B(%/ (V/ E/ II)/ #t/ #n))

sup

0#eX lIlix lIlix
. , (3.49)
va -div T dx ||V||LZ(Q)
= = = — > Colvllz -
lIzlix lI2llx

In the third step we consider the following boundary value problem
—dive(z) =0in Q,
z=0onTIp,
&z)-n=0onTg,
e(z) - n=gonTy,

with some g € H2 (T'y). Analogously to the previous step we derive the correspond-
ing variational problem which reads

Find z € Vp s.t.
fe(z):e(w)dxzfg-wds Y weVp.
Q Ty
Again we have a unique solution z with ||zl ) < C||9||H_ Yoy Taking 7 := &(z) we
N

getdivT:OinQ,"c~n=OonFc,T=TTinQ,"c~n=gonFNand

ITlx = lle@)llx = lle(@)llz @) < 1zl ) < CllgllH,%(rN),

which leads to the inequality

B(T/(v/gllpl,ut/['ln)) > B(T/(vlérll)/,ut/,un)) — ]I:Nlp,fnds >C]I:N1pgds

> - ——>
Tl Il ol

sup
0#7€X lITllx

Now the above inequality is valid for all g € H(T'y) and therefore by taking the
supremum over all g € H 2 (I'y) on the right hand side we arrive at

B(T/ (V, ér ll’r ,ut/ [Jn))

0#£7€X lI7llx

2 Giliplly - (3.50)
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3.1. Dual-dual formulation in 2D

In the last two steps we consider the contact boundary I'c. The following boundary
value problem

—dive(z) =0in Q,
z=0onTI)p,
&(z) - n=0onTy,

&(z) - n=gnonlg,
withg e H . (T'c), leads to the variational problem

Find z € Vp s.t.

fe(z):e(w)dx:fgn-wds Y weVp.

Q Tc
Since we assume the boundary to be piecewise polygonal, we can decompose the
contact boundary Tc:= LA/jIle_i, where e; denote appropriate edges on I'c. Let n‘ denote
the corresponding norm:ﬂ exterior to the edge ¢;. For arbitrary ¢ € H ~3(I'c) we have

px), if xee

M
0=Y o Mm(ﬂﬂ:{

pc 0, else.
Using this decomposition we observe the following
M (; @', Vir,
n' sup ——————
lomll g =13 el = _lp T
i=1 H2 (Tc) H2(Tc)
M
Y w = Yo, 1, = Lo
ip | e » lginfll, g, = Y leinl
=1 yieH2 (I¢) HZ( i=1

For each polygon ¢; we have that n' is continuous. Therefore we can regard the
multiplication with the normal on ¢; as a linear, continuous mapping, i.e.

N': H3(e) — Hi(e),
@ Np := pn' Voe H? (e:).
We have that N is bounded which reads

AC>0: [Nl < Cllgll _1

HZ() H 2 ()
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3. Dual-dual formulation for a contact problem with friction in 2D

leading to the estimate

M
n <C Z : =C . 3.51
ol 1y < C L) = Ol (351)
=
For the unique solution z we thus have the estimate ||zllg () < CIIgnIIHf bog <
C

Cllglle%(r and setting 7 := ¢(z) we have divi =0in Q,7-n=0onTy, 7 =T in Q

and 7 - n = gn on I'c. The last equation leads to

T,=n-T-n=gn-n=g,

Tr=T-n—-T,n=gn—gn =0.
Furthermore, we have the inequality

IZlx = lle@)lIx = lle(@)ll20) < 1zl ) < ClIQIIH,%(rO.

Now we can estimate

su B(T/ (V/ é/ l/}/ ‘Ut, ‘uﬂ)) B(;f/ (V/ E/ II)/ #t/ ‘uﬂ)) — jllc ‘uﬂ%ﬂ dS > ‘fI:C ‘Ungds
ox lIzlix - IIZllx Izl ”g”H‘%(r@

and using the same argument as in the third step and taking the supremum over all
ge H: (T'c) we arrive at

B(T, (V/ E/ II)/ #t/ Hn))

0#7eX lITllx

2 Callpall o (3.52)

Finally, in the last step we consider the boundary value problem

—dive(z) =0in Q,
z=0onTIp,

e(z)-n=0onTy,
— n
ez) n=g (—m) onTg,
with g € H-2 (I'c) and the corresponding variational problem

Find z € Vp s.t.

fe(z):e(w)dxzfg(_nél)-wds VY weVp.

Q Tc
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3.1. Dual-dual formulation in 2D

In a same manner as in the previous step we can adapt (3.51) keeping in mind, that
the multiplication with the tangent on some polygon ¢; is also a linear, continuous
mapping. For the unique solution z we therefore derive the estimate

~ n,
z < <C
Izl 0 < Clis (—m)”H‘%(rc) B ”g”H‘%(rc)

and setting ¥ := &(z) we have divt = 0in Q, T-n =0on Iy, T = T in Q and

T-n=g 2 on I'c. The last equation leads to
- q

Y 9 n

t,=n-7% n=gn~(_él)=0,

v e n; v n; np | (M) _

f=t-n—-%n= g(_nl) = =1 (_nl) = (-m) (_nl) =9
We get the inequality

I7lx = lle@)lix = lle@l2 ) < 1zl o) < CIIQIIH_%(FC),

and can estimate

B(T/ (V, é/ ll)/ ‘Ut, [JIZ)) N B(’\i—/ (V, é/ ll)/ ‘ut/ ‘un)) _ dC,t(’\i'/ ‘th)

sup 2 z = T
II7l1x I17llx

0£7€X lI7llx

]I: [.lt’\l"tds L ‘Utgds ]I: [.ltgds
=c = Z¢ > c

¥ T = :
1llx Illx ||gI|H,%(rC)

Again using the same argument as in the third step and taking the supremum over
allg e H? (Tc) we arrive at

B(T/ (V/ é/ l/}/ ‘ut/ #n))
su >C _ . 3.53
e I7lx sllellgs (3.53)
If we finally set f; := max{Cj, ..., Cs} we get the desired estimate (3.47). O

For the error analysis of the following sections we further need a second inf-sup
condition concerning the bilinear form 4(-, -). Before we can prove this assertion let
us define

Ic:==Tc\ Ac.

We make some further investigations on the friction functional . Let JAc denote the
boundary of Ac, which is the set of all points x with x € (Ac NIc)U{x € Ac : F(x) = 0}
Due to assumption (3.4) we have to distinguish two cases for every x € dAc
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3. Dual-dual formulation for a contact problem with friction in 2D

P -
C{ ¢ -

[ V4 U |
| 1 | 1
Ice —— Ac —— I
01 o

Figure 3.4.: Two cases for the friction functional ¥ on I'c.

| | |
1 Ic f L Ac T IC‘

Figure 3.5.: General friction functional ¥ on I'c.

1. 3C>0: F(x)>C, ie F hasajumpinx e NCs,
2. ¥(x) = 0 and we can find some &y > 0s.t. F € C(Bs,(x) N Ac).

Moreover for the second case we can find for every x € dAc some 61 > 0 such that
¥ is strictly monotone in Bs, (x) N Ac. In Figure 3.4 we give an example of the two
possible cases. Without loss of generality we can reduce all other situations to one
of those above, as can be seen in Figure 3.5. We just have to cut Ac appropriately
into some disjoint subsets.

Before we continue with the second inf-sup condition let us adopt Lemma 3.2.2.
from Chernov [24] which reads

Lemma 3.21:

Let I be a closed Lipschitz curve with two open connected disjoint subsets yy C
I, y1cTl, yonys =0. Letalso y; := T\, ¥y =T\ (o Uy1). Then for all
¢ € H 2 (y1) there exists an extension f, € H %(yg) of ¢ onto y;, such that fyl,, = ¢
and

da>0: > _ .
a>0 ”(P”H%(,vl)‘a||f¢’||H%<ra>

The constant a depends only on mjnl()/gl)il, where (yzn)i are connected components
of y,.
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~/ e
N,

[
R? AL "R I

1 } |
Ic

Figure 3.6.: Distribution of the contact boundary I'c.

Now we are in a position to state the following

Lemma 3.22:
The bilinear form 4(-, -) satisfies the following inf-sup condition: 3 f, > 0 such that

for all k € H"2(Ac)

) S ol (3.54)

su
P ||% e

~1
uel2 (Tc)

Proof. Without loss of generality we only consider the two cases mentioned above,
see also Figure 3.4. Let us first consider the friction functional assuming the first
case from above. Then there exists a C > 0 with min ¥ (x) > C and we have

x€AC
q(u, ) f?”ykds fAc
P, =€ P e = g,
~1
eitro "MHE D peitag A 4o weiit g AR A0

In the second case we proceed as follows. First we distribute the active part of the
contact boundary Ac into the following sets as can be seen from Figure 3.6

Ac=RJUALUR] with R?:= Ac N By(x') and AL =Ac\| JR?,

where x' € dAc and 6 = min{5}, 6!} for every R?.

Now we can find some Cs > 0 with min #(x) > Cs. If we apply Lemma 3.21 with
xEA‘

Yo =1cUTp UTy, y1 =AY, 75 = Ac and Yoy = RS URS, then we can find for every
peH 2 (A2) an extension f, € H2(Ac) such that ful ao =l and

> Qs —~
b3 e, = 0l y

H(b_

for some s depending on 6. For x € H‘%(Ac) we can find R € ﬁ‘%(A") and
Ri € H’%(R?)withx = &*+®; +&; and & and &; being extensions of the corresponding
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3. Dual-dual formulation for a contact problem with friction in 2D

functions to Ac by zero with equal norms, respectively. We have

+ i+
Il 3, = I8+ &l <Ry IR I
= 18l ) Il g R
Now we are able to conclude for all ® eﬁ‘%(A‘E)
o) el [T
P Ty o P T WP A
_ ~1 _
yeH%(l"C) H H2(T¢) ,ueH%(AC) H HZ(A> peH%(Aé H HZ(A
on Fukds ng pRds
> Qs sup W > asCs sup W OCoCo”K||~ Z(Aé (3 55)
peH%(Ag) H HZ(ALS yeH%(Ag) H H%(Aé)

As seen above ¥ is continuous and strictly monotonic on R? and so there exists the
inverse £ ! of ¥ on ]R;S which is also continuous. Due to [61, see Chapter 9] F~! is

a factor on H:? (R%) and therefore ¥ ' € H? (R?) is well defined for all i € H? (RY).

Defining i := ¥ u with ||y||~% = ||F~ H”~7(R3’ <|l¥F~ ”Ll(Ré ||‘u||H2(Ro we get for
i=1,2
sup —q(y, k) sup —fRé ilelihe = sup —f’ PR
yeﬁ%(rc) ”‘u”ﬁ%(rc) yeﬁ%(R?) ”‘u”HZ(Rb) peﬁ%(R" ”‘u”Hz(Ro
(3.56)
' i SR S
su = &l 1o
IIT ”LI(RO -y ”‘u”HZ(R?’) ||7—‘71||L1(R? HO1(R?)

Choosing p, = min{W, a;5Cs} and adding (3.55) and (3.56) we finally arrive at
LL®Y)
q(u, x) qly, & + & + &)
sup = su - - &
1 s _1 [leell =2
peH?2 (Ic) H z(1"c> ueH2 (T¢) HZ(F )
> +|le
ﬁz( RO L P 2||H,E(Rb))
= R +||%; +
Bo (11, y  + WSy, ISy
S BllR + 7+ & _
> BollR" + &) KZIIH_%( ﬁzll ”H-m)

O

We have the following result concerning the continuous dependence of the solution
on the given data.
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3.1. Dual-dual formulation in 2D

Lemma 3.23:
There exists a constant C > 0 independent of the given data f,t), g and ¥ and a
constant C# independent of £, t; and g such that for the solution (o, v; u, 1, @, A1, A,) €

X x A X Y of the variational inequality problem (3.41) there holds

y ALy )+ Al g

ol -+ ey + Wnlhziy + el -+l g+l
< (Mmm)+mm_, +lgl g+ 17 o)
< f + () |-

and W30, < Cr (ha+ el g+l o+ o

Proof. The first equation in the variational inequality problem (3.41) reads
B(z, (w,n, @, A1, Ay)) = =g(1) —d(o,7)  VreX

Thus applying the inf-sup condition of Lemma 3.19 and the continuity of 4(-, -) we
have

B(T 7 (u/ n/ q)/ /\t/ /\n))

1
”u n/ (P//\t//\ ||Y’ =

ﬁl zex lITllx
(3.57)
= [311 5161)5) W [3 {IIgIIHZ(F : + ||a||x}

In the same way, using the inf-sup condition in Lemma 3.22 and the fifth equality of
(3.41) we derive

1 q(pte, v) 1 dc(ut, 0)
Mito =5 5P Taly "B SF Tl
weH?2 (T¢ HZ(F weH2Z (T HZ(FC (3.58)
1
5n%mm 7ol

Now as ¢ is a solution of (3.41) we have for the divergence
(Idiv 0||L2(Q) = ||f||L2(Q)
and using the coercivity of d(-, -) on the kernel of B(-, -) we conclude
1
lollk < ~a(o,0) + lIdiv ol g, = ( B(o, (u,1,@, At An)) = §(0)) + IIfllE -

Using the second to fifth equalities of the variational inequality problem (3.41) we
arrive at

ol < = () = tlep) = e ) = e, 0) = 00)) + I g
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3. Dual-dual formulation for a contact problem with friction in 2D

From the proof of Theorem (3.10) we have dc,(A,, 0) = 0. Furthermore, the proof of
Theorem (3.17) provides g(A¢, v) = j(A;). Applying the Cauchy-Schwarz-inequality,
equation (3.57) and inequality (2.6) we arrive at

1
2
olly < —(lIf u + ||t
| ”x— (|| ||L2(Q)|| ||L2(Q) Il 0||H__ ||(P|| %

FIF le=olliAdl -y + IIgII ||(7||x) + 11112

1
H2(Io) HZ(F)

1
2 (5 {18t + ol Uz + ol + 17 m)

I/\

+lgl, g ol + 16 g,

2
e, 1 C( )
< —_ J— 00
< 2allollx * Yea ([3 [Iflle2 () + lltoll ity IF ey | + IIgIIHZ(r )

3 gl (e + il + I )+ 162
Taking ¢ = @ we can find some C > 0 such that
, ¢ (cC 2
ol < = { g (o + ol g 1P o) gl >} .6

We finish the proof by applying the square root of (3.59) to the inequalities (3.57)
and (3.58). O

3.2. Mixed finite elements

In this section we present the discretization of the dual-dual variational inequality
problem (3.41). We introduce appropriate finite element spaces such that the discrete
versions of the inf-sup conditions (3.47) and (3.54) hold. Mixed Finite Element
Methods have been investigated for years and we do not give an explanation of them
in this work, but refer to Ciarlet [26] for an elaborate description of the standard
Finite Element Method and to the work of Brezzi and Fortin [18], which is a very
extensive introduction to Mixed Finite Element Methods.

Before we state the discrete dual-dual variational inequality problem, let us define
the setting of the Mixed Finite Element Method, that we use to find an approximate
solution of (3.1). First assume that the boundary I' of the considered domain Q is
piecewise polygonal. Let 7, be a regular, quasiuniform triangulation of Q. First
assume that the boundary I of the considered domain Q) is piecewise polygonal.
Let 7}, be a regular, quasiuniform triangulation of Q. The set of all edges &, is
decomposed into the set of all interior edges & and the set of all boundary edges
8};. Furthermore, 8;1 fori € {D,N,C, A, I} denotes the set of all boundary edges on
the corresponding boundary part, i.e. I'p, I'y and I'c for the first three letters and Ac
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and I¢ for the last two letters. Note, that for all edges e € 8? there exist exactly two
triangles T, T? € 7}, that have e as a common edge. In the same way we denote the
set of all vertices N, decomposed into each boundary part and the interior domain
by /\{111 forie {D,N,C A,IQ,T}. For some arbitrary triangle T and edge e we finally
denote by ET the set of all edges of T and by N7 and N* the set of all vertices on T
and e, respectively.

As we will outline in the proofs of the discrete inf-sup conditions (3.69) and (3.72)
we need coarser mesh sizes for the finite element spaces of the Lagrange multipliers
on the boundaries. In order to keep the complexity of the solution algorithms and
its implementation, as simple as possible, we propose the following choice for the
coarser mesh sizes /i and f. Similarly to Gatica and Maischak [41] we use h=2n
and i := 4h. If the coarsening is not sufficient we use / := 4% and /i := 8h and so
on. For the sets of edges with mesh sizes i and /1 on each boundary part, we use the
notation 8}1 and 8}1 fori e {D,N,C, A, I}, respectively. An analogous notation applies
for the sets of vertices. Moreover, we assume that for all edges & € 8}1 we have only
edges e € &, lying entirely on & for i € {N, C}. We make the same assumption for all
edges é € 85, i.e. for arbitrary ¢ € 8;; or é € E€ we have forall e € 8}; and i € {N,C)}
the intersections & N e and é N e are either empty or the whole edge e. The number
of triangles in 77, is denoted by Ny-. Analogously N; denotes the number of edges in
&, N; the number of edgesin 8;;1 forie {D,N,C A,I Q}and N¢ the number of edges
in 85.

In Chapter 4 we will need the following definitions for the interpolation estimates
of the Clément interpolation operator

wr = U T, W, 1= U T. (3.60)
NTANT 0 en&T’ 0

We are now in the position to define the discrete finite element spaces for the dis-
cretization of problem (3.41). For the triple (o, u,7) € X X L%(QQ) x L*(Q) we use the
PEERS elements that were introduced by Arnold, Brezzi and Douglas Jr. in [5].
They show, that the PEERS elements are well suited in the sense that they fulfill the
discrete inf-sup condition for the bilinear form b(-,-) + s(-,-). For the Lagrange mul-
tipliers on the boundaries representing the corresponding displacement fields we
use continuous hat functions. This seems plausible since continuous hat functions
are well suited for the space H!(Q2) and the trace of a 2D hat function is a 1D hat
function restricted to the boundary. Finally, we use piecewise constant functions to

discretize H™2 (Ac).

We need the following finite element spaces. For arbitrary T € 7 and e € 8£ with
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3. Dual-dual formulation for a contact problem with friction in 2D

k € {h, k) and j€{D,N,C, A, I} we define the polynomial spaces

PK(T) := {¢ : ¢ is a polynomial of degree at most s on T},
PXT) = {yp:=(11): v € PAT) fori=1,2},
PX(e) := {¢: ¢ is a polynomial of degree at most s on e},

Pre) := {lp = (32) : ;€ Pi(e) fori = 1,2}
and the Raviart-Thomas spaces on some triangle T € 77,

RTo(T) :={yp:=(}) +c(3) onT € T3, fora,b,c € R},

RTo(T) :={t: (71) € RTo(T) on T, fori = 1,2}
and on 75

RT, := {tp € H(div, Q) : Plr € RT(T) VY T € T3},

RTy :={t € H(div,Q) : 1]t e RTo(T) VY T € T1,}.

The space RT) is the space of Raviart-Thomas elements of lowest order. They were
first introduced by Raviart and Thomas [76] and are suitable for the discretization
of H(div, Q) since their normal component is continuous along all edges in 8}?. In
order to define the PEERS elements we further need the following function. For a
T € T}, we take the barycentric coordinates /\iT fori =1,2,3 and introduce the bubble
function on T as

[T, A ()

b =
0= T, A )

where p(T) is the barycenter of the triangle T. We define

B := {’l’: T|r :Curl(gZ;) YTeETy, a,ﬁER},

where

Curly = (Egzﬁlﬂ;;) and Curly := (_#Lzl ),

according to the definition of the Curl-operator, see e.g. Carstensen and Dolzmann
[22]. Now, we proceed with the definition of the following finite element spaces for
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the discretization of the dual-dual variational inequality problem (3.41)

Xh
M,

S h

Finally, we set

Xy, =X, X As

hr

=
=
= € C? s gl € Phe), i = Olry, Ve e &)},
=
=
=

:=RT,UB,
v: vlr € PAT), \/Te‘Th},
n€CQ): nlr € PUT), YT €Ty},
(3.61)
neCe): uePie)u=0lr, Yee&S,
peC: y(x)zovxe/v;},

x: Kepg(e), VEESZ‘},

pi={keL;: |x|<lae onIc}.

Yh = MhXShXNleCfI, Yh = YhXC;::.

3.2.1. Approximation of the dual-dual variational inequality problem

To approximate the dual-dual variational inequality problem (3.41) we propose the
following solution scheme, using the above definitions of the finite element spaces:

Find (o",v!; u", 1", (p’;, )\’;’, Ay e X, x Y, such that

a(o", ) + B, 0", " 1) + des (AL, 1) + deu (AL, T)  =g(1)  VreEX,

b(v, ") =—f(v) VveM,

s(&,0") = 0 VEEeS,

dn(tp, 0" = hy) VYPeEN; (362
de (i, 0") = e, V") = 0 Y € G

den(in — Al ") < 0 VweC

gl =", A7) < 0 Vred
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Corollary 3.24:
From the inequalities in (3.62) we conclude

den(Al,d") = 0. (3.63)
If furthermore /i = /i, then we have

VAE= AT on Te  yielding  g(Al,v") = j(AD). (3.64)
Proof. Taking p, =0 € C and p, = ZAECg in (3.62)s we conclude assertion (3.63).

From the assumption /i = it we have sign(/\f) € A;,. Then, (3.64) follows analogously
to the argumentation in Remark 3.15. ]

Proposition 3.25:
Analogously to the continuous case in Corollary 3.16 we conclude for the normal
stress of on I'c

<0 on Ic. (3.65)
If furthermore Ac C I',, with

I:=Tc\fee& : endlc #0), (3.66)
then we have for the tangential stress o/ on I'c

ol < F on Tc. (3.67)

Proof. From (3.63) and i, > 0 on I'c we get (3.65). For the second assertion we first
observe, that the restriction of (3.62)s to the inactive set Ic leads to af} =0onlc and

since ¥ is positive (3.67) holds on I¢. Due to Vi e A, we have
q(yt,vﬁ) = fT‘utvfl ds < fTIytlds = j(us) v u € Cj,
Ac Tc

Hence we conclude with (3.62)5

des(, 0") = () < dey(p, ") = (e, V") = 0 Ve,

L= f(‘thUI; - |‘Ut|7:) ds <0 v Ht [S C;‘l,
I'c

o flytl(o’} sign(u;) — T)ds <0 Y € Gy,
Tc

& olsign(u) - F <0 Y u € Gy,
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3.2. Mixed finite elements

Choosing u; € Cj, such that ,Ut|r'c = +1 we have
ol —F <0 A -0l = F <0 on I't D Ac
and therefore (3.67) is also valid on Ac. O

Remark 3.26: If no friction occurs, i.e. F = 0, we have the following discrete version of the
variational inequality problem (3.39) for contact problems without friction:

Find (o";u", 11", ", )\’;’, Al e X, x Y, such that

a(", 7) + B, 1", @"; 1) + dey (Al 1) + de(Al, 1) =g(r)  VreX,

b(v,a") =—f(v) YveM,
s(&,0") = 0 VEES,
(3.68)
dn(p, ") = f(P) YyPeN;
dC,t(Ht/ Gh) = 0 \4 U € C;”l
dC,n(‘un - /\f_lz/ Uh) < 0 v Un € Cg

Remark 3.27: In general the subsets for the discretization of the convex sets in the variational
inequalities are not conform. However this does not hold for the discrete sets C;” and A;. In
short, we have

—~1
C; cH(I'c) and A, C A

This follows from the fact that we use linear functions for C;- and demand that all functions
in C> have to be positive in all vertices of th This just means that we only allow linear
combinations of basis functions in C; with positive coefficients and as the sum of positive
functions is positive again we conclude the first assertion. The second assertion is obvious
by the construction of the finite element space A;,.

3.2.2. Discrete Inf-Sup conditions

In order to derive an error analysis we have to assure, that the discrete versions of
the inf-sup conditions hold for the mixed finite element spaces in (3.61). For the first
discrete inf-sup condition (3.69) we collect known results from literature, similar to
the continuous case in Section 3.1.6. However for the sake of completeness we show
a sketch of the proof and name the right reference in each step of the proof. Let us
state the first discrete inf-sup condition.
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3. Dual-dual formulation for a contact problem with friction in 2D

Lemma 3.28:
The bilinear form B defined in (3.46) satisfies the following discrete inf-sup condition:

A Cy, p1 > 0,independent of h and /i such that forall i < Colrand (v", £", 1[1}3, yf, yz) €
Y

B(t", (v", & gl ul, uly)
sup

0#theX, ||Th||X

> Bill(v", & g, i, il (3.69)

Proof. The proof is divided into four steps. In [5, see Lemma 4.4], where Arnold,
Brezzi and Douglas Jr. introduce the PEERS elements to discretize the triple of stress,
displacement and rotation in plane elasticity, the authors show the discrete inf-sup
condition for the triple of functions. For this we define

X, :={t"eX,: ftr(”[h)dx =0y,

Q
which allows us to decompose X}, = X, + RI and now Lemma 4.4. in [5] states

b(v", ") +s(&", ")
AC>0: sup ——————— 2 ClHVhIéh”LZ(Q)xLZ(Q) v (v",&") € My X S
IS T

Since the other terms in B(-, -) are all bilinear forms on boundary parts we proceed
analogously to Gatica and Stephan in [44, see the proof of Theorem 4.1]. That is, for

all (v, &, lpfl, yﬁ, yﬁ) € ?h we have

t

PR
B(Th/ (Vh/ éh/ Ip 4 Aux}fl’ .“z)) > B(Th/ (Vh/ ‘Sh/ O/ 0/ 0))
0zlieX;, lIT"]lx - 0zheX, I*lb
b(vh Th) + S(Eh Th) W
= sup + 2 GlIv", &'l q)xr2)-
T T

In the next two steps we apply Lemma 4.2. of Gatica, Mdrquez and Meddahi [42] and
use Lemma 3.3. of Bab~u§ka and Gatica [9] to s})ow the existence of some Cy, C, >0
independent of & and / such that for all h < Coh the following estimate holds

Bz, (v", &, ", ul, uh) ; b e Y
sup ” — > Gl ey = 1€ 2y ¥ (", & 9" il ) € Y
O#TI’EX;, ||T ”X H2(I'n)

The second norm on the right hand side arises from the fact, that the interpolation
operator used within the proof of Lemma 4.2 in [42] does not necessarily preserve
the symmetry of the stress tensor. Furthermore, the first norm on the right hand side
is reached by applying first Lemma 3.2. of [9] and then Lemma 3.3. of [9].
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3.2. Mixed finite elements

Finally, since the above estimate holds also true for scalar functions on some bound-

ary parts we can apply it to the last two Lagrange multipliers y’j and p! by using the
same arguments as in the continuous case in Lemma 3.19; Hence there exist some
positive constants Co, Cy, C3 and C, such that for all i < Coh

B(t", (v", &, ¢, ul, uly)

C _ — h v h, h, 1 , c Y1
0xtliex;, IIT"Ix 3”H ”Hz(r ) €820 v, &y, Ht Hn) h
and for all h < Coh
B, (v", &, ‘I’h ) h hoeh R
SUP ||Th||X C4||‘un”HZ(l" ) - ||§ ||L2(Q) v (V ,g ’ll) [’lt/[’ln) c Yh

0#thex;,

Multiplying the last three inequalities by % and adding up all four inequalities we
Cymin{1,Cy,C3,Cy4} O
4430, ‘

arrive at the desired estimate with Cy := min{Cy, Co, Co} and B1:=
Before we state the second discrete inf-sup condition we make the following obser-
vation. We want to show the inf-sup condition for each choice of 7, in particular we
can assume ¥ = 1. Therefore the active set is the whole contact boundary Ac = T'c.
Without loss of generality we can assume that I'c is a line segment. In the following
we show exemplary, why we have to use a coarser meshsize for A;.

Assume T = i, then we can define for an arbitrary set of edges 8}%

¢ = i(—l)" 0 € A; it xe={ 0 T

K= - Xi X) i W1 Xi X) = 0, else.

Now we observe that for all ¢ € C; we have g(¢p, &) = 0. To verify this we take an
arbitrary ¢ € C;,

Ne-1
o(x) = Z ciYi(x) with ¢; € R and ; basis function in Cj,

i=1

and compute

Ne-1 Nc Cc
¢ﬁ:[zciwf(x)][Z“(—l)fxf(x)] Z (1) + (1)) =0
i=1

i=1 i=1

Since ¥ was assumed to be constant the assertion follows. In Figure 3.7 we illustrate
this observation exemplary. The dashed blue lines show each hat function separately.
The observation shows, that the discrete inf-sup condition does not hold for arbitrary
¥, if the meshsizes for A; and C;, are equal.

Furthermore, we cannot regard ¥ as a multiplier on Cj since it can have jumps. As
described in the beginning of this chapter our aim is to solve the contact problem
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3. Dual-dual formulation for a contact problem with friction in 2D

(51

Figure 3.7.: Example for ¢ € C;, (blue) and & € A; (red) on the contact boundary T'c.

(3.1) with Coulomb friction (3.2). In Section 3.3 we explain the solution algorithm
to solve the discrete variational inequality problem (3.62), where we update the
discrete friction function after each iteration according to (3.2). This means that we
define ¥ in terms of the normal part of the approximated stress ¢ on I'c which is
a piecewise constant function. For this reason we have to project # onto L;. This
projection will be explained later in detail in Section 3.3. For our current purpose it
is sufficient to know that we deal with a friction function ¥ € L; from now on. In
the following we will present two different inf-sup conditions. The first one will be
valid for all friction functions ¥ € L;. Unfortunately it deals with a mesh dependent
norm. For the second version some more restrictions on the friction function are
necessary. If we know in advance, that dist(Ac, dI'c) > € > 0, then the coarsening of
the mesh described above is not required.

Let us introduce the following norms defined in Roberts and Thomas [77, see Section
6 in Chapter II]

1
i . 2 .
¥ a1y = (V15 ) + RtV i ) Vv e H(div,T), T€ T},
1
K = inf ||lv i YxkeH 2(T), TeT;,
lelll 3 or VeH(div'T)III lltrcaiv,m) (@7T) i
vn=k|yr
1
2
1
Wl =3 Y Mll? Vi=(kn) e [ HAED.
TeT;, 2 TeT;,

We will need the inequality (18.23) defined in [77, Chapter II, Section 6]

~

1
lielll- s o < Ch2[IKllz2o7;)- (3.70)

With the above norms we define the restriction to the boundary part as follows. For
K € L;l

lIxll- = MMy o (3.71)
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3.2. Mixed finite elements

wherex* € [[ H™2 (dT) is the extension of «k by zero.
TeT;,

Finally, we notice, that i = 2 is sufficient to prove the desired inf-sup condition.
This will be explicated in the following lemma.

Lemma 3.29: .
The bilinear form 4(-, -) satisfies the following discrete inf-sup condition: 3 Cp > 1
and B, > 0, where 8, depends on ¥, such that for all fi>Cyhand forall x € L;

sup ~1HX) gy, )

> Ballxll_z - (3.72)
yECh ” ” 2

HZ(F)

Proof. Let us assume Cy = 2. As written above we have 7 € L;. Therefore it holds
F «x € L;, for all x € L; with

Ny Ny
k=Y an() and  Fr=) ficx().
i=1 i=1

Due to the choice of Cy we can find for all edges ¢; € 82 a vertice p; € Nﬁc, which
is the midpoint of é;. We set [ as the index set of all vertices that are a midpoint of
some edge é; € 82. For all i € [ we identify with é; € 8}:‘ the edge on Ac and with p;
the corresponding vertice which is the midpoint of ¢. We need the global inverse
inequality for u € Cj, see e.g. Chapter 10.2 in Steinbach [80], which reads

lall_y < Ch ¥ lullagey = CH 2 lllagy)-

H o)

We define

lpl(x) € Chr

e

\vnl“

then we have with min f; > C# > 0

iel
||P||iz(rc) f(zfll’(x)] ds—f(ZfIIJ(X)J ds:Z%fl,Di(x)zds
Ic el 7t G

i€l

1
s@h).d= c2 [
F il

and

Na
o0 = Af (;ﬁcixi(x>][2 fw(x)] t5=Y [wio0ds =i Y& = Il

i€l iel B iel
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3. Dual-dual formulation for a contact problem with friction in 2D

Now with (3.70) and the definition of the mesh depedant norm (3.71) we conclude

( /K) (_rK) Y (_rK) 72
sup b5 BT s cjy B s itz = Cr Ly
pecy ”'u”ﬁ%(Fc) ”'u”ﬁ%(Fc) ”.UHLZ(FC)
Taking B, := C# we finish the proof. ]

Remark 3.30: The inf-sup condition is proved in the same way, when the following mesh
dependent norm is applied instead, see e.g. Braess and Dahmen [15]. For any x € L;, we
have x € L*(Ac), therefore we set

2
IellZy = = Illxlf?

L2(Ac)

As mentioned above we can prove the inf-sup condition without coarsening of the
mesh. Let us demand the following additional assumption on the friction function

7_‘

Ae>0: dist(Ac, T¢) > e. (3.73)

Defining C; := {u € C(T.) : p € Pl(e), ¥ e € E NI}, where I'. is defined in (3.66),
there holds for allh<e: Acc [tand C c H 3 (I't)- According to Corollary 2.4 in
Chapter I of Girault and Raviart [51] we define the H? (Ac)-norm as follows

K =
T L[

qn= 1\|AC

and we can prove the following inf-sup condition.

Lemma 3.31:
Let the friction function ¥ satisfy (3.73). Then the bilinear form 4(-, -) satisfies the
following inf-sup condition for /i = i: 3 B, > 0, where B, depends on ¥, such that
forall k € L;

q(u, x)
Tl 2Pl g (3.74)
HZ(F )

sup
uec;

Proof. Due to the above definition of I'. and Lemma 3.21 we can find for any u € C;
an extension u* € Cj and C > 0 with

Cllrlly o, < Dl

HZ(l" ’

For some arbitrary x € L; we consider the following auxiliary problem:

68



3.2. Mixed finite elements

Find v € H}(Q) := {v € H(Q) : v =0 on I'p} such that

-Av+0v=0 in Q,

v=0 on I'p,
@:O on FNU Ic,
on
0
%ZK on Ac.

For the corresponding variational problem we define
Vi = v e H(Q): ve PiT), VT e T3}
Then the variational problem reads:
Find o' € V;, such that
vaﬁ~dex+fvﬁwdx=wads Ywe V.
Q Q Ac

Since I'p # @ we have from the Poincaré-Friedrichs inequality that the bilinear forms
in the above problem are coercive. Setting p' := Vo' we observe p" -n = x on Ac and
furthermore

div p’; =AY =" inQ = p’; € H(div, Q),
and P v, = 110"l -

From the definition of the H™2-norm and the coercivity of the bilinear forms above
we have

. i1 i
K = inf wa) < wa) = |[©
I ||H,%( " qu(div'Q)”q”H(dlv,Q) Ip" leraiv. ) = 10"l )
qn=ls. 1
i iogg)
= Vo' -Vo'tdx+ | v*v"dx
Q Q
iy 3 3 LTI
=, 05 <SP 1ac
H 2(Ac) H2(A¢)

yielding

i
K <||?v .
ell, -3y <Helacll g,

As Ac C I, we can find some fi € C; with i1 = " Ac- Now we have with the trace

theorem and the above observations

h T 2 112 ] h I

K % <|lv <|lv = | Vo"-Vo'dx+ | v'v'dx

I 1 3 ) SNy < f
Q Q

= (K, 0" ae = (K, Dac (3.75)
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3. Dual-dual formulation for a contact problem with friction in 2D
I'p

I'y

I'y
I'c

Figure 3.8.: Domain with dist(T'c,I'p) > € > 0.

Finally, the friction function is piecewise constant on Ac and therefore we can find
some C¢ > 0 with mj‘n F (x) > C¢. With (3.75) we conclude
X€AC

K, [ K, i C ,
ell -3 ) < ||< ||H>AC <C||< T - =G o ||q|(|y .
( ) # Z(A) ‘Ll ﬁZ(F) yECh sz(r>
and thus the proof is complete. |

Remark 3.32: In the following we will use the mesh dependent norm ||-||_%,,~1. All results
apply as well for ||-||H_ Yoy whenever the friction function F fulfills assumption (3.73).
C

Remark 3.33: If the contact boundary and the Dirichlet boundary have positive distance,

see e.g. Figure 3.8, then we deal with H %(1“ c) for Ay and A,. The above theory is still
valid, since we can regard the Lagrange multipliers on the boundary parts as one function

onTcUTy. In this case we decompose A € H?(T'y UTc) into the corresponding parts on the

boundaries, where we approximate 7\er with some ¢ € H? (Ty) and take Ay, A, € H 3 (Te)
with At + Ayn = Alr.. We approximate the Lagrange multipliers on I'c with functions in

Cpi={ueCc): uePi(e), Yee&s], (3.76)

Cri={ueC: u20VxeNF}. (3.77)

In this situation the inf-sup condition (3.74) in Lemma 3.31 with supremum over Cj, is valid
independently of assumption (3.73). This follows trivially from the proof of the lemma.

3.2.3. A priori error analysis

Collecting the continuous and discrete inf-sup conditions from above we can derive
the following Céa-type estimate.

Theorem 3.34: o
Let (o, v;u,1, @, A, Ay) € X x AXY and (6", v/;u" 1, @, /\h A1) € X, x Y}, be the
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3.2. Mixed finite elements

solutions of the continuous and the discrete variational inequality problems (3.41)
and (3.62), respectively. Then there exist some positive constants C, C; and C, such
that the following a priori error estimates hold

1 1
+ mflli\t pelloy -+ mf II)\n—anIi1 + inflv —«||* | } (3.78)
ureC 2(Te) H2 (o) KAy H 2 (Ac)
Y/ Y/
ha — a2y + 17 = N'lli2) + llp — @ L aey [IAs /\tllﬁ% o +A, = A IIE%
< G {llo-d"llx + inf [[u—v + inf|ln — 3.79
L L N U (3.79)

T anf e~ Wy, ¥ IRE I pdlgy yirelg,;'m” - “””ﬁ%wc)}’
h h ;
I =I5 < Coflo = b+ inflle = wlhziao (3.80)
Proof. We follow here the proof of Lemma 5.10 in Maischak [67]. For arbitrary

(T, 1V, &, 4, py, 1) € Xi X Ajy X M, X S X Nj; X C, X C+ we get the following equations
from the first five equations in the variational mequahty problems (3.41) and (3.62)

a0 —d", 1)+ B(r,(u—-vu",n-1", - " A, = ALA, —AT) =0,  (3.81)

b(v,0 —d") =0, (3.82)
s(&o-d") =0, (3.83)
dn(p,0—d") =0, (3.84)
de(ur, 0 — a") — g(uy, v — V") = 0. (3.85)

Using the discrete inf-sup condition (3.69), equation (3.81) and the continuity of the
bilinear forms involved we get

Billv—u, & =1, — ",y — AL o — AL,
B(t, (v —u", & =, — @ s — AL, w, — AL))

<sup

Tex,, lITllx
. Bv—u,&— 1, — ;1) +dcy(pe = A, 1) + dey(ptn = Au,7) — (0 — 0", 1)
o, Ielx

< Cfllu = Vil + I = &l + llep = Y

f2(ry)

+ A = el - + 1A, = pall- +llo - .
e =gl o+ W = poally o+ llo = 0"l
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3. Dual-dual formulation for a contact problem with friction in 2D

The triangle inequality applied to the left hand side concludes assertion (3.79).
Analogously we use the discrete inf-sup condition (3.72), equation (3.85) and the
continuity of the bilinear forms involved to estimate

) —h d —gh -
/32||1<—vh||7%/,~1gsup k=) _ cilp, 0 —0") + qu, Kk —v)

nee Ty

LIS el ey

< c{io -l + IF ol =l , }-

2(Ac)

Assertion (3.80) follows by applying the triangle inequality to the left hand side
by =1Ly < Iy = wllg i+ Dl = VI < Clly = Kllzgagy + e =VHILy 5.

Now let us define the bilinear form A : (XxH 2 (Ac)xY) X (XxH 2(Ac)xY') - R
as follows

L?{((O—/ v,u, n/ (P/ At/ Aﬂ) ; (T/ K, v, E/ ll)/ ‘Ut, #n)) = ﬁ(ﬁ, T) + B(T/ (u/ n/ (P/ At/ /\n)) + Q(Ht/ 1/)
- B(G, (V/ é/ ll)/ Ht/ ‘un)) - q(/\t/ K)'

Obviously A is continuous. To estimate the error in o we apply the coercivity of
a(-,-) with respect to the L?(Q)-norm and conclude

2

~ I I
2@ < d(c—-0o",0—-0a")

allo = ol
= Ao - ", v -V, u—d', -1, - @' A - AL A, - AL;
((7 - ohlv - V}}/u - uh/n - nh/(P - (PE//\t - /\f//\n - /\Z))

= ﬂ((o_ahrv_vilru_uh/n_nh/(p _(pflr/\t _/\flr/\n _/\2);

((7 -—TLV—-Ku-— V,T] - é/q) - II)//\t - ,ut//\n - [’ln))
(3.86)

+.?{((o—oh,v—vf’,u—uh,n—nh,(p —(pfl,)\t —)\’Z,/\n —)\’;’,);

(t—d" k= v—u', =i - @y — AL, — A)).

From the commuting diagram property, see Section 6 in Chapter II of Roberts and
Thomas [77], we know that div T € M, for all 7 € X;,. Furthermore, we obtain from
(3.82) and the Cauchy-Schwarz inequality

Idiv(o = "), ) = (div(o - o), div(o - "h))m» = (div(o - o), div(o - T))LZ(Q)

< |div(e - Uh)”LZ(Q)”diV(U - D2

= ||div(o - ah)IILz@ < |Idiv(o — 7)llr2qy Y 1eX,.
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3.2. Mixed finite elements

But this means that it is sufficient to estimate the term on the left hand side in (3.78)
with respect to the L>-norm. Applying the continuity of the bilinear form A and
inequality (2.6) for some ¢ > 0, we conclude for the first term in (3.86)
A - vV u—u, -, - A - Al A, —AL);
(c-tv-xu=-v,n=&@ -, A — pit, Ay = [in))

}}/u - uh/n - nh/(P - (Pﬁl /\t - /\flr /\n - /\};11)”

IA

Clilc=d",v—v 1 -
XxH ™2 (Ac)XY’

Mo-tv-—rxu-v,n=5@—1P,A — u, Ay — )l

1 —
XxH™ 2 (Ac)XY’

eC " 7

< 7”(O_a/V_V/u_uh/n_nh/q)_q)h//\t_/\}ti//\n_/\ill)”Z 1 —
XxH™ 2 (A¢)XY’
c 2
+2_”(0_T/V_K/u_vln_é/q)_ll)//\t_,ut//\n_[JIZ)” 1 —
€ XxH™ 2 (Ac)XY’
< £ 1+Ci+C)llo— d" 2 + C, infllv — «|[? ) +Cq ] inf [ju — v||22
2 X KEA;, H 2 (Ac) veMy, L#(Q)
+ inf|ln — &|f%,,.. + inf -y
nflln = &l + jnf e =i,
) 5 ) ) (3.87)
+inf |4 —wll2,  + inf |4, = pall2,
1, Hi(c) mn€Cl HZ(rc)

C
+ —llo-tv-xu-v,n=&@ -, A — i, Ay — )l

1 —
2¢ XxH™ 2 (Ac)XY’

where we used (3.79) and (3.80) in the last inequality. Applying the definition of A
the second term in (3.86) reads

a0 —d", 1 - ")+ B(t—d", (u—u",n-1", - ", A — AL, A, - Al)
- B(Cf - ah/ (V - uh/é - nh/ll) - (Pﬁ/ [Jt - /\f/ [JIZ - /\1;?1))
+q(u — /\’Z,v — vﬁ) —q(A — /\?, K — vii).

Since 7 — 0" € X, the first two terms vanish due to (3.81). Moreover using equations
(3.82)-(3.85) in the third and fourth term the above formula reduces to

—den(in — Al o — ") = g(A, = A, = VD). (3.88)

n’s
As we have chosen conform subsets for )\’,’, and 1", see Remark 3.27, we have Cg C

~1
H{(c) and A; ¢ A. Now using the inequalities in the discrete and continuous
variational inequality problems (3.62) and (3.41), respectively, we have due to A" €

~1
H?(I'c) and the continuity of dc, (-, -)

_dC,n(Hn - /V_l o — Gh) < dC,n(/\flz — Un, (7) < dC,n(An — Un, U) < C“O—”X”An - Hn||~1

" H2 (o)
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3. Dual-dual formulation for a contact problem with friction in 2D

In the same way we can estimate the second term in (3.88) due to Vi € A and the
continuity of g(-, )

~gh = Ak =) < gV =10 £ gy =) S IF oMy =l g
Using Lemma 3.23 we bound ||o]lx and [|A¢]|- % Choosing €= m > 0in

(3.87) finishes the proof. O

Before closing this section with an a priori result concerning the theoretical rate of
convergence of the solution scheme (3.62), we list some approximation properties of
the finite element spaces in (3.61). The results can be found in Chapter 4-6 of Babuska
and Aziz [8], in Chapter IV of Roberts and Thomas [77] and in Arnold, Brezzi and
Douglas jr. [5], see also Section 5.1.5 in Maischak [67] for a comprehensive list.

For all T € H'(Q)?>? with div T € H(div, Q), there exists 7" € X;, and C > 0 such that
It —7"llx < Ch {”T”Hl(Q)ZXZ +[Idiv T||H1(Q>}- (3.89)

For all v e H(Q) and & € H(Q), there exists v' € My, &' € S, and C > 0 such that
IV =v'll2y < ChlVllm — and  IE = &2y < ChllElnq)- (3.90)

Forally € ﬁ%(FN) N ITI%(I“N) and p € FI%(FC) N ﬁ%(l“c), there exists ll)fl eN;, yﬁ €G,
and C > 0 such that

_u" i _
p—vy ”ﬁ%mw < Ch”ll)”ﬁ%(rm and  [lp—pu ”HZ(F ) S ”‘u”HZ(F ) (3.91)
For all « € L2(Ac), there exists k" € L; and C > 0 such that
~1
Il — Kh|| 1, S Ch2 Ikl (3.92)

2(Ac)

We have the following a priori result of the mixed finite element scheme.

Theorem 3.35: o

Let (o, v;u,1, @, A, Ay) € X x AXY and (6", v/;u" 1, @, /\h A1) € X, x Yy, be the
solutions of the continuous and the discrete variational 1nequahty problems (3.41)
and (3.62), respectively. Assume thato € H'(Q)?>? with divo € H(div, Q), u € H(Q),
neHY (Q), e I?I%(FN) and Ay, A, € ﬁ%(l"c). Then there exists a constant C > 0,
independent of £, i and £, such that

h i h T
llo ="l + v = Vi j + lla = w2y + 117 = 7"lli2y

+llg - (pll% , A= Al + 1A, = AL

1 _1
H2(Tc) H2(Tc)

(3.93)
< Ch{||0||H1(Q>2x2 +div ol ) + [l ) + ||7]||H1(Q>}

FCR{llplgy  + Mg+ CREMl g -+ CRA -

74



3.2. Mixed finite elements

Figure 3.9.: Continuous function (black) with sign (blue) and its approx-
imation (dashed red).

Proof. The assertion follows from the Céa-type estimate in Theorem 3.34 and the
regularity assumptions on the continuous solution and the approximation properties
(3.89)-(3.92). ]

We can improve the expected rate of convergence in Theorem 3.35 using a heuristic

observation concerning the approximation of the sign of A; by Vi, For this we will
need Lemma 3.3.2 in Chernov [24] which we adapt to our situation

Lemma 3.36:
Let € L*(Ac) and I, : L?*(Ac) — L; be the L2-projection operator. Then there holds

||¢_Hl}¢” 1 < C]:I%HED”LZ(AC)'

HZ(A0)

In particular, there holds

Iy = T,y

~1
H < Chilllp—nﬁl#th(AC)

(Ac) ~

Remark 3.37: A heuristic approximation result Since v approximates the sign of a
continuous function Ay € Hi(I¢) with piecewise constants we conclude, that the approxi-
mation is exact on those edges é € 82 where A, does not change its sign, i.e. A; has no root
on . We have visualized this observation exemplary in Figure 3.9. For a better view the
sign and its approximation are not superposing.

We conclude, if Ay has a finite number of roots N,, then the error of the approximation Viin
the L*-norm is
; A 1
IV = v < C?hwlf with C <2N;.

L2(Ac) = L2(Ac)

Using the above estimate and Lemma 3.36 we have

~1 ~1 » A
lv— HflV”H’%(AC) <Ch?|v- Iivlli2ag) < Chz " - V2 < C(Ny)h IVllz2gap)- (3.94)
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3. Dual-dual formulation for a contact problem with friction in 2D

3.3. Numerical Algorithms

In this section we will propose an algorithm to solve the discrete variational inequal-
ity problem (3.62). The algorithm is a nested Uzawa-type algorithm. We will prove
its convergence with the help of the inf-sup conditions of Sections 3.1.6 and 3.2.2.
This proof will be done in three steps. First, we introduce the terms, projections and
mappings appearing in the algorithm. We show that the assumptions for the solvers,
that we use inside the algorithm, are satisfied. Second, we show the convergence of
the Uzawa-type algorithm that we propose for the variational inequality problem
(3.39) for contact problems without friction. Finally, in the third step we prove con-
vergence of the nested Uzawa algorithm. Let us first explain the algebraic form of
the discrete formulations with the help of an abstract framework. For more details
on the Finite Element Method we refer to Ciarlet [26]. In the following we will use
0 as a generic zero denoting the scalar integer, a null vector or the null matrix. The
right dimension will always be clear from context.

Let U,V be two arbitrary finite dimensional vector spaces with basis {¢;}!, and
{Y; }”:1, respectively. Let m(-, ) be a bilinear form on U X V and h(:) a linear form on
V. Then the abstract variational problem reads

Find u € U such that
m(u,v) = h(v) YoeV.

Since the vector spaces all have a finite dimension we can set Y, ¢;¢; =: u and thus
for each base function ; of V it holds

n

mu, ) = h(p) =Y cm@n ) = h).

i=

Without loss of generality we identify the solution u with the vector of coefficients
u with components u; = ¢;. Defining the matrix M € R™", M;; := m(¢;, ;) and
the vector h € R™, h; := h(};) we arrive at the algebraic form of the above abstract
variational problem
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3.3. Numerical Algorithms

3.3.1. Algebraic dual-dual formulation

Using the concept described above we identify the following matrices with their
corresponding bilinear forms defined in (3.12), (3.24) and (3.32)

A with Aj; :=d(¢;,¢;) for basis functions ¢;, §; € X,
B with Bj;:= b(¢;,¢j) for basis functions ¢; € My, ¢; € Xy,
S with Sj:=s(¢;, ;) for basis functions ¢; € S, P; € Xy,
N with Nj; :=dn(¢;,¢;) for basis functions ¢; € Nj, ¢; € X, (3.95)
C: with (Cy)ji := dcy(¢i, ;)  for basis functions ¢; € C;, ¢; € Xj,
C, with (C,)ji :=dca(¢i, ;) for basis functions ¢; € C;, ¥; € X,
QF with (Qr);i == q(¢i, ;) for basis functions ¢; € C;, P; € A;,.

Furthermore, we define the following vectors corresponding to the linear forms in
(3.24) and (3.32) and used on the right hand side of the discrete variational inequality
problem (3.62)

g with g;:= g(¢;) for basis functions ¢; € X},
f with f;:= f(¢;) for basis functions ¢; € M, (3.96)

t with t;:=ty(¢;) for basis functions ¢; € Nj,.

To improve readability we define the matrices B and B and the vectors b and b as
follows

B(Esn), s=@snc), b=({) s=(7)

t

Defining N := dim&h X ?;1), Nc := dim(C;) and Ny := dim(L;), the algebraic form of
the solution scheme (3.62) reads

Find (0,v,u,1, @, A, A;) € RN such that

A B ¢ C 0 o g
_ wne)| |
BT 0 0 0 0 A =B
Au
cl 0 0 0 Qr v 0 (3.97)
(n = A)TClo <0 with (A,); =0 Y iy € RN, (ua)i 2 0,
(k-v)TQFA <0 with |vi<1 Ve RM, |k < 1.
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3. Dual-dual formulation for a contact problem with friction in 2D

3.3.2. Uzawa algorithm for contact problems without friction

Following the approach of Maischak [67, see Section 5.3] we introduce the surjective
projection P} : C;; = C; uniquely defined by

(Pru—p x=Piu)oy 20 VxeC (3.98)

where u € C; and we use the inner product of H %(I“C). The surjectivity follows
from the fact that for all 4 € C7 we have P} = p and therefore the left term in the
inner product is zero. The projection is contractive. We only have to show this for
p € G\ C; since for u € C; we have Pru = p. Let p € G\ C/, then from (3.98) with
x =0 € C; and using (2.6) with € = 1 it follows

+ 1 +
(P}?‘u’ hH)HZ(r) (‘u’ ‘u) % _2(‘Ll, H) % (Py P‘u)HZ(r)
and hence ||P;:|| < 1. Moreover we define the linear mapping @ : X — Cj;, C H? Te)
by
deq(p,7) = (1, O(1))- e Y ueC, (3.99)

with 7 € X. Due to Theorem 2.3 we can adapt the argumentation of Maischak in [67,
Section 5.3] to show the continuity of ®. For T € X we have

IICP(T)IIZE%r = (@), Py = den(®(1),7) = (P(T), Tuhre

c)

SRy onll g ) S TPy el

We will need another surjective and contractive projection operator P}{l‘ s Ly, = A
which is uniquely defined by
A A
(Pre—x,p- P! K)LZ(AC) >0 Ve, (3.100)

for x € L;. Here we use the inner product of L*(A¢). The surjectivity and contraction
are proven in the same way as for P. Furthermore, let the mapping N : HE(Te) —
L;, c L?(Ac) be defined by

qlu, x) = ((I)Ay, K)LZ(AC) >0 VxeL, (3.101)

with i € H? (Tc). The continuity follows due to

10N Iz 5 = (P, VW) 5, ) = A0, @) = f F QM) pds

< MF e ao 19 (@) l2gacy Netllizgagy <||7:||L°°(AC)HCI)A(#)”LZ(AC)”‘“”Hz(r) (3.102)
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3.3. Numerical Algorithms

Before we present the algorithm, solving the frictional contact problem, we first state
an algorithm for the case where no friction occurs. In this case our aim is to solve the
solution scheme (3.68) defined in Remark 3.26. The corresponding algebraic form
reads

Find (0, u,1, @, A, A;) € RNNa

A B (C, o g
[(u/ n/ (P/ /\f) =
BT 0 0 n b (3.103)
(ttn — A2)TCTo <0 with (A,); 20 YV, € RN, ()i 2 0.

The following algorithm is used in many variants for different kinds of variational
inequalities. For a contact problem without friction a similar algorithm is proposed
by Wang and Wang in [84], where the authors investigate a dual formulation of a
unilateral beaming problem in linear elasticity. Glowinski, Lions and Trémoliéres
[53, see Section 4 in Chapter 2] give several examples of solution algorithms for
problem schemes having saddle point structure.

We adapt the Uzawa-type algorithm of Maischak [67, see Algorithm 5.1], which then
reads

Algorithm 3.38:

1 Choose feasible A% € c, (0%u® % @° A% :=0, p € (0,2a) and
e>0,

2 fori=1,2,...
3 Solve

A B o _[g-CuAit
BT 0)\u, 7, ¢, A) " b ¢

4 Set Aj, := PH(AT + p®(a')),

5
STOP if (o = oL, ul — wi=L, g — i1, @pf — @=L, i — AL, A — A -,
llo'; ui, 1, @i, Al ALl =&
Else go to 2,
end for
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3. Dual-dual formulation for a contact problem with friction in 2D

Theorem 3.39:

The Uzawa algorithm 3.38 converges for arbitrary initial value A € C' towards the
discrete solution of the dual variational inequality problem (3.39) for 0 < p < 2a,
where a denotes the ellipticity constant in (2.3).

Proof. The proof follows analogously to the proof of Theorem 5.12 in Maischak [67].
Furthermore, it has the same structure as the proof of Theorem 3.42. Therefore we
only give a sketch of the proof. The details can be derived analogously to the proof
of Theorem 3.42.

First, we show that the approximate solution A" satisfies
I I h
Ay = Py + p®(a").

Then we use the definition of the projection P}f: and the mapping ® to show, that

the sequence of errors ||A], — /\hll~ is monotonically decreasing, if we choose

0 < p < 2a. Thisleads to the convergence of ¢’ to ¢" inthe H(div, Q)-norm. Finally,
we use the discrete inf-sup condition in Lemma 3.28 to prove the convergence of the
Lagrange multipliers. ]

Remark 3.40: Due to the discrete inf-sup condition (3.69) the matrix in step 3 of algorithm
3.38 is regular. For completeness we repeat Remark 5.10 in Maischak [67]:

The operators P; and ® are defined with respect to the scalar product of Hz(T¢), which is
not practical from the computational point of view. Fortunately, inspection of the proof of
Theorem 3.39 shows, that it is sufficient that the norm induced by the scalar product used

in the algorithm is equivalent to the Hz(I'¢c)-norm. Therefore we can use the bilinear form
(W-,-) instead of the scalar product (-, ')ﬁ%(r Y Then, we have to solve: Find Pg‘u € Cg
C

such that
(WPrp, x = Pruy = (W, x = Pfpy ¥ xeCt, (3.104)
and find ®(t) € Cj; such that
(WD(1), 1y = dea(pt, 7) Y uec;. (3.105)

Both systems are small compared with the total size of the problem, because they are only
defined on the contact boundary Tc. Applying (3.105) to (3.104) we obtain for p = Ai7! +

pP(d),
(Wi, x = Piuy = (WAL, x = Pru) + pdca(x = Pip, o),
and hence, the explicit solution of (3.105) is avoided.

In our case the operator W denotes the hypersingular operator for the Lamé problem of plane
elasticity, see e.g. Gwinner and Stephan [55] or Nédélec [71].
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3.3. Numerical Algorithms

For step 4in algorithm 3.38 we observe the following. In the algebraic form the scalar
product coincide with the euklidean product. Furthermore, we identify with the
matrix W the corresponding hypersingular operator which is positive semidefinite,
see Section 6.7 in Steinbach [80]. From Remark 3.40 we know, that we have to solve
the problem of finding A/, := Pru, such that

(WA X = A 2 (WA, x = ) + peax = Ay, 0) - Y x e

Defining b’ := WAI"'+pCl o' the above problemreads: Find A}, € RNc with|(A});] > 0,
such that

—(AD)TWAL = (x = AT > —x"TWAL Y x e RN, [x;| > 0. (3.106)
Furthermore, due to W being positive semidefinite we have
IXTWx + 2ADTWAL > xTWAL, ¥ x e RNe. (3.107)
With the inequalities (3.106) and (3.107) we deduce
XKW+ 3(A)TWAL = () WAL = (x = A0 20 ¥ x e RN, [x;120,
& SXTWx = xXTb > J(A)TWAL — (ALY ¥ x e RN, | x>0,
=3 Al = argmin {%XTW)( - )(Tbi}.
X€RNC,| x; 120

For this reason we execute step 4 in Algorithm 3.38 by solving a convex quadratic
program. This will be explained in the following subsection.

Abstract minimization problem with inequality constraints

We consider the following minimization problem
min 4(x)

subjectto G-x >¢,

where q(x) := 3x7-A-x+x"-b with A € R™" symmetric and positive semidefinite
beR" ceR" and G € R™". This kind of optimization problem is called convex
quadratic program since the objective function g(x) is quadratic with symmetric pos-
itive semidefinite Hessian matrix A and linear inequality constraints, see Nocedal
and Wright [72, Chapter 16]. There exist numerous algorithms for solving convex
quadratic problems and we refer to the extensive collections of Boyd and Vanden-
berghe [14] and Nocedal and Wright [72]. We will restrict ourselve to the usage of a
predictor-corrector algorithm which is of interior-point method type and well suited
for large problems. The algorithm can be found in Chapter 16.6 of the above men-
tioned reference [72]. It will be used for solving the projection A, := P;:(/\ij L+ pd(0'))
in step 4 of algorithm 3.38 and the projections within algorithm 3.41, which is the
matter of the following section.
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3. Dual-dual formulation for a contact problem with friction in 2D

3.3.3. Nested Uzawa algorithm for frictional contact problems

We propose an algorithm for solving the solution scheme (3.62). It consists of two
nested algorithms of the Uzawa-type as presented in algorithm 3.38. With the
matrices defined in (3.95), the vectors defined in (3.96) and the projections defined

in (3.98) and (3.100) the algorithm reads

Algorithm 3.41:

1 Choose feasible A? € C and Wen;, 6%a%,1°,@°, ;\?) =0,
p1€(0,2a), p € (0, %) and €1,&, >0,
2 fori=1,2,...
3 Set (0%u®, 1%, % A%, A0) := (L a4, L, At A
b i=b+(0,0,0,Q0v1),

A B ol _(g-C.A!
BT u] n] (p] /\] b7 4

6 Set A, := PHAL™ + (),
7

4 forj=1,2,...
5 Solve

g Moo —u - g - g A= ATLAL =AY

llo/;wi, ni, i, AL, ALl
set (6%, 4, @', AL AL) := (o;wl, ), ], A],A}) and goto8,
Else goto 3,
end for

8 Set':= P;:(v"’l + poDA)A\i),

9
_ -1
STOP if W < e
Else go to 2,
end for

= <1,
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3.3. Numerical Algorithms

Theorem 3.42:
The nested Uzawa algorithm 3.41 converges for arbitrary initial values A9 € C; and

10 € Aj towards the discrete solution of the dual-dual variational inequality problem

0 2
(3.62) for 0 < p; <2a and p, € (O,#
17 o 4

denote the ellipticity constant in (2.3), the constant from the continuity of (-, -) and
the constant in the discrete inf-sup condition (3.69), respectively.

), where the constants a, C and f3;

Proof. The proofis constructed analogously to the proof of Theorem 5.12 in Maischak
[67]. First of all we notice, that the inner loop in algorithm 3.41, i.e. step 4 to step 7,
converges for all 0 < p; <2a, every 11 on the right hand side and arbitrary initial
value AD € C; towards the solution of the following discrete problem

Find (6'; @, 1! (p’ /\ /\’) € X, X ?h such that

a6, ) + B(ﬁl i ” ;T) + dc,g(/\t, T) + dc,z(/\n,’c) = g(7) YTeX,
b(v,6") = —f(v) YveM,
s(&, 6% = 0 VEes,
, (3.108)
(1, 8') = to(y) Y eN;
des (i, 6) =q(u,v) Y eG
dC,n(#n - l Al) < 0 Y Un € Cg

The convergence is obvious since problem (3.108) corresponds to a contact problem
with prescribed nonzero tangential traction on the contact boundary. As the solution
is depending continuously on the given data, see Lemma 3.23, the convergence
follows from Theorem 3.39.

Let (", v!; u" S, @, /\h Al e X, X Y;, denote the solution of the discrete dual-dual

variational inequality problem (3.62). Then, using p, > 0, Vi e Aj, and (3.62); we
have forall x € A;,

(Pz q)A)\f' + vf‘,vf’ - K)LZ(A ) =p2 ‘7(/\ Vi - K) + ( V- K)LZ(AC) (3.109)
> (vh Vi — K)LZ(AC) .

Since A}, is convex we have for any y € (0,1)

X= yvﬁ +(1-7y) P}fi\(pz @AA’Z +/) e Aj.
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3. Dual-dual formulation for a contact problem with friction in 2D

Inserting x into (3.100) and using (3.109) we deduce

(PP @A} +7) = (pa @AAT + %), ) = P2 (py D AT + 1) >0 Vye

L2(Ac) — h’

¥ (PR(pa @A +97), 0 = P (pp @A) + Vh))B(Ac)

A (P R AR AT R0 PO

iR A AR J
Zy(v,v —Pﬁ(poD A+ ))LZ(AC) ,

o —)/IIPA(poDA)\h+vh)—vh|| >0 Vye(01),

[2(Ac) =
& PMp @A+ =0 (3.110)

Using the fact that the projection operator P}{l‘ is contractive we have with (3.102) and
(3.110) for any iterate v*

IV =V = PR (2 @A + 97 = P2 @] )

L2(Ac) L2(Ac)
<llp2 @A) = AD) + v =R,
2 2 Ai 2 A(3i iy i1 h i~1 i
< O IF a4 = Al ) + 202 (@A = ANV =) e I =V,
< P IF Weiag ;= A1y |+ 202(4 = A7, V7 =) ~ VI, (B11)
C

where we have used the Cauchy-Schwarz inequality. Subtracting the first five
equations in (3.62) from the first five in (3.108) we get

ﬁ(ai _ Gh,,[) + B(ﬁi _ uh,ﬁi _ nh,(i)z’ _ ‘P};'T)

+de(A = Al 1) +de, (A=A ) = 0 VTeX,,
b(v,8' — ") = 0 YveM,,
_ (3.112)
s(&,6' —d") = 0 VEES,
dN(lpa—o = 0 Yy eN;,

des(us, 6" = ") G(u, v =V Yo e G

From the inequalities concerning the normal part on the boundary in (3.62) and
(3.108) we conclude

ey (AL = AT &1 — o) = de,(AF = AL, &) + den (AL — A%, 6") < 0. (3.113)
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3.3. Numerical Algorithms

From the commuting diagram property, see Section 6 in Chapter II of Roberts and
Thomas [77], we know that div(6’ — ¢") € M,. Therefore, taking v = div(’ - ¢") in
the second equation of (3.112) we have

0 = b(div(s' - 0"),6' — o") = f div(s' — 0")? dx = ||div(s’ — o™)I?
Q

Lo (3114)

Choosing y; := Al — A" in the fifth equation of (3.112) and 7 := &' — ¢" in the first
one we can use the coercivity of 4(-,-) and equations (3.112), (3.113) and (3.114) to
estimate

qAL = AT v =) = —a(6 - o6 — o) — dea (AL - AL, 6 ")

< —al|p’ - | —allg’ - d"|3. (3.115)

12 (Q)sz =

Furthermore, from the discrete inf-sup condition (3.69), the first equation in (3.112)
and the continuity of (-, -) we get

WG = Ay < 6= = =, = AL AL = A,

1 B(t", (& — v, i — ", ' — @, Ai = A], A, — AT))
< — sup ”
P 0zeX; [T {Ix
ﬁ(Oh _ 61, T}) .
=— sup —— —||o —6'llx, 3.116
B Tk S B x (3116

where B; is the constant in the inf-sup condition and C the constant from the conti-
nuity of a(-, -). Inserting (3.115) and (3.116) in (3.111) we have

. 2 . p
= ”IILZ(A ) S S VA g llo" - 6'llx = 2p2 all6" = o"|I% + IV - Vhlle(A )
(3.117)
ZCZIITII%W(AC) 1 g
-( - &) 167 = I + I =V,
202 " . .
For p, € (0, Wi;@) the sequence |v' — v IIL2 o) is monotonically decreasing.

Moreover it is bounded from below by zero and therefore convergent. Reordering
the terms in (3.117) and taking the limit i — co we conclude

0 < lim

i—co

2
(pzc ”?”L"O(AC)
2 ﬁz

< lim([v™! = |2
1—00

~2p, a) 16 - o'

i h —
P~ IV =V 1) = 0,

A 2
= llggllo a'llx =0
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3. Dual-dual formulation for a contact problem with friction in 2D

Using again the discrete inf-sup condition (3.69), the first equation in (3.112) and the
continuity of 4(-, -) we can show the convergence of the Lagrange multipliers in Y,

@ - o, 7 =", @' — ", Al = AT, AL — AL,

1 B(Th, (ﬁi _ uh, ﬁi _ nh’ (Api _ (pﬁ, /\1 /\h )V _ /\h))
< — sup ”

P 0#eX, [I"]lx

1 i(o" - 6%, T’) o
= sup —||0 = 6'llx-

Biogon, I Br

Finally, the discrete inf-sup condition (3.72), the fifth equation in (3.112) and the
continuity of the bilinear form dc;(-, -) leads to

=t = ! sup oV L sup 7[10(;1”6”—0’1) EIa - 6'llx
PSR ke, My T B oy, My B
which finishes the proof. ]

Remark 3.43: We can change the order of the loops in Algorithm 3.41. We just have to
exchange step 6 with step 8 and adjust step 7 and step 9. The convergence of this algorithm
follows analogously to the proof of Theorem 3.42 without changing the bounds for the
parameters py and p,.

Remark 3.44: For the projection in step 8 of Algorithm 3.41 we can proceed analogously to
Remark 3.40 and use the bilinear form (M-, -) instead of the scalar product (-, )2, Here
M denotes the mass matrix on L;. Then, we have to solve:

Find Pl € A;, such that
(MP}ic,p = Py > (M, = Py VY eN, (3.118)
and find ®*(p) € L; such that
(M), x) = q(u, k) YK€l (3.119)

Inserting « = v'™! + py®A(Al) into (3.118) and using (3.119) we have to find P}?K € A
such that

(MP}e,p = PRy = (MVT, = PRy + pag(AL, p = PR) - Y e, (3.120)

Defining v := Prxand b' := Mv'™" +p, Qg Al the above problemreads: Findv' € RN
with |(v/);] < 1, such that

—W)MV = (=) > —¢"MYV VY eRM, |y <1 (3.121)

86



3.3. Numerical Algorithms

Furthermore, due to M being positive definite we have
WMy + 0™V > TMY ¥ ¢ € RN, (3.122)

Adding inequalities (3.121) and (3.122) we deduce

SYTMY + 3 (V)MY = (V) MY — (i = V)T > 0 VY eRM, |y|<1,
© 2YTMY =T 2 S)TMY = ()T VP eRM, |yl <1,
o vi = argmin {%I/JTMl,[J - L{JTbi}.

peRNA, |y I<1

For this reason we can execute step 8 in Algorithm 3.41 by solving a convex quadratic
program.

Remark 3.45: Since our aim is to solve a contact problem with Coulomb friction we can
modify Algorithm 3.41 in order to avoid a third loop within the algorithm. For this purpose
we replace step 8 and 9 with the following

8 Compute F':= yflot ||
9’

I -

STOP i ———— < &,
f Tl

Else go to 10,
10" Set v' = PRV~ + pp®*AY) and go to 2,

We have to approximate the friction function F € L;, in terms of the normal stress o on Ac.
If we define by fi the number of edges e € & lying on some edge é € &' we define
h

F (0" := % Y Ikl veegt (3.123)

eNé+0

Then, we use F°(6°) as initial friction function. In this case the bound for the second
parameter p, may change within the algorithm. To overcome a possible failure of the
algorithm in an iteration step at later date, the parameter p, can be coupled with the norm
of the friction functional F. Then the parameter is changing in each step. However, in our
numerical experiments this process did not significantly improve the stability or even the
speed of convergence of the algorithm.
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3. Dual-dual formulation for a contact problem with friction in 2D

3.4. Numerical Experiments

In this section we present numerical experiments which underline the theoretical
results of the previous section. The example is performed for the investigation of
the two parameters p; and p, in Algorithm 3.41. Furthermore, we show, that the
inf-sup condition (3.74) does not hold for some special case.

The results where computed on a cluster with 5 nodes a 8 cores with 2.93 GHz
and 48GB. Each node uses two Intel Nehalem X5570 processors. All finite element
matrices and right hand side vectors as well as the solver for the convex quadratic
problem and the executing scripts are implemented in Matlab. The hypersingular
operator for the scalar product (W-,-) as described in Remark 3.40 is computed
by the software package MaiProgs, see Maischak [66]. Furthermore, the initial
triangulations and the uniform refinement for the h-version is also done in MaiProgs.
Since the solver for step 3 in Algorithm 3.38 and step 5 in Algorithm 3.41 is not our
concern we use Matlab’s internal LU-decomposition of the corresponding matrix
with all possible optimizations, e.g. taking advantage of the symmetry of the matrix.
This approach has not significantly affected the total solution time of the algorithm,
e.g. in the first experiment on the finest triangulation level with about 4 000000
unknowns the optimal solution time was 164 minutes, see Table 3.6, compared to
9 minutes of preprocessing for the LU-decomposition of the matrix. Of course we
have to mention, that the factor between the solution time and the time for the LU-
decomposition also depends on the storage of the CPU, the sparsity of the matrix
and other criteria. Nevertheless it is sufficient for our purpose.

Example 3.46: Let us consider the domain Q := [-4,4] X [-1, 1] with boundary T’ divided
into the Dirichlet part Tpp := {—4,4} x[-1, 1], the Neumann part 'y := [—4, 4] x {1} and the
contact part T'c := [—4,4] X {—1}. We choose Young’s modulus E := 200 000 and Poisson’s
ratio v := 0.25 which leads to the Lamé coefficients A = u = 80000. The friction coefficient
Ly takes different values that will be specified in each example. The volume body force is set
to zero, furthermore we assume, that the body is subject to the boundary traction

0
t = (—800(1—%+%))/ for x € [-2,2],
0, else,

on the Neumann boundary I'y. The body is fixed at the Dirichlet boundary I'n. On the
contact boundary we assume the body C to come into contact with a rigid foundation which
has positive distance g to Q. In Figure 3.10 we show the domain and the distribution of the
boundary as well as two examples of the gap function g. The red line denotes a constant gap
function, whereas the blue line corresponds to some arbitrary gap function, not necessarily
constant. We will solve the discrete scheme (3.62) for different gap functions, especially the
case g = 0. In this case assumption (3.73) does not hold anymore and we have to take it = 2
in the definition of the finite element space Lj,.
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VHHM

I'y

Ip Q I'p

I'c

Figure 3.10.: Geometry, boundary parts and rigid foundations.

We take eight different triangulations of the domain Q and the boundary parts T'y and
I'c, where the last seven results from the previous triangulation by halving the meshsize,
respectively. The corresponding degrees of freedom (Dof) of the functions in the different
finite element spaces and the mesh size are shown in Table 3.1. On the boundary we have the
mesh size i = \2h The degrees of freedom for vi' € A;, are shown for the case i = 2I, if we
consider it = h, the values in the last column have to be doubled.

meshsize  Dof(X;) Dof(M;) Dof(S,) Dof(N;) Dof(C;) Dof(A;)

1.4142 180 64 27 6 3 2
0.7071 680 256 85 14 7 4
0.3536 2640 1024 297 30 15 8
0.1768 10400 4096 1105 62 31 16
0.0884 41280 16 384 4257 126 63 32
0.0442 164480 65536 16705 254 127 64
0.0221 656 640 262144 66177 510 255 128
0.0110 2624000 1048576 263425 1022 511 256

Table 3.1.: Degrees of freedom and mesh sizes for the first numerical example.

In order to study the influence of friction on the solution we solved the described problem for
friction coefficients p1f = 0 and yy = 0.5. In the first case we have solved the discrete scheme
(3.39) using Algorithm 3.38 with ¢ = 1078, whereas in the second case we used Algorithm
3.41 with ¢1 = 1078 and &, = 107° to solve the discrete scheme (3.62). In both cases the gap
function is g = 0.01. We use a mesh size of i = 2h but remark, that the solution algorithm
would also converge for i = h. In the following figures the solutions for both schemes are
displayed. On the left side we show the solutions of the contact problem without friction and
on the right side the one for the contact problem with friction.

In Figures 3.11(a) and 3.11(b) the von Mises equivalent stress for plane strain is illustrated.
Using the theory of Necas and Hlavdcek [69, Section 10.2] and the yield criterion of Han and
Reddy [57, Section 3.3] we can derive the following equation for the von Mises equivalent
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3. Dual-dual formulation for a contact problem with friction in 2D
800 2 800
[ 600 1 L 600
0' 400 0’ ' 400
r ‘ ‘ h 200 _T d‘.‘h w

o 2, - - -

(a) Contact problem without friction, i.e. uf = 0. (b) Frictional contact problem with s = 0.5.

"4 -3 -2 -1 0

Figure 3.11.: Von Mises equivalent stress in )

stress for plane strain

1
0g = ((1/2 —v+ Do, + 03] + (202 = 2v — 1)oy02 + 3012>2,

where v denotes Poisson’s ratio. Note, that we have used %(a’l’2 + 0’2'1) instead of 3012
in the above equation, as the approximated stress tensor does not have to be symmetric. In
engineering science the von Mises equivalent stress denotes a yield criterion to predict plastic
zones, which occur in those areas, where the value of the equivalent stress exceeds some given
limit.

The singularities of the equivalent stress in the corners of the domain are due to the change of
the boundary conditions and will be neglected in the following discussion. We can see from
the figures, that the presence of friction leads to a smaller maximal value of the equivalent
stress. Furthermore, the zone of the maximal value has moved to the regions where the body
is sliding on the rigid foundation.

2[ 2[
1 2 1 2

0 0 0

A [ 2 '1[ 2
4 3 2 a4 0o 1 2 3 4 4 3 2 4 0o 1 2 3 4
(a) Contact problem without friction, i.e. uf = 0. (b) Frictional contact problem with s = 0.5.

Figure 3.12.: Displacement u/(x) in Q.

Figures 3.12(a) to 3.13(b) show the two components u" and uls of the displacement fields for
both cases. As we would expect, the only difference between the frictionless case and the case
where friction occurs can be observed at the contact boundary for the first component u'.
This is the direction of the tangential displacement on I'c. As displayed more precisely in
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a 3
2 x 10 2 X 10
IO 0
1 1
. -5
0 0
R -10
-1 -1
-15 -15
2 2
-4 -3 -2 -1 [} 1 2 3 4 -4 -3 -2 -1 1] 1 2 3 4
(a) Contact problem without friction, i.e. s = 0. (b) Frictional contact problem with p¢ = 0.5.

Figure 3.13.: Displacement ug(x) in Q.

Figure 3.19(b), there exists a sticking zone around x; € (—0.5,0.5) on the contact boundary
for the frictional case.

-3 -3
2 x 10 2 x 10
5 5
1~ 1~
0 ' ‘ 0 0 ' ‘ 0
4 44
-5 -5
3 2 A [ 2 3 4 3 2 A [ 2 3 4
(a) Contact problem without friction, i.e. s = 0. (b) Frictional contact problem with s = 0.5.

Figure 3.14.: Rotation 1" in Q.

Figures 3.14(a) and 3.14(b) show the rotational part " of the gradient of the displacement
field. The only remarkable difference between the two cases can be observed on the active
part Ac of the contact boundary , i.e. the part around x; € (=1.3,1.3) on I'c, where the
body comes into contact. In the frictionless case, the values of the rotation are nearly zero.
This is obvious, since here the change of the normal displacement A", corresponding to
ul, in xy~direction is zero, cf. Figure 3.17(a). Furthermore, we observe in Figure 3.12(a),
that the change of the first component u", in x,-direction is also zero on this part of the
contact boundary. The level set, illustrated by the colors, is nearly orthogonal to the contact
boundary. This is not the case, when friction occurs. Therefore we observe local extrema in
the zone where the body starts to slide, compare Figure 3.19(b). Another characteristic is,
that in both Figures 3.14(a) and 3.14(b), the extrema occur on the boundaries.

Figures 3.15(a) to 3.16(b) show the components (p};‘ and (pg of the displacement field on the
Neumann boundary. There is no difference between the frictionless and the frictional case,
as the traction ty is the same in both cases. Note, that according to Theorem 3.10 the signs

of the values of " are opposite to the signs of the values of u"r,,.
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3. Dual-dual formulation for a contact problem with friction in 2D

-4 L L L L L L L -4 L L L L L L L
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

(a) Contact problem without friction, i.e. uf = 0. (b) Frictional contact problem with s = 0.5.

Figure 3.15.: Displacement ¢(x) on I'y..

0.018 ! ! . . . . . 0018 . . . . . . .
0.016 1 0.016f 1
0.014} 1 o0.014f ]
0.012f 1 oo12f ,
0.01f q 0.01f q
0.008 1 0.008F q
0.006 1 0.006F q
0.004f 1 0004t ,
0.002 1 0.002- q
% =3 = 1 o0 1 2 3 4 % =3 =2 a1 o 1 2 3 a
(a) Contact problem without friction, i.e. u r=0. (b) Frictional contact problem with s = 0.5.

Figure 3.16.: Displacement !(x) on T'y.
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x10°

x10
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-3 -2 -1 0 1 2 3 4

(a) Contact problem without friction, i.e. 1y = 0.

-10

-4 -3 -2 -1 0 1 2 3 4

(b) Frictional contact problem with i = 0.5.

Figure 3.17.: Normal displacement AlonTe.

At first glance the normal displacements Al —

g on the contact boundary in Figures 3.17(a)

and 3.17(b) seem to be equal. However, a comparison of the vectors of coefficients for the two
approximated solutions on the finest level shows, that in the frictional case there are ten more
vertices in contact then in the case where no friction occurs. In the first case there are 165
vertices in contact, whereas in the second case we have 175 vertices in contact. From Table
3.1 we therefore deduce, that the contact zone in the second case is 0.156 larger than in the
first case. Again we observe the result of Theorem 3.10, namely the sign of Al — g is opposite
to the sign of the normal displacement on T'c which is —uglrc.

600

400

-200

-400F

-6001

-800

| -400-

600

200

-2001

-3 -2 -1 0 1 2 3

(a) Contact problem without friction, i.e. 1y = 0.

~600 L L L L L L L
-3 -2 -1 0 1 2 3

(b) Frictional contact problem with i = 0.5.

Figure 3.18.: Normal stress o/, on I'c.

The maximal absolute value of the normal stress o" on the contact boundary is larger in the
case where no friction occurs although the contact zone is larger in the case with friction, see
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3. Dual-dual formulation for a contact problem with friction in 2D

Figures 3.18(a) and 3.18(b). The reason is, that the normal stress in the latter case exhibits a
kink at those points, where the body changes from sliding to sticking and vice versa. On the
other hand the absolute value of the total force F s acting on the active part of I'c is larger in
the frictional case, where the total force is defined by

V h J
Fo = flanl + |o}| ds.
Ac

Using this equation we get a total force of 1226 in the frictionless case compared to a total
force of 1606 in the frictional case. This is due to the presence of friction forces in the second
case.

x10°

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

(a) Contact problem without friction, i.e. yf = 0. (b) Frictional contact problem with ¢ = 0.5.

Figure 3.19.: Tangential displacement /\’Z onIc.

As shown in Figure 3.19(b), the tangential displacement /\’Z on the contact boundary possesses
a sticking zone for x; € (—0.5,0.5) in the case where friction occurs. Due to the Coulomb
friction law (3.2) the tangential displacement is nonzero, if the tangential stress fulfills

los| = pyloyl. This is visualized in Figure 3.21(a), where the ratio % on the active part of

the contact boundary is mapped. Note, that the value does not exceed the friction coefficient
s = 0.5.

The sign of the tangential displacement A equals the sign of the tangential stress o which
corresponds to the Coulomb friction law (3.2), if we keep in mind the assertion of Theorem
3.10, ie. Ay = —uylr.. The tangential stress is pictured in Figures 3.20(a) and 3.20(b). In
the frictionless case, the body is not kept from free sliding and therefore the tangential stress
equals zero. In the second case friction forces occur that act in tangential direction.

Finally, we show in Figure 3.21(b) the sign vh of the tangential displacement /\’Z on the active
part of the boundary in the case of frictional contact. We remark, that the values are not
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Numerical Experiments

800 T T T 800 T T T T
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(a) Contact problem without friction, i.e. s = 0.

0.7

0 1 2

Figure 3.20

0.6f

0.3r

0.2f

0.1f

0

(b) Frictional contact problem with ¢ = 0.5.

. Tangential stress o/ on T'c.

-4

(a) Contact problem without friction, i.e. s = 0.

-1

0 1 2

-15

24

0 1 2 3 4

(b) Frictional contact problem with iy = 0.5.

Figure 3.21.: Sign Vi of /\? on Ac.
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3. Dual-dual formulation for a contact problem with friction in 2D

zero in the zone where sticking occurs and A equals zero. The value is connected to the
tangential stress by

R h

Vg =

pflo ()]

on the whole active part Ac regardless of whether sticking or sliding occurs. This was already
pointed out in Remark 3.15.

||C7h||x ”uhHLZ(Q) ||T]h||L2(Q) ||(Ph||L2(rN) ||A?||L2(FC) ”/\Z”LZ(FC) ”Vh”LZ(AC)
2617  3.399e-02 1.1797e-02 2.8114e-02 4.404e-03 6.208e-03 2.828
2489  3.534e-02 1.4050e-02 2.9210e-02 5.811e-03 1.166e-02 2.000
2481 3.550e-02 1.4573e-02 2.9198e-02  6.440e-03  1.286e-02 1.900
2488  3.550e-02 1.4588e-02 2916le-02 6.376e-03 1.323e-02 1.471
2497  3.543e-02 1.4571e-02 29111e-02 6.269e-03  1.340e-02 1.479
2504 3.541e-02 1.4566e-02 2.9094e-02 6.204e-03  1.349e-02 1.395
2508 3.539e-02 1.4565e-02 2.9084e-02 6.168e-03  1.354e-02 1.397
2510 3.538e-02 1.4566e-02 2.9076e-02 6.151e-03  1.357e-02 1.398

Table 3.2.: Norms of the solutions for the frictional contact problem with pf = 0.5.

||(7h||x ”uhHLZ(Q) ||77h||L2(Q) ||(Ph||L2(rN) ||/\f||LZ(rC) ||AZ||LZ(rC)

26143  3.4595e-02 1.2200e-02  2.8466e-02 6.4989%e-03  6.0165e-03
24659 3.5116e-02 1.4620e-02 2.9051e-02 7.6865e-03 1.2287e-02
24714  3.5604e-02 1.4896e-02 2.9269e-02 7.5524e-03  1.3070e-02
24775  3.5456e-02 1.4841e-02 2.9139e-02 7.3521e-03  1.3449e-02
24876  3.5445e-02 1.4827e-02 2.9126e-02 7.2336e-03  1.3590e-02
24940 3.5419e-02  1.4820e-02 2.9108e-02 7.1663e-03 1.3671e-02
24979  3.5399e-02 1.4819e-02 2.9097e-02 7.1323e-03  1.3720e-02
25003 3.5387e-02  1.4820e-02 2.9090e-02 7.1159e-03  1.3752e-02

Table 3.3.: Norms of the solutions for the contact problem without friction,i.e. yif = 0.

In Tables 3.2 and 3.3 we present the norms of the approximated solutions for each iteration
step. For the Lagrange multipliers on the boundary parts we have computed the L2-norms.
We observe an asymptotic behaviour for all functions. In table 3.4 we have computed the total
error and the rate of convergence. Since we do not know the exact solution of the problem,
we use Aitken’s A? extrapolation process for the sequence of the norms of the approximated
solutions, see e.g. Press et.al. [75, Section 5.1]. In this way we estimate the norms of the
exact solutions of (3.41). Then we can estimate the error for an approximation in some
iteration step i. For example if n, is the extrapolated norm of the solution o, then the error
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3.4. Numerical Experiments

Crot a Crot a
1.2121e+00 - 1.359e+00 -
6.7037e-01  0.904 | 6.815e-01  1.060
5.4220e-01 0.316 | 4.915e-01 0.487
3.8997e-01 0.483 | 4.023e-01  0.294
2.9375e-01 0.412 | 2.908e-01 0.472
2.1630e-01  0.443 | 2.063e-01  0.498
1.5780e-01  0.456 | 1.379e-01  0.582
1.1232e-01 0.491 9.985e-02 0.467

Table 3.4.: Total error and rate of convergence for the contact problem with yf = 0
(left) and py = 0.5 (right).

for the approximation o is estimated to

[SES

ei(0) = (| o'l = n2l)".

In this way the total error for some iteration step i with mesh size h; is defined by

hr = (€0)? + ei(w)? + ei(n)? + ei(p)* + () + (1) + a(v)z) (3.124)

If we do not have friction, then we drop the last term in the above definition. The rate of
convergence is computed as follows. Since the number of degrees of freedom N is connected

with the mesh size h by N ~ 35 we have for the rate of convergence a of the error e,

llell ~ Ch* ~ CN™%.

Assuming that the constant does not change within two iterations of the h-version for the
solution scheme (3.41) we conclude

lleil

log(ue 1\|)
log(N

In Figure 3.22 we plot the total errors from Tables 3.2 and 3.3 against the corresponding
number of degrees of freedom. The slope of —1 corresponds to a rate of convergence of

=L 5
a= \BNOAS'

In Tables 3.5 and 3.6 we present the number of iterations and the solution time (in seconds)
of the algorithms for solving the two discussed problems. Here we have abbreviated the
iteration step by It., the number of iterations for Algorithm 3.38 by #It, the number of
iterations for the outer loop in Algorithm 3.41 by #lt.,; and the sum of all inner iterations
by #It;,. Furthermore, we have studied the sensitivity of both algorithms on the choice of the
parameters p, py and p,. For the above problem we have identified the optimal parameters
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3. Dual-dual formulation for a contact problem with friction in 2D

0 ‘ ‘ ‘ ‘
10° 10° 10* 10° 10° 10’

Figure 3.22.: Convergence of the frictionless and frictional contact problems in Ex-
ample 3.46.

A

y

iy

(a) Number of outer iterations. (b) Total number of inner iterations.

Figure 3.23.: Iteration numbers for different pairs of p; and p,.

98



3.4. Numerical Experiments

It. #It Sol time p°®' #It Sol. time
1 14 0.06 1.3 5 0.03

2 15 0.1 12 12 0.08

3 14 0.2 1.02 13 0.16

4 18 0.5 095 16 0.4

5 24 1.9 09 17 1.4

6 30 12.7 085 18 7.3

7 38 84.6 082 19 39

8 48 909 08 20 364

Table 3.5.: Number of iterations and solution times for the contact problem without
friction.

#lt,e #It,,  Sol. time p‘ljpt p;pt #It, #It,, Sol. time

10 86 0.4 1.3 3.5 7 27 0.15
7 78 0.6 1.225 3.0 7 55 0.4
18 140 1.6 1.05 1.85 10 74 0.9
20 141 3.9 097 39 8 71 21
49 301 30.6 0.93 22 24 153 15.3
84 589 282 0.9 2.0 48 252 120

134 964 2737 0.9 1.8 83 384 1094
198 1051 19433 089 175 135 558 9820

Table 3.6.: Number of iterations and solution times for the frictional contact problem.

in each iteration of the h-version. The time for solving the problem is halved on average for
both algorithms, when choosing the optimal parameters.

The optimal choice for the parameter py is always around 1 and decrease with a smaller mesh
size. The second parameter is more sensitive. This is due to the restriction of p,, which
depends on four different values, see Theorem 3.42, whereas the first parameter p; is only
depending on the constant for the ellipticity of C™', see (2.3).

For the frictional case we studied the dependence of the number of iterations on the choice
of the parameters more precisely. In Figures 3.23(a) and 3.23(b) we plot the number of
iterations for the outer and inner loop against the pair of parameters (p1, p) for the fourth
iteration step in the h-version. The color illustrates the optimal choice of parameters. Here,
blue means a small number of iterations and red a large one.

If we choose the gap function g to be zero, then assumption (3.73) does not hold any longer,
since the active part of the contact boundary is 'c. In this case the algorithm is not converging,
when we take i = i, because the discrete inf-sup condition for the bilinear form q(-, ) does not
hold. But as we proved in Lemma 3.29 the inf-sup condition is valid, when choosing h = 2h.
We have computed the above described problem with g = 0 and friction coefficient us = 0.5
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(a) Normal stress ¢ on Tc. (b) Tangential stress ¢” on T'c.
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Figure 3.24.: Stresses on I'c with gap function ¢ = 0 using 1 = 2.
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(a) Tangential displacement Af‘ onTlc. (b) Sign v of Af’ onAc.

Figure 3.25.: Tagential displacement and corresponding sign on I'c with gap function
g =0 using i = 2%
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3.4. Numerical Experiments

using a coarser mesh for Vi In Figures 3.24(a) to 3.25(b) we show the normal and tangential
stress on the contact boundary, the tangential displacement on the contact boundary and the
corresponding sign. The first observation we make is, that the singularities at the end points
have vanished. The kink in the function of the tangential stress is due to the change from slip
to stick and vice versa. In Figure 3.25(b) we notice, that the red colored sign function vh of
the tangential displacement A" is tending to zero at the end points of the contact boundary.
This is due to the fact, that we have chosen &, = 107 in Algorithm 3.41. In Figure 3.24(a)
we see, that the normal stress is tending very fast to zero at the end points of T'c. For this
reason the friction functional is small here and the convergence criterion in Algorithm 3.41
is satisfied before a good approximation is assumed for a Therefore, we have decreased the
bound ¢, to 1078 resulting in the dashed blue function in Figure 3.25(b), which represents
the approximated sign vh for a coarser triangulation.

The inf-sup condition in Lemma 3.29 is only valid for a mesh dependent norm. For this
reason the constant within the condition is decreasing with the mesh size and therefore the
parameter p, has to be chosen very small. Furthermore, as we have seen above, we have
to decrease the parameter &, to get a satisfactory approximation of v. This leads to a large
number of iterations and thus to a large solution time. For the blue dashed line in Figure
3.24(a), which corresponds to V! in the fourth iteration of the h-version, the algorithm took
22872 outer loops and all in all 45743 inner iterations. Compared to 3.9 seconds as we see
e.g. in the fourth row of Table 3.6 the solution time of 3471 seconds is very large in this case.

2

P

—1b

-3t

_ZL/

-3 -2 -1 0 1 2 3

(a) Example with gap function g = |x1]

4

25 L L L L L L L
-4 -3 -2 -1 0 1 2 3

(b) Example with gap function defined in (3.125)

Figure 3.26.: Normal displacements /\z for i = i (dashed red) and /i = 27 (green) and
rigid foundation (dashed blue).

To show, that the algorithm is converging to the same solutions independently of the choice of
h, if Assumption (3.73) is fulfilled, we have computed two examples with i = hand h = 2h.
In both examples the friction coefficient is uy = 0.5. In Figures 3.26(a) to 3.28(b) we show
the normal and tangential displacements and the corresponding signs. On the left hand side
we have the gap function § = |x1|. In Figure 3.26(a) the corresponding rigid foundation is
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Figure 3.27.: Tangential displacements A"

(a) Example with gap function g = |x;|

(b) Example with gap function defined in (3.125)

for fi = i (dashed red) and h=2h (green).
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(a) Example with gap function g = |x;|

(b) Example with gap function defined in (3.125)

Figure 3.28.: Sign Vi of /\? for i = I (red) and /1 = 2 (dashed blue).
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3.4. Numerical Experiments

shown as a dashed blue line. One observes, that the normal displacement in Figure 3.26(a)
and the tangential displacement in Figure 3.27(a) fit very well for the two choices of h. The
same is with the signs in Figure 3.28(a), where the different width of the active set Ac is due
to the different length of the edges. In the second example the gap function is

[ + 2], if x1 <0,
145x2 42523 .
g=32+x — 5 + T if x; €(0,0.4), (3.125)
24— (v -2p2, if x1 >04.

Here the tangential displacements in Figure 3.27(b) are a bit different, which is due to the
complexity of the gap function and the chosen parameter e, = 107° for the convergence
criterion in step 9 of Algorithm 3.41.
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4. Adaptive methods for the dual-dual contact
problem with friction

This chapter deals with an adaptive algorithm for the discrete variational inequality
problem (3.62) in Section 3.2. The algorithm is based onan a posteriori error estimator
which is derived by following the approaches of Maischak [67, Chapter 5.2], Gatica
and Meddahi [50] and Gatica, Gatica and Stephan in [46].

4.1. A posteriori error estimate

In this section we will derive an a posteriori error estimator for the dual-dual
contact problem of Chapter 3. To do so let (o,v,u,n, ¢, A, A,) € XX A XY and
(", v, u", ", (pﬁ,/\’z, Al e X, x Aj, X Yy, be the solutions of the continuous and dis-
crete variational inequality problems (3.41) and (3.62), respectively. We use the
notations of Section 3.4 and assume here, that the boundary parts of the domain are
polygonal. Furthermore, let the assumption (3.73) be fulfilled. In this case we are
allowed to choose /i = I, see Lemma 3.31, which is assumed here as well.

For an arbitrary T € 7, we consider the following local auxiliary problem of finding
zr € HY(T) such that

—divC : (z7) = f + div(c" — as(o™)) inT,
zr =0 on ITNEY,
C:ée(zr)-n=t)— (0" —as(@") - n on dTN ShN , 4.1)
C:ée(zr) - n= as(oh) ‘n on JT N 8,? ,
C:ée(zr)-n=0 on QTHSI?,

with as(7) denoting the antisymmetric part of some tensor 7,i.e. as(t) := %(T —17).

If we set ¢* € X with ¢*|7 := C : e(zr) VT € T3, and & := ¢* + 0" — as(c"), then we
observe div(c —6) = 0 and as(o — &) = 0. Using the auxiliary problem (4.1) we can
prove the following lemma.
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4. Adaptive methods for the dual-dual contact problem with friction

Lemma 4.1:
There exists a constant C > 0, such that
allo -6l < —a(d",0 -5 - 1) —s(',0 -5 — 1) —dn(@",0 -5 — 1)
—de;(A\},0 =6 = 1) +g(0 =5 = 1) —dcu(A}, 0 — 5~ 7) 4.2)

: h h _ <h _ =
+C{I + divo'llz oy + las(@)l +lito = o il _y - Hllo =3,

for all 7 € X;,, with divt =0.

Proof. The auxiliary problem (4.1) is uniquely solvable and depends continuously

on the given data. Using fQ dx = Yrer, fT -dx and Theorem 2.3 we have with the
triangle inequality

lolix < € Y I+ divio” = as(@llzqry + lito = (0" = as(a™) - nll,

H™ 2 (epn&N
TeTy, rné;)

h
+|jlas(o”) ‘n }
st il g e

< " . h _ .
< CTZT:{IIf +div o”[li2¢ry + lIdiv as(o™)llp2(r) + IIto — n||H7
€

b ernel)
+ [las(o") -nl|

o
H 2 (ern&SN)

= C{Ilf +div o"ll2q) + llas(a™)llx + lIto =" - mll_; } (4.3)

H 2(Ty)
where N = &€ U EN. Using the coercivity of 4(-,-) and div(c — &) = 0 we have

2

~112 -
allo = 6llx = ello - GHLZ(Q)zxz

<d(c—6,0-0)
(4.4)
=d(o - d",0 — &) — a(c” — as(a"), o — 5).

The second term in (4.4) can be estimated with the continuity of the bilinear form
a(-,-), the triangle inequality and (4.3)
a(0" - as(a"),0 - 6) < Cllo” - as(a")lIxllo - Gl
< C {llolbx + llas(@™lix} llo — Gl 45)

<C {||f + div o2y + las(@lx + [ty — 0" nll_; } lo - 31ix.
H 2(Ty)

For the first term in (4.4) we take some tensor T € X, with divt = 0. Then from
(3.41); and (3.62); we conclude
a0 —d",1)= -Bu—u',n—1",¢ - " A — AL A, — Al

) ’ C(46)
= —S(T] - nhr T) - dN((P - (Phr T) - dC,t(/\t - /\};/ T) - dC,n (/\n - /\z/ T)-
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4.1. A posteriori error estimate

Moreover, due to
divic =6 —1) =div(c — ) —divt =0 inQ
and using equation (3.41); we have
d(c,0-6-1)=8(0c-6-1)-Blc-6-71;,u,1,¢,A,Ay)

=g(c-3-1)-s(o-F—1)—dn(p,0-5—-1) (4.7)

—dci(A,0— 6 — 1) —dcu(An, 0 — & — 7).

Using (4.6) and (4.7) we can rewrite the first term on the right hand side of equation
(44) as

i(o—o",0-56)=d(6,0 -5 -1)+d(c—d",1)—dc", 0 -5 —-1)
=d(0,0-6—1)—s(n—1",17) - dn(p — (pfl,’c)
= dey(As = AL, 1) = dea(ha = A7) = (0", 0~ 6 = 1)
= —a(c",6-6—1)—s(n0-6—1)-s(n—1"1) (4.8)
—dn(p,0 -5 - 1) —du(p - @', 7)
~dei(Aty 0 =& = 7) — des(As — AL, T)
—8(0 =& 1) —dcu(Ay, 0 =& = 7) —dcu(Ay — AL, 7).

Since as(o — &) = 0, the terms in (4.8), concerning the rotational parts of the displace-
ment, read

—s(n,0-8—1)—s(n— T]h,"f) = —s(nh,o—(f— T)—s(n— nh,a—&)
= —s(nh, 0—03—1). (4.9)

For the normal component of ¢ — & on the boundary we observe

(0—6) n=ty—(tg— (" —as(c"))-n)—o" -n+as(@") n=0 onTy,

(0-8)'n=0c-n—as(c")n-o"-n+as(c") m=0-n-0¢"-n onlc.

By further reordering the boundary parts in equation (4.8) and applying the above
observations, we obtain

—dn(p,0 =5 — 1) —dn(@p — @', 1) = —dn(@",0 — 5 = 7) — dn(gp — @, 0 - 5)

= —dN((pfl,a -5-1), (4.10)
—dci(A, 0= — 1) — dey(Ay — Al 1) = —=dey(AF, 0 — 5 — 1) — dey(Ay — A0 — &)

= —de;(Al, o =5 — 1) —dey(A — A0 — oP), (4.11)
~den(Ap, 0 =5 = 1) —den(Ay — AP, 1) = —de, (A, 0 — 5 — 1) — dep(Ay — AL, o — 5)

= —deu (AL, 0 =& — 1) = dcu(Ay — AL, o = o). (4.12)
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4. Adaptive methods for the dual-dual contact problem with friction

The second term in (4.11) can be bounded by zero. To see this we insert p; = A; in
(3.41)5 and use equations (3.42) and (3.45) to get

—dey(Ar = AL o) = —j(A) + dey (AL, 0) < —j(As) + J(AD).

Analogously we take in the discrete case ji; = /\’f in (3.62)s and use (3.64) and (3.67)
to conclude

des(Ar = AL ") = dey (A, ") = AT < j(A) = J(AD).

The sum of the two inequalities above leads us to the desired estimate. Finally, the
second term in (4.12) is also bounded by zero. Here we use equations (3.38), (3.45),
(3.63), (3.65) and the fact, that A, > 0 and A" > 0 on T¢ yield

n =

_dC,n (/\n - /\2/0 - oh) = dC,n (/\}er 0) + dC,n (/\nr oh) < 0

Collecting the estimates (4.5) and (4.8) - (4.12) in (4.4) we finish the proof. O

To estimate the error of ¢" we will need the Clément interpolation operator 7, :
H'(Q) — V,, see Clément [27]. Here we have used the standard finite element
space

Vi :={veVp: veP{(T), VT e Ty}. (4.13)

Let hr and h, denote the diameter of wr and w,, defined in (3.60). Then, for arbi-
trary triangle T € 7, and edge e € &, the Clément operator satisfies the following
interpolation estimates for v € H'(Q)

IV = Tyvllizery < Cohrlivllg o),
1
IV = Tivllzg < Co hZ (¥l oy

where the positive constants C; and C, are independent of the meshsize h. For
some vector v and some tensor 7 we define the following curl-operators, see e.g.
Carstensen and Dolzmann [22],

12177112 )

curlv =01 — 01 and curlt := (Tm,m S

In the following we will often use 1" as asymmetric tensor. Since we have

h
s, ) = f’]h((Th)lz - (Th)21)dx = f( ,?]/, B ) : 7 dx,
Q

Q

. . noo- 0 ot : s
we identify 1" with the tensor (—nh 0 ) to improve readability.
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4.1. A posteriori error estimate

Theorem 4.2:
There exists a constant C > 0, independent of the mesh size /1, such that
h _
llo -0 ||x<C{Z Mo+ lto =" omll_y } (4.14)
TeTy,

where the local estimator 7, 7 is defined for every T € 7}, by

Mor = I+ div oI, + las(@) iy + 5 leurl(C™ = 6" + 1)lIezr)

L2(T)
S I [ (o I [ S A (O DY 4
ce&TNEY cc&TnEP
+ ) k@ "y % (4.15)
cc&TnEN
/\h a()\h_ )
) he||(®*1:ah+qh)-t+7t+ LN
cc8TNES

Here, [] denotes the jump across an interior edge e € &, if e is not an interior edge,
then we just take the value inside the brackets.

Proof. We follow the works of Gatica et al. [11] and Maischak [67, see Theorem 5.10]
and make use of the Helmholtz decomposition of ¢ — ¢" + as(a"). With the definition
of & we have div(c — ) = 0. Since Q is connected we have the existence of some
stream function s € H'(Q), with fQ sidx = 0fori=1,2, such that

o —0& = Curls,

where the Curl-operator was already defined in the definition of the PEERS elements
in Section 3.2. Let us define the Clément interpolant s" := I,s. Then, obviously
div Curls" = 0 and we can choose T = Curls” in Lemma 4.1 to estimate

A :=—d(oh,o—ﬁ—T)—s(nh,o—6—’[)—dN((pf’,o—6—T)—dc,t(/\f,o—ﬁ—’c)
+8(0=5-1) —dea(Al,0 -5 1)

=- Z f(@’l sl + 17”) Curl(s — s")dx - Z f(p -Curl(s — s") - nds

TeT) % e %,

- Z (At + (A" — g)n) - Curl(s — s") - nds

ee&f e

_Z fcurl(([] L OR (s—sh)dx+2f(<[] ca" 1)t (S—Sh)ds}

TeTy, % ec8T
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4. Adaptive methods for the dual-dual contact problem with friction

—Zf L a(s-s)d —Zf()\hu()\h— gm)- a(s-tsh)ds

eESN BES}?
—churl(C ol +17) (s —s")ydx + Z f(@ ol +17) t]- (s —s")ds
TeTy % ec€TNER %
+ Z ft (Crid"+ ") (s —s")ds (4.16)
ec€TNEP %

+ Z f(t-(([]‘l:oh+nh)+a;pth)-(s—sh)ds

TAEN
ee&INEY

IAN
+ Z f(t.(@—l:Gh_,,_nh)_i_%t_’_a(/\at ) ) s

ec8T ﬂ&% e

- sh)ds}.

Here we applied integration by parts on triangles and edges and the relation
7 Fry - as;
CUﬂSi'ﬂz(ax2 ) ’ril Z(axi ) 2)=-=", fori=1,2
K (i) - () ot
leading to

_ (Curls;m) _ aS
Curls-n = (Curlszn) =
Furthermore, since the unit normal and tangential vectors are constant on every

edge, we have used in (4.16)

NIt pyiiey  OAF Al — g)n ; Al - g)
_ t _ 2t n —_(m V(}l,.l—g)l — n— 8
ot (fz w?»t) T and ot (nz VMZ—gM) o

Using Cauchy-Schwarz inequality in (4.16) we conclude with the interpolation esti-
mates for the Clément operator

A <Y flleurl(© 2 0" + )llizqn lIs = ez,

TeTy,
= h i/ h

+ ) NC™ 0" ) 8l s = 8"z
ec&TNEL

-1. _h ) J
+ Y IET ) -t lls = 8"
ee&THSE

(9(pﬁ

-1. .h ) /
Y ICT 0 ) -t e lls = 8l
eeSTDSQJ
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4.1. A posteriori error estimate

-1 h h a/\f‘_l
DI (CRET T DR Ta:

eeSTrWSg ot
AN — ¢) ,
+ g—tn”LZ(e) lls — SIHLZ(e)}

<C Y {rllcurl( @™ : 0" + )iy sl oy

TeTy,

1
+ ) RN 0"+ 1) - 8 Dz lslh o
cc€TNED

% -1 h h
+ Y RIECT 0"+ ) - g sl
ec€TNEP

1 @'
£ HEICT o )t g lslhn o
cc€TnEN

L@ s g o g P, 2= 8)
+ ) BT o )t — =50l sl |
ec€TNES

1
<C Z { B leurl(@ "+ 0" + 7")lliz(ry + Z RATICT 0" + 1) - t] ez

TeTy,

968708}&‘2

3 1. b 3 1. ho o Ig"
F YL BNCT o ) g+ Y REICT 0 )t =l
ec€TNEY ec&TngY

1 A Al —g)

-1 . _h I/ t n

) BENCT 0 ) -t 5t =onlag | sl o (4.17)
eeSTDSE

For the stream function s we observe
S =5 S =S
Vs : Vs = 5%,1 + 5%,2 + 5%,1 + séz = (éi o ) : (%; o ) = Curls : Curls
= ||VS||L2(Q)2><2 =||Curl S||L2(Q)2><z =llo - 5||Lz(Q)z><2 =|lo - d]lx. (4.18)

Furthermore, applying Lemma 3.3 in Groffimann and Roos [54] we get
2 2 ) 2
2 _ 2 2 _ 2 Clel
sl = Y sl < CLY . IsilZu g + ( f sidx) | = C Y Isilly o = Clslyy g, (419)
i=1 i=1 i) i=1

and therefore the equivalence of the H'-norm and the H'-seminorm. Therefore,
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4. Adaptive methods for the dual-dual contact problem with friction

using (4.18) and (4.19) in (4.17) we conclude

1
A<C Z{hT lleurl(@© ™ : 0" + )l + Z RENIC™ 0" + 1) -8 gy

TeTy ecETNESD

i

1 1 d
+ Y BENCT ) g + Y RINCT ot ) b a—q:”]_z(e)

ce&TnED ecETNEN

! A} Al -
+ Y RINCT o ) %nnm} IVslli2 0
cc8TNES

1
<C Y {hrlleurl(© ™ s " 4 )l + Y HNICT 0"+ 1) - 8z

TeT), ec&TNEL
Iiga-l . o Tig=1 . o Iep"
+ YL NCT o ) g+ ) BEICT 0 )t g

cc&TnEP ec&TnEYN

1 oAl YAl —
+ Z hé”(c_120h+nh)'t+—tt+ ( n g)

St =5l lo - alk. (420)
eeSTﬂag

With (4.20) the assertion in Lemma 4.1 reads

o-dllx <C Z +1lto—d"-n .
lo =3l <C Y or +lito =0 -nl,y
TeTy,

We finish the proof by using the triangle inequality, (4.3) and Lemma 4.1. O
Remark 4.3: As we mentioned in the proof of Theorem 4.2 the representation of ¢ — & in
terms of the Curl of some stream function corresponds indeed to the Helmholtz decomposition

of 0 — o” + as(o™) on each triangle. In view of the definition of & we have on each tringle
TeTy

oc-F=0-0"—0d"+as(e") =0 - C: e(zr) - 0" + as(dh)

= 0 —d" +as(c") = C : e(zr) + Curls YTeTy.

But this is just the Helmholtz decomposition of the symmetric tensor o — o” + as(c%), as it
was introduced by Carstensen and Dolzmann in [22], see also Carstensen et al. [23].

The estimates of the errors of the Lagrange multipliers is splitted into three parts.
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4.1. A posteriori error estimate

Lemma 4.4:
There exists some C > 0, such that

I I h
lln — 7' Nz + llp — "Il o) + 1A _At”ﬁ%(rc) + 1A, = Al Bt
421
SC{Z o1 + llto — 0" Il||H_E(r >}

TeTy,

Proof. From the proof of Lemma 3.19 we have for T € X with div 7 = 0 the continuous
inf-sup condition for B(z; &, p, i, 1) = 5(, 7) + dn(tp, ) + des(pie, T) + denn, 7)

o _ i
I =7"ll2q) + 1l — @ ”ﬁ%(rm"’”)\t Al o + 1A = AR .

H2(

B o B ek A?/An—Aﬁ) (422)
Su .

B o;nex ||T||x

As div T = 0 equation (3.41); reads
B(t;n, @, A, A) = (1) — (0, 7). (4.23)
Furthermore, for some 7" € X;, with divz” =0 equation (3.62); reads
B, @, AT AT = g(2") — a(o”, 7). (4.24)
Therefore, by adding zero we conclude with (4.23) and (4.24)
Betn—1', @ - @' A= AL A, - AT
= B(t;n, @, A A) = Bz = 0, " AT A — B(e"; 1, o, AT, AT
= g(0) — (0, v) = B(x = 70, @, A}, A7) = g(7) + (6", )
= —i(oc —o", 1) + gt - ™) —d(o", T - ") - B(z — " 1, (pﬁ,/\}z, /\z). (4.25)

The first term in (4.25) can be estimated using the continuity of the bilinear form
ﬁ('/ )

(0 = d",7) < Cllo = o"|Ix I7lix- (4.26)
For the last three terms we use the argumentation in the proof of Theorem 4.2. Since
7 has divergence zero we have the existence of some stream function s(t) € H'(Q)

with fQ s(7);dx = 0 fori = 1,2, such that T = Curl s(t). Choosing s"(7) as the Clément
interpolant of s(t), we have 7" := Curl s"(t) € X, with div 7" = 0 and we can proceed
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4. Adaptive methods for the dual-dual contact problem with friction

in exactly the same way as in the proof of Theorem 4.2 using 7 instead of ¢ — 5, see
equations (4.16)-(4.20). The corresponding final result reads

gt — 1" —a(o", 1 - ") = B(x - 0", @, AL, AT

1
<C Y {hrlleurl(@ 0"+ ey + Y, BENIC™ 0"+ ) ]z

TeTy cc&TNES

1 1 de"
Y HINCT 0 )t + Y BT 0t )t Sl (427)

ec&TNEP ec&TnEN
Bl . gt AL Ak —g)
+ ) BINCT o )t — 5=l Il
ec€TNES
Using (4.25), (4.26) and (4.27) in (4.22) the proof is complete. O

Before we estimate the error of the displacement u”, let us define

M} = {p e LX(D): 9l € Pl(e) Yee&). (4.28)

For arbitrary v € M, we havev = Y {CIT( AT ) + cg( A )} and we define the following
Teq—h

COE nr o, T
projection Po M, - Mh

v = Pg’rvh = Z{C?(ff) + cgg(fc )} (4.29)

ee&i

Lemma 4.5:
There exists some C > 0, such that

[ju— uh”LZ(Q) < C{Z(UU,T + T]u,T) +llto—0"-ml )}, (4.30)

H2(
TeT, @

where the local estimator 1,7 is defined for every T € 7}, by

2 21 . h h h 2
o= Y IO 4 e+ Y Rellgh +ukiE, (4.31)
TeT), ecETNEN
h h I I
) Rl + Y helAft+ (AL - @n+ uliR, .
ec€TNEP cc&TNES

Proof. We proceed analogously to Maischak [67, Theorem 5.11]. Hence, we want
to use the equilibrium interpolation operator E; : H'(Q)>? N X — X;, as defined in
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4.1. A posteriori error estimate

Roberts and Thomas [77, see Chapter 11, Section 6]. For T € H'(Q2)>? N X we have
for every T € 7, the following estimate

||T - E}IT”LZ(T)ZXZ < ChT |T|H1(T)Z><2 y
4.32)
Idiv(T — ExT)lli2(qy < ClIdiv Tlliz(q)-

Using this estimate demands a higher regularity than X. Therefore, we apply the
same approach as Maischak in [67]. We let T € X be arbitrary but fixed. Defining the
convex domain Q’ D QQ, we assume z € H'(QY') with fQ, zidx = 0, for i = 1,2 being
the unique solution of

divt in Q,

divC: e(z) = . .
ivC: () _—meale’\Q fdlv Tdx inQ'\Q, (4.33)

Q

C:ée(z)-n=0 ondQ'.

Here we have used
. _ fQ(div T)q dx
flede = (fg(dm)zdx .
Q

The condition z € H'(QY') with f( ,zidx = 0, for i = 1,2 assures the validity of Korn's
inequality, see e.g. Brenner and Scott [16, Chapter 9]. Furthermore, the given data
fulfills fQ, f!dx =0fori=1,2with

(div 7); in Q,
fi/ = { _mg{(divﬂidx in Q'\Q,

which is a necessary and sufficient condition for the unique solvability of the aux-
iliary problem (4.33). Using the regularity result in Chapter 9 of [16] we conclude
z € H*(Y) and lzllg2y < C(Q)IIdiv Tll;2qpxe. Defining r; := C : &(z)lo we have
r. € HY(Q)*? and div r, = div 7 in Q. Moreover, we have

el e < Cllzlgq) < Cllzllg gy < CQ) Idiv Tll2 .

Using the commuting diagram property, see Roberts and Thomas [77, Section 6 in
Chapter II], we know that

div(Ey7) = P)(divt) ¥ 1 e H(Q)*?, (4.34)

where P2 is the orthogonal projection of L?(QQ) onto My,. Therefore, we deduce for
vie M,

f v divrdy = f V' P)(div 1) dx = f v div(Ept)dx ¥ T e HY(Q)¥2. (4.35)

Q Q Q
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4. Adaptive methods for the dual-dual contact problem with friction

From the proof of Lemma 3.19 we conclude the continuous inf-sup condition of
b(-,-). Thus, we have

b(u — u"
[lu— uhIILz(Q) < Csup g

4.36
S Tl (4.36)

Using (4.35) and the first equation of the continuous and discrete variational in-
equality problems (3.41) and (3.62) we have

bu-u", 1) = f(u —u") - divr.dx = b(u,r,) - fuh - div(Epr,) dx
Q Q
= 8("1) - ﬁ(ol rT) - B(r'[; 77/ (Pr At/ An) - b(uh/ EhrT)
= 8(7’1) - [i(ol rT) - B(r'[; ne, At/ Aﬂ) - g(EhrT) + d(gh/ Ehr'[)
+BEro ", @, AL AT
= —d(o—d"r)=Bron—1", ¢ - @" A — Al A, — A
( )(nnq)qitt ~)~~(4_37)
+ 8(7’1 - Ehr'r) - ﬁ(ahr e — Ehr'r) - B(r'r - Ehr-r} T]hr (Ph/ /\};/ /\ﬁ)/

where we have extended by zero in the last step. The first two terms in (4.37) can be
estimated by using the continuity of the bilinear forms and Theorem 2.3

—d(o—d",r) = Bran -1, @ — @' A= Al A, — A

< C{Ilo = "lx + 1= n"llzy + llp — @Il

H2 (Iy)

A=Al = Ay
= Ay o+ = Ay i

<c{lio =l + I = 1l + llp = "I (439)

1
2(I'n)

FIA =AM+ A = AR }’l’ .
e = Ay o)+ I = Ahlly il

1
2(T'c

The last three terms will be splitted into parts and we first regard the bilinear forms
on the domain. Using Cauchy-Schwarz inequality and (4.32) we have

—a(0", 1y — Eyre) = s(re — Epre, ") = — f(([]'1 2"+ ) (e — Epry) dx
15}

= Z f(([]'l 2"+ (Epre — 1) dx

TeTy 7

= h h
< Z [|C Looh n ||L2(T)2><2 [|Enre — 7T||L2(Tj2XZ
TeTy

<C Y hrllC™ 0" + e el e
TeTy,
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4.1. A posteriori error estimate

< Clizlix Z hollC s 0" + e . (439)

TeTy,
We need the following trace inequality, see Agmon [1, Theorem 3.10] and Arnold
mmam

+ h, [v] VveH Q) Yee&;. (4.40)

-1
n =g < (B Wi 2o ]

From the boundedness and ellipticity of Hooke’s tensor we deduce for e € & by
using (4.40), (4.32), (4.34) and the definition of r,

1 .
I(Enre —72) - n”LZ(e) <Ch; {hil |Enr. — rTHLZ(Tg)ZXZ + || div(Epr: — 7‘1)||L2(Tg> }
. (4.41)
< Ch Itlix.

Using the following property of the equilibrium interpolation operator

f(rT—EhrT)~n=O, VEESE,

see Roberts and Thomas [77], we canadd 0 = fr u’ll -(Eyry —r¢)-nds to the boundary

terms in (4.37), where u’r’ = Pg’ruh is defined in (4.29). Moreover, using the Cauchy-
Schwarz inequality and (4.41) in (4.37) we get

_dN((Pfl Tz — E;ﬂ’-[) - dCt(A,}}/ Yo — EhrT) - dCﬂ(An/ EhrT) + g(rT - Ehr'[)
= Z f((p + ur) (Epre —17) -nds + Z fur (Epry — 17) - nds

ec&) N LESD

+ Z f(A’}H (Al = n+ul) - (Eyre —r.) - nds

eeSC

<C Yl + ulllia B = 7o) - Bl + Y allago I(Ere = 72) - mllzg

eegl ee&p

+ ZII/\ht + (Al = @n + uPllage I(Enre = 72) - nllgag

LESC

< Clleli| Y 1l +

eeSﬁ\]
1

1 1 7 7
+ Z hZ [}l Z hZ IAft+ (A} — @n + ul)llz |- (4.42)

D C
eeSh eeSh

Using (4.37), (4.38), (4.39) and (4.42) in (4.36) we finish the proof. O

Finally, there is one Lagrange multiplier left to estimate.
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Lemma 4.6:
Exists some C > 0, such that

N 1 ~
=y, C{Z(Tm + Y B0t = T z) + lio — o .nnH_m}. (4.43)

TeTy, cc&TnER

Proof. From the continuous inf-sup condition (3.54) we have

q(#trv - Vfl)
el oy

~1 L
0#ureH?2 (T¢c) H2(T¢c)

v - v’?nH,l <C sup (4.44)

Using the fifth equality in (3.41) and adding zero in terms of (3.62)s we have for
h
i € G

Aot v =) = dep(ui 0) = s — i, V) = des (i, ")
= dei(u, 0 = ") = qlue = pf V) +dey(ue -l ). (445)
Applying the continuity of the bilinear form in the first term of (4.45) we have

dei(yu,0 = ") < Cllully o= o'l (4.46)

Choosing y’;’ := Q1+ as the L2-projection of y; onto Cj, see e.g. Steinbach [80, Chapter
10], the following estimate holds

.1
||llt - quut“LZ(e) <Ch; ||Ht||H (4.47)

o
We conclude for the last two terms in (4.46) by applying the Cauchy-Schwarz in-
equality and (4.47)

e = i) + e - i, ) = f (1 — 0! — Fyds
Ac

- Z f(yt - ‘uf’)(of} —Fvhyds

8682‘ e
< Yl = il ot = F vl
ee&A
h
~1 2
< Cllll g ) DB Nl =5V iz (448)

eeSIA
1

Applying (4.45), (4.46), (4.48) and the equivalence of the H ?-norm and the H?-norm
to (4.44) we finish the proof. o
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4.1. A posteriori error estimate

Remark 4.7: If we demand a higher regularity on the Neumann traction to, say ty € L>(T'y),
we can estimate the nonlocal term ||ty — " n|| Yo by the same arqumentation as in the

proof of Theorem 6.3 in Gatica, Gatica, Stephan [46]. Here the authors use Theorem 2 in
Carstensen [20], taking advantage of the L*-orthogonality of ty — o" - n on Cj.

Let us define

he,
Cy = max{

p V61,€2€8 w1thelﬁez¢0}

€

We can state the following result for the total error of the approximate solution of
the discrete variational inequality problem (3.62).

Theorem 4.8:
In addition to the hypotheses of this Section assume that ty € L*(Ty). Then there
exists C > 0, independent of the meshsizes k and /1, such that

o, vi w1, 6, A, A) = (@ Vs, ) P AL DIy SCY i, (449)

XxH™ 2 (Ac)XY’
c TeT,

where the total local error indicator 7y, r is defined by

Tour = q§'T+r]i/T+Z T llo = FVHIR, +log(1+CN)Z fiello" 0 - %, (450)

eeaTmaz‘ ec8TnEN

and we have used the definitions of 1,1 and 1, r in (4.15) and (4.31).

Proof. As we have mentioned in Remark 4.7 the fourth equation in (3.62) states
L*-orthogonality of " - n — ty on Cj, i.e.

0=dy@,d") —to) = (P, 0" -n—to)2,y VP EC;

Therefore, the assumptions of Theorem 2 in Carstensen [20] are fulfilled and we
have

~ ~1
llto — 0" - oy, <log(l+ Gk lo" -n—-toll2ey Vee&). (4.51)

Using (4.51) in the results of Theorem 4.2 and Lemmas 4.4, 4.5 and 4.6 and applying
the triangle inequality we finish the proof. O
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4. Adaptive methods for the dual-dual contact problem with friction

4.2. Numerical experiment using adaptive algorithms

In this section we perform the same numerical experiment as described in Example
3.46 but this time we use an adaptive algorithm based on the a posteriori error
estimator derived in Section 4.1. In the first case we use a refinement algorithm,
where a triangle T € 75, is refined, if the corresponding total error indicator 1y r is
greater or equal a factor 0 € (0, 1) times the maximal local error indicator

= maXTot,T-
Nmax TerT, Mto

In Table 4.1 we present the norms of the approximating solutions and the correspond-
ing degrees of freedom for the adaptive algorithm with 6 = 0.5. If we compare the
norms in Table 4.1 with the norms in Table 3.2 we see, that we are still close to the
pre-asymptotic case for ¢". Too few triangles were refined during the algorithm,
see Figures 4.1-4.8 although we have run the algorithm for 28 steps. This is caused
by the large differences in the scales of the error indicators. There are three indi-
cators having main influence on 7, r. Namely, the indicator corresponding to the
Neumann boundary condition

= ) o n -tk

ecET HS{;’

the indicator corresponding to the friction force

Br= ) hellol = F VI,

ec€TNES
and finally, the indicator corresponding to the symmetry of the stress tensor

Nas,T = ||aS(0h)||L2(T>-

The three indicators all include the stress tensor which has large coefficients in the
solution vector due to the large Lamé coefficients. Therefore, the only triangles that
are refined are close to the corners of the domain, on the Neumann boundary I'y
and on the active part of the contact boundary Ac.

In Section 3.4 we have observed singularities in the corners of the domain. As the
boundary traction t, is zero at the end points of the Neumann boundary, this leads
to large values of the indicators nyr for triangles T € 77 near the corners of the
Neumann boundary having an edge on I'y. This can be seen in Figures 4.1-4.8. The
great influence of 7 on the refinement is due to the different mesh sizes for ¢”
and V" and the approximation error for the friction functional as defined in (3.123).
Finally, the maximal value for the indicator 1,7 is even growing with a smaller
mesh size. This can be seen in Table 4.2 in the third column. But even if we use
the L2-norm as proposed by Gatica, Gatica and Stephan in [46] or Carstensen and
Dolzmann in [22] the maximal value stays almost constant, as can be seen in the first
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4.2. Numerical experiment using adaptive algorithms

051 B

-1
-4 -3 -2 -1 0 1 2 3 4

Figure 4.1.: Initial triangulation of Q) for the adaptive algorithm.

-4 -3 -2 -1 0 1 2 3 4

Figure 4.2.: Triangulation after 4 steps of the adaptive algorithm.

BN

-1
-4 -3 -2 -1 0 1 2 3 4

Figure 4.3.: Triangulation after 8 steps of the adaptive algorithm.

BEKNT

-4 -3 -2 -1 0 1 2 3 4

Figure 4.4.: Triangulation after 12 steps of the adaptive algorithm.

-4 -3 -2 -1 0 1 2 3 4

Figure 4.5.: Triangulation after 16 steps of the adaptive algorithm.
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-3 -2 -1 0 1 2 3 4

Triangulation after 20 steps of the adaptive algorithm.

-1
4

Figure4.7.:

-3 -2 -1 0 1 2 3 4

Triangulation after 24 steps of the adaptive algorithm.

Figure 4.8.:

-3 -2 -1 0 1 2 3 4

Triangulation after 28 steps of the adaptive algorithm.
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4.2. Numerical experiment using adaptive algorithms

column of Table 4.2. The value of the singularity in the corners is increased, if the
mesh size is decreased. Since the indicator 1,1 is not weighted with the mesh size
we deduce the above mentioned behaviour.

Here, we observe a backdraw of using PEERS elements for the discretization of the
stress tensor, the displacement field and the rotation tensor. The maximal value

max
= MaX g,
nas TeT, nﬂ“

is always reached in the two lower corners of the domain, where the Dirichlet
boundary and the contact boundary touch. We assume, that the PEERS elements
are not suitable for such situations, since the symmetry of the stress tensor is not
approximated well there.

||Uh||x ||uh||L2(Q) ||77h||LZ(Q) ||(Ph||LZ(rN) ”AI;HLZ(FC) ”AZ”LZ(FC) Dof
2617  3.399e-02  1.180e-02 2.811e-02  4.404e-03 6.208e-03 317
2593  3.524e-02 1.229e-02 2.864e-02 4.218e-03 5.234e-03 683
2498  3.463e-02 1.253e-02  2.829e-02 5.453e-03 7.926e-03 1513
2502  3.583e-02 1.315e-02 2.916e-02 5.765e-03 7.775e-03 2388
2424 3.549e-02 1.425e-02 2.920e-02 6.767e-03 1.193e-02 3988
2646  3.555e-02 1.486e-02 2.931e-02 6.735e-03 1.314e-02 4978
2661  3.549e-02 1.488e-02 2.929e-02 6.419e-03 1.348e-02 5278
2669  3.546e-02 1.489e-02 2.927e-02 6.317e-03 1.354e-02 5578

Table 4.1.: Norms of the solutions and degrees of freedom for the frictional contact
problem with u; = 0.5.

max

e with [2-norm Gas e with H(div, Q)-norm Gas
2.2600 0.792 18.1975 0.722
3.2031 0.272 22.7789 0.471
2.2388 0.210 40.6292 0.294
3.2002 0.132 45.0999 0.169
2.2293 0.101 82.4388 0.145
3.1956 0.068 89.9081 0.091
2.2243 0.050 165.4811 0.080
3.1950 0.035 179.7075 0.043

Table 4.2.: Maximal indicators 7™ and corresponding quotient of triangles with

TNas,7 = 01007

However, if we compare the quotient g, of the number of triangles, where 1,5+ >
0.1 we see in the second and fourth column of Table 4.2, that this quotient

as

is tending to zero with decreasing mesh size. Therefore, we propose a second
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-1
-4 -3 -2 -1 0 1 2 3 4

Figure 4.9.: Triangulation after 1 step of the adaptive algorithm.

-4 -3 -2 -1 0 1 2 3 4

Figure 4.10.: Triangulation after 3 steps of the adaptive algorithm.

-1
-4 -3 -2 -1 0 1 2 3 4

Figure 4.11.: Triangulation after 5 steps of the adaptive algorithm.

-4 -3 -2 -1 0 1 2 3 4

Figure 4.12.: Triangulation after 7 steps of the adaptive algorithm.

-4 -3 -2 -1 0 1 2 3 4

Figure 4.13.: Triangulation after 9 steps of the adaptive algorithm.
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4.2. Numerical experiment using adaptive algorithms

||(7h||x ||uh||L2(Q) ||77h||L2(Q) ||(Ph||L2(rN) ||/\f||LZ(rC) ”/\Z”LZ(FC)
2478  3.549e-02 1.461e-02 2.920e-02 6.544e-03  1.290e-02
2456  3.547e-02 1.466e-02 2.918e-02 6.435e-03 1.335e-02
2463  3.541e-02 1.464e-02 2.914e-02 6.300e-03 1.347e-02
2469  3.539e-02 1.463e-02 2.912e-02 6.225e-03 1.352e-02
2473  3.539e-02 1.462e-02 2.910e-02 6.186e-03  1.355e-02

Table 4.3.: Norms of the solutions for the frictional contact problem with pr = 0.5.

Ctot Dof T]tut/ Ctot
4.955e-01 5297 0.648
4.030e-01 9492 0.803
2.905e-01 17262 1.111
2.077e-01 32296 1.550
1.481e-01 60989 2.171

Table 4.4.: Norms of the solutions, total error and degrees of freedom for the frictional
contact problem with pf = 0.5.

adaptive algorithm, where 6 denotes the percentage of triangles that are refined in
each step. The triangles are sorted according to their indicators and then, 0 percent
of the triangles with largest indicators are refined. In Figures 4.9-4.13 we show the
sequence of refinements for the second adaptive algorithm with 6 = 0.2. Although
we start with a finer triangulation, the algorithm also refines triangles inside the
domain.

The norms of the approximated solutions are shown in Table 4.3. For the second
algorithm we also show the total error as defined in (3.124) and the effectivity index

ot with
Ntot = Z Ntot,T

Ctot
TeTy,

in Table 4.4. The effectivity index is not satisfactory, which is a consequence of
the increasing maximal indicator 1" as already described above. Nevertheless,
the refinement algorithm behaves sensible as the local refinements are observed in

critical areas, e.g. the active part Ac of the contact boundary.
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A. Numerical methods for process-oriented
structures in metal chipping

This work was made possible by the German Research Foundation (DFG) who sup-
ported the author within the priority program SPP 1180 Prediction and Manipulation of
Interactions between Structure and Process. The project focusses on the phenomenon of
tool extraction. In some industrial applications the extraction of a milling cutter out
of thermal shrink-fit chucks during high speed milling processes was reported.

To identify the factors causing the extraction we develop a mathematical model
of the structure and its interaction with the process. Namely, we choose a finite
element model of the tool and the tool holder, i.e. ;-0 in Figure A.1 and impose
on one hand the interaction of the tool holder with the dynamic characteristics of
the spindle in terms of inhomogeneous Dirichlet conditions at the interface of tool
holder and spindle I'p := 56 N 57. On the other hand the interactions of the tool
with the work piece are incorporated as Neumann conditions on the cutters of the
tool T (t) := Qo N Q. In the following we define €, as the domain of the tool and
), as the domain of the tool holder.

Figure A.1.: System of workpiece ), tool €2;-(y, tool holder Q)¢ and spindle Q;.

Due to the complex structure of the domains and the large interface between Q, and
)y a transient model involving two body contact conditions is not feasible. Since the
tool and the tool holder are sticking to each other after the shrink process we neglect
the contact conditions and consider Q := 5,1 U 5;, as an inhomogeneous compound
with corresponding material parameters depending on x € Q. Using this approach
we have to solve the following boundary and intial value problem of the elastic
wave.
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A. Numerical methods for process-oriented structures in metal chipping

Find u(x, t) : Q X R, — R such that

p(x)i(x, ) — div o(u(x, t)) = £(x, t) VxeQ, teR,
o(u(x, t)) - n = t(x, ) Vxely, teR,
u(x, t) = a(x, t) VxeIp, teR,

u(x,0) = U(x) and u(x,0) = U(x) Vx e Q.

Here the volume body force f contains the contribution of the shrink process which
is approximated via heat strain. To discretize the problem we use a 3D FE-model of
the tool and the tool holder, see Figures A.2(a) and A.2(b). For the time discretization
we apply the discontinuous Galerkin method on the system of first order ordinary
differential equations involving the displacement and the velocity as unknowns. We
use piecewise linear functions in space and piecewise quadratic functions in time.
As the system is rotating during the whole process we reformulated the problem in
rotational coordinates.

(a) Magnification of the tool tip. (b) System of tool and tool holder.

Figure A.2.: FE-model of tool and tool holder.

The given displacement i on the Dirichlet boundary I'p results from the vibrations
of the whole system. For this reason a vibration model of the spindle is used to
determine @ at each time step. The cutting forces computed with a geometrical
cutting force model imply the boundary traction t. For more details, see [29] and
[28]. Both models, vibration model and cutting force model, are coupled with the
FE-model of tool and tool holder in the following way. For given displacement
1i(x,0) and traction t(x,0) we solve the elastic wave equation on the tool and the
tool holder at each time step f;. The resulting displacement field u(x, t;) is used
in the vibration model and the cutting force model to compute (x, ) and t(x, ),
respectively. This data denotes the new boundary data for the FE-model of tool and
tool holder in the next time step f,1.

The phenomenon of tool extraction is caused by the change of the contact situation
from stick to slip at the interface of the tool and the tool holder. Therefore, we
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observe the tangential and normal pressure at this interface during the process, see
Figure A.3. A significant change of the quotient of normal pressure and tangential
pressure at some time step would then be a hint for a possible tool extraction.

Figure A.3.: Change of normal pressure at the interface of tool and tool holder.
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