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Zusammenfassung

In der vorliegenden Arbeit werden im Rahmen des Twistorzugangs verschiedene Aspekte der
Integrabilitdat supersymmetrischer Eichtheorien betrachtet. Nach einer kurzen Darstellung
der Grundlagen der Twistortheorie im ersten Kapitel, untersuchen wir zunéchst selbstduale
supersymmetrische Yang-Mills-Theorie (SYM). Insbesondere wird deren Twistorformulierung
erlautert und ausgehend von dieser, werden weitere selbstduale Modelle vorgestellt. Jene folgen
durch geeignete Reduktion aus selbstdualer SYM-Theorie und kénnen zum Teil im Rahmen
topologischer Feldtheorien verstanden werden. Fiir deren Twistorformulierung schlagen wir be-
stimmte gewichtete projektive Superrdume als Twistorraume vor. Interessanterweise sind diese
Calabi-Yau-Supermannigfaltigkeiten, so daf es ebenfalls mdglich ist, geeignete Wirkungsprinzi-
pien zu formulieren. Im dritten Kapitel dieser Arbeit befassen wir uns mit der Twistorformu-
lierung eines supersymmetrischen Bogomolny-Modells in drei Raumzeitdimensionen. Die nicht-
supersymmetrische Variante dieses Modells beschreibt statische Yang-Mills-Higgs-Monopole
im Prasad-Sommerfield-Limes. Insbesondere wird eine supersymmetrische Erweiterung des
Minitwistorraumes betrachtet und, folgend aus einem der Grundprinzipien der Twistortheorie,
betten wir diesen in eine konkrete Doppelfaserung ein. Diese Methode hat den Vorteil der
Moglichkeit der Formulierung eines Chern-Simons dhnlichen Wirkungsfunktionals, welches fast
holomorphe Vektorbtiindel iiber dem entsprechenden Korrespondenzraum beschreibt. Letzterer
kann mit einer Cauchy-Riemann-Struktur ausgestattet werden. Weiterhin formulieren wir
holomorphe BF-Theorie auf dem Minisupertwistorraum und beweisen, dafi die Modulrdume
dieser drei Theorien bijektiv zueinander sind. Im Anschlufl werden bestimmte Deformationen
der komplexen Struktur des Minisupertwistorraumes betrachtet und ein daraus resultierendes
supersymmetrisches Bogomolny-Modell mit massiven Feldern konstruiert. Im vierten Kapitel
wird dann die Twistorformulierung von SYM-Theorien vorgestellt. Im letzten Kapitel vertiefen
wir die Untersuchung selbstdualer SYM-Theorien beziiglich ihrer (klassischen) Integrabilitét.
Insbesondere wird die Twistorkonstruktion unendlich dimensionaler Algebren nichtlokaler Sym-
metrien behandelt. Diese sind zum einen affine Erweiterungen globaler und zum anderen affine
FErweiterungen superkonformer Symmetrien. Im weiteren betrachten wir die Konstruktion von
self-dualer SYM-Hierarchien. Jene beschreiben unendlich viele Fliisse auf den entsprechenden
Losungsraumen, wobei die niedrigsten Raumzeittranslationen darstellen. Dies bedeutet, dafl
eine gegebene Losung zu den Feldgleichungen in eine unendlich dimensionale Familie neuer
Losungen eingebettet werden kann. Weiterhin werden unendlich viele erhaltene nichtlokale

Strome konstruiert.

Schlagworte: Supertwistorgeometrie, Supersymmetrische Eichtheorien, Integrabilitat






Abstract

In this thesis, we report on different aspects of integrability in supersymmetric gauge theories.
Our main tool of investigation is supertwistor geometry. In the first chapter, we briefly review
the basics of twistor geometry. Afterwards, we discuss self-dual super Yang-Mills (SYM) theory
and some of its relatives. In particular, a detailed twistor description of self-dual SYM theory
is presented. Furthermore, we introduce certain self-dual models which are, in fact, obtainable
from self-dual SYM theory by a suitable reduction. Some of them can be interpreted within the
context of topological field theories. To provide a twistor description of these models, we pro-
pose weighted projective superspaces as twistor spaces. These spaces turn out to be Calabi-Yau
supermanifolds. Therefore, it is possible to write down appropriate action principles, as well. In
chapter three, we then deal with the twistor formulation of a certain supersymmetric Bogomolny
model in three space-time dimensions. The nonsupersymmetric version of this model describes
static Yang-Mills-Higgs monopoles in the Prasad-Sommerfield limit. In particular, we consider a
supersymmetric extension of mini-twistor space. This space is in turn a part of a certain double
fibration. It is then possible to formulate a Chern-Simons type theory on the correspondence
space of this fibration. As we explain, this theory describes partially holomorphic vector bundles.
It should be noticed that the correspondence space can be equipped with a Cauchy-Riemann
structure. Moreover, we formulate holomorphic BF theory on mini-supertwistor space. We then
prove that the moduli spaces of all three theories are bijective. In addition, complex struc-
ture deformations on mini-supertwistor space are investigated eventually resulting in a twistor
correspondence involving a supersymmetric Bogomolny model with massive fields. In chapter
four, we review the twistor formulation of non-self-dual SYM theories. The remaining chapter is
devoted to a more detailed investigation of (classical) integrability of self-dual SYM theories. In
particular, we explain the twistor construction of infinite-dimensional algebras of hidden sym-
metries. Our discussion is exemplified by deriving affine extensions of internal and space-time
symmetries. Furthermore, we construct self-dual SYM hierarchies and their truncated versions.
These hierarchies describe an infinite number of flows on the respective solution space. The low-
est level flows are space-time translations. The existence of such hierarchies allows us to embed
a given solution to the equations of motion of self-dual SYM theory into an infinite-parameter
family of new solutions. The dependence of the self-dual SYM fields on the additional moduli
can be recovered by solving the equations of the hierarchy. We in addition derive infinitely many

nonlocal conservation laws.

Keywords: Supertwistor Geometry, Supersymmetric Gauge Theories, Integrability






Motivation and introduction

TWISTOR GEOMETRY

In 1967, Penrose [187] introduced the foundations of twistor geometry. The corner stone
of twistor geometry is the substitution of space-time as background for physical pro-
cesses by some new background manifold — called twistor space, and furthermore the
reinterpretation of physical theories on this new space. As originally proposed, twistor
space, or rather the projectivization thereof, which is associated with complexified four-
dimensional Minkowski space, is the complex projective space CP3. Geometrically, this
space parametrizes all isotropic two-planes in complexified Minkowski space. Upon this
correspondence, it is possible to reinterpret solutions to zero rest mass free field equations
on Minkowski space in terms of certain cohomology groups on twistor space [187]-[190].
For instance, if U is some open subset in complexified Minkowski space and if Z.; denotes
the sheaf of solutions to the helicity +h zero rest mass field equations, then there is an
isomorphism between the two cohomology groups H'(U’, Oy (F2h —2)) and H°(U, Z.,),
where U’ is an appropriate region on twistor space related to U. Here, Oy (F2h — 2) is
the sheaf of sections of a certain holomorphic line bundle (over U’) having first Chern
class F2h — 2. The map between representatives of these cohomology groups has been
termed Penrose transform. Putting it differently, any solution to zero rest mass free field
equations can be represented by certain holomorphic “functions” on twistor space, which
are “free” of differential constraints. For a detailed discussion of this correspondence in
terms of Cech cohomology, we refer the reader to [90]. Let us mention in passing that,
as was shown by Eastwood in [91], it is also possible to generalize this description to the
case of massive free fields.

Besides giving insights into the geometric nature of solutions to linear field equa-
tions, the ideas of twistor geometry turned out to be extremely powerful for studying
various nonlinear classical field equations. Twistor methods have successfully been ap-
plied to subclasses of the Einstein’s equations of General Relativity and of the (super)
Yang-Mills equations, to name just the most prominent ones. Indeed, it is possible
to associate with any self-dual oriented Riemannian four-dimensional manifold X, that

is, a manifold with self-dual Weyl tensor, a complex three-dimensional twistor space
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(191, 21]. All the information about the conformal structure of X is encoded in the com-
plex structure of this “curved” twistor space. Some additional data then allows for the
construction of self-dual metrics and conformal structures on X. Among such metrics,
there are interesting subclasses as, e.g., self-dual Einstein metrics, Kahler metrics with
vanishing scalar curvature and Ricci-flat self-dual metrics. For constructions, see Refs.
(249, 238, 250, 193, 116, 117, 131, 118, 264, 97, 147, 239, 119, 175, 150], for instance.
Furthermore, the question when such a twistor space is in addition Kahler was answered
by Hitchin [114]. He showed that given a compact oriented self-dual Riemannian four-
dimensional manifold X, the corresponding twistor space admits a Kéahler structure if
and only if X is conformally equivalent to either S* or CP?. Besides questions related
to Einstein’s equations, twistor theory has given striking advances in our understanding
of the properties of gauge theories. In an important paper [248], Ward has proven a one-
to-one correspondence between gauge equivalence classes of self-dual Yang-Mills fields on
complexified four-dimensional space-time and equivalence classes of holomorphic vector
bundles over twistor space which obey certain triviality conditions. Upon imposing ad-
ditional conditions on the bundles over twistor space, one may also reduce the structure
group of the bundles on space-time to some real form of the general linear group and in
addition, the discussion to, for instance, an Euclidean setting. Furthermore, replacing
twistor space by ambitwistor space — the space of complex light rays (null lines) in com-
plexified four-dimensional Minkowski space — one can discuss general Yang-Mills fields,
as well. In fact, Isenberg et al. [126] and Witten [259] showed that it is possible to
represent gauge equivalence classes of solutions to the full Yang-Mills equations in terms
of equivalence classes of certain holomorphic vector bundles on formal neighborhoods of
ambitwistor space. Khenkin et al. [135] discussed a generalization thereof by giving an
interpretation in terms of certain cohomology groups. A detailed discussion of the co-
homology interpretation of solutions to the full Yang-Mills equations can be found in
(64, 199]. Of course, the discussion can also be reduced to real Yang-Mills fields and
to, e.g., Minkowski space-time. A map between gauge equivalence classes of solutions to
Yang-Mills equations on some space-time and equivalence classes of holomorphic vector
bundles over a twistor space associated with the space-time under consideration is called

a Penrose-Ward transform [174].

Furthermore, in this respect it is also worth mentioning that, by considering the space

of all complex null geodesics of some general four-dimensional complex space-time, one
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can generalize ambitwistor space to a curved setting. As was shown by LeBrun [145],
this “curved” ambitwistor space is a five-dimensional complex manifold. Moreover, this
construction then forms the basis for a twistorial description of four-dimensional conformal
gravity [26, 148].

Besides Penrose-Ward transforms involving the already mentioned twistor and am-
bitwistor spaces, one may establish such correspondences on quite generic ground. This
was considered, e.g., by Eastwood [92]. In fact, suppose we are given three complex man-
ifolds X, Y and Z, where Y is simultaneously fibered over X and Z, that is, we consider

a double fibration of the form
Y
71;1/ \7:2
VA X

together with two suitable holomorphic projections 7 5. Here and in the following, we
shall refer to X as space-time, to Y as correspondence space and to Z as twistor space,
respectively. Clearly, such a double fibration induces a correspondence between X and Z,
that is, there is a relation between points and subsets in either manifold. In particular,
a point ¥ € X gives a submanifold m (' (z)) — Z, and conversely a point in twistor
space, z € Z, yields a submanifold (7, *(2)) embedded into space-time X. In addition,
this correspondence can be used to transfer data given on Z to data on X and vice versa.
Indeed, given some analytic object, Obz, on twistor space (e.g., certain cohomology classes
or holomorphic vector bundles), one may relate it to some object Obx on space-time. The
latter will be constrained by certain partial differential equation since by definition, the
pull-back 7;Obz must be constant along the fibers of 7 : Y — Z. Under suitable

topological conditions, the maps
ObZ — ObX and ObX — ObZ

define a bijection between equivalence classes [Obz] and [Obx] (in general, the objects
under consideration will only be defined up to equivalence). The correspondence thus
established gives a way of studying objects on space-time obeying differential equations
in terms of objects on twistor space which are “free” of such differential constraints. As
before, we shall refer to such a map as Penrose-Ward transform.

Suppose now that the objects in question are holomorphic vector bundles. If we let
QL (V) = QYY) /71 (Z) be the sheaf of relative differential one-forms on the corre-

spondence space, i.e., the dual of the vertical tangent vectors spanning the tangent spaces
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of my : Y — Z, we have the following theorem [92]:

Theorem. Suppose the fibers of m 1 Y — Z are simply connected and m (7' (z)) — Z
is compact and connected for all x € X. If in addition Q' (X) = 7, QL (Y), then there
1 a one-to-one correspondence between equivalence classes of holomorphic vector bundles
E — Z being holomorphically trivial on any m(my " (x)) — Z, equivalence classes of
holomorphic vector bundles on Y equipped with flat relative connection and equivalence
classes of holomorphic vector bundles E' — X equipped with a connection flat on each
mo(myH(2)) — X forz € Z.

In particular, if Z is twistor space then m (7, '(z)) = CP! and the submanifolds
7o(m1 1 (2)) represent isotropic two-planes in complexified Minkowski space. In case of
ambitwistor space, one has (7, (z)) = (CP' x CP'), and my(n;'(2)) are complex
light rays. To jump ahead of our story a bit, such double fibrations and correspondences

between vector bundles will play the basis of all the discussion presented in this thesis.

The twistor approach to field theories also provides a suitable framework for study-
ing certain supersymmetric field theories. One simply needs to replace the manifolds
appearing in double fibrations like the one discussed above, by so-called supermanifolds.
Originally, the concept of supermanifolds goes back to the work by Berezin, Kostant and
Leites [45, 139, 159]. The idea is basically to define a supermanifold as a particular ringed
space (X, Ox), that is, a topological space X together with a sheaf of supercommutative
rings Oy (the structure sheaf) obeying certain local properties. A thorough description
of supermanifolds, as proposed by the above authors, has been developed by Manin [169].
In our subsequent discussion, we shall adopt this approach to supermanifolds. Let us
also mention that there are alternative ways to introduce supermanifolds. For instance, a
different one has been given by DeWitt [78].! It is based on the concept of supernumbers
which are elements of a certain Grafimann algebra. We refer also to the book by Bar-
tocci et al. [25] (and references therein), where all existing approaches are described and
compared among each other.

As indicated above, the twistor approach facilitates the studies of supersymmetric
field theories. For instance, by combining the ideas of formal neighborhoods with those
of supermanifolds, Witten has shown [259] that it is possible to recover the full N' = 3

super Yang-Mills theory in four dimensions by discussing holomorphic vector bundles

IThere is another, third approach due to Rogers [214].
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over a certain superambitwistor space, which we shall denote by L°6. In fact, L% is
the space of super light rays C!1° in complexified N/ = 3 Minkowski superspace C*12.
Furthermore, it can be viewed as a certain degree two hypersurface in the direct product
CP3B3 x CP?3. In this respect, it is also important to stress that the A’ =3 and N = 4
theories are physically equivalent. The only thing appearing to be different is that the
N = 3 formulation makes only the U(1) x SU(3) subgroup of the R-symmetry group
SU(4) manifest. In this sense, Witten’s approach can be understood as a twistorial
formulation of N' = 4 super Yang-Mills theory. Furthermore, Manin [169] generalized
Witten’s discussion to theories with less supersymmetry. In particular, he established a
Penrose-Ward transform between solutions to the A -extended super Yang-Mills equations
and holomorphic vector bundles over N-extended superambitwistor space — the space
parametrizing super light rays C'*V in C*4*V — which admit an extension to a (3 —N)-th

formal neighborhood in superambitwistor space.

THE TWISTOR STRING

Within the last three years, the twistorial studies of supersymmetric field theories
received a somewhat unexpected renaissance due to string theory. In 2003, Witten [263]
proposed a string theory whose target manifold is the supertwistor space CP?*. His idea
is based on three facts: i) holomorphic vector bundles over twistor space and similarly over
supertwistor space are related to gauge and, respectively, super gauge theories on four-
dimensional space-time, ii) supertwistor space CP3* is a Calabi-Yau supermanifold, that
is, its first Chern class vanishes and in addition it admits a Ricci-flat metric and iii) the
existence of a string theory — the open topological B model — whose space-time effective
action is holomorphic Chern-Simons theory [261]. More specifically, Witten showed that
the open topological B model on supertwistor space CP3* with a stack of 7 D5-branes? is
equivalent to holomorphic Chern-Simons theory on the same space. This theory describes
holomorphic structures on a rank r complex vector bundle £ over CP3* which are given
by the (0,1) part A%! of a connection one-form A on €. The components of A%! appear
as the excitations of open strings ending on the D5-branes. Furthermore, the spectrum of
physical states contained in A%! is the same as that of N' = 4 super Yang-Mills theory, but

the interactions of both theories differ. In fact, by analyzing the linearized [263] and the

2These D5-branes are not quite space-filling and defined by the condition that all open string vertex

operators do not depend on antiholomorphic Grafmann coordinates on CP3/4,
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full [205] field equations, it was shown that holomorphic Chern-Simons theory on C P34
is equivalent to N = 4 self-dual super Yang-Mills theory in four dimensions as introduced
by Siegel [229]. Note that this theory can be considered as a truncation of the full N’ = 4
super Yang-Mills theory.

It was conjectured by Witten that perturbative amplitudes of full ' = 4 super Yang-
Mills theory are recovered by including into the B model so-called D-instantons which
wrap certain holomorphic curves in supertwistor space. The presence of these D1-branes
leads to additional fermionic states from the strings stretching between the D5- and D1-
branes. Scattering amplitudes are then computed in terms of currents constructed from
these additional fields, which localize on the D1-branes, by integrating certain correlation
functions over the moduli space of these D1-branes in CP%*. This proposal generalizes
an earlier construction of maximally helicity-violating amplitudes by Nair [183]. Thus,
by incorporating D1-branes into the topological B model, one can complement N = 4
self-dual super Yang-Mills theory to the full theory. However, soon after this proposal it
was realized that this construction works only at tree-level, as already at one-loop level
amplitudes of super Yang-Mills theory mix with those of conformal supergravity [50].
Recently, Boels et al. [58] proposed a twistor approach to NV = 4 super Yang-Mills theory
which reproduces perturbative Yang-Mills theory without conformal supergravity. For
related papers regarding twistor actions, see also Refs. [176, 177]. After all, twistor string
theory resulted in striking advances in computing gauge theory scattering amplitudes
— even beyond tree-level, as powerful methods inspired by the twistor string have been

developed; see, e.g., Ref. [66, 269] for reviews and also [162] for more references.

In addition to twistor string theory on supertwistor space, Witten [263] also mentioned
the possibility of formulating a twistor string theory, i.e., the open topological B model
on the superambitwistor space which is associated with N/ = 3 complexified Minkowski
superspace. Within such a formulation, no D-instantons would be needed as already at
classical level, holomorphic Chern-Simons theory on superambitwistor space gives the full
N = 3 (respectively, N' = 4) super Yang-Mills theory in four dimensions [259]. Therefore,
the mechanism for reproducing perturbative super Yang-Mills theory would be completely
different compared to the supertwistor space approach. However, even though this partic-
ular superambitwistor space is a Calabi-Yau supermanifold, it is not entirely clear how to
formulate the B model on it. This is basically because of the difficulty in making sense of

an appropriate measure on this space. Only recently, some progress in this direction has
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been made by Mason et al. [177]. Therein, the authors formulated a Chern-Simons type
theory (whose interpretation on four-dimensional space-time is super Yang-Mills theory)
on a certain codimension 2|0 Cauchy-Riemann submanifold in superambitwistor space.
Their description is based on Euclidean signature (instead of Minkowski signature) but

as far as perturbation theory is concerned, this would not be of importance.

Since Witten’s proposal, a variety of questions associated with supertwistor theory
and twistor string theory has been investigated. For instance, an interesting property
of Calabi-Yau supermanifolds is that Yau’s theorem does not apply, that is, a Kahler
supermanifold with vanishing first Chern class does not automatically admit a Ricci-
flat metric. This fact was already observed by Sethi [226] and after Witten’s paper
explored in more detail by the authors of [212, 271, 213, 219, 160]. Another direction
triggered by twistor string theory is the discussion of mirror symmetry between Calabi-
Yau supermanifolds. For instance, it has been argued that for a certain limit of the
Kéhler moduli, supertwistor space CP?* and superambitwistor space L%% «— CP33 x
CP3B are mirror manifolds [184, 7]. For further surveys on this material, we refer to
(142, 8, 35, 197, 211, 143]. Furthermore, various other target spaces for twistor string
theory have been discussed by the authors of [206, 219, 186, 105, 74, 220, 75, 208, 158|
leading to, e.g., certain dimensional reductions of self-dual super Yang-Mills and full
super Yang-Mills theories. Moreover, alternative formulations of twistor string theories
have been proposed in Refs. [48, 49, 230, 157, 23]. In addition, issues related to gravity
were investigated, as well. See, e.g., [104, 9, 10, 29, 57, 2, 5, 6]. For other aspects, see
also Refs. [1, 231, 141, 14, 224, 222, 225, 144].

INTEGRABILITY

Besides twistor string theory, NV = 4 super Yang-Mills theory appears to be connected
with another string theory. Approximately ten years ago, a correspondence — nowadays
known as AdS/CFT correspondence — was discovered. Maldacena conjectured an equiva-
lence between N = 4 super Yang-Mills theory in four dimensions and type IIB superstring
theory on the curved background AdSs x S° [167, 108, 262]. Besides matching of global
symmetries, this conjecture claims full dynamical agreement of both theories. For in-
stance, one of the statements is that the spectrum of the scaling dimensions of the gauge
theory should coincide with the energy spectrum of the string states. However, due to

the weak-strong nature of this correspondence, that is, the weak coupling regime of either
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theory gets mapped to the strong coupling regime of the other, it is extremely difficult
to test or rather prove this conjecture. Therefore, one is searching for appropriate tools
which may help to clarify this relation on general grounds.

One such tool which emerged in recent years is integrability. As already indicated,
N = 4 super Yang-Mills theory appears to be integrable at classical level in the sense of
admitting a certain twistor formulation (thus yielding a Lax pair formulation). Quantum
integrable structures in A/ = 4 super Yang-Mills theory have first been discovered by Mi-
nahan et al. [180] being inspired by the work of Berenstein et al. [43].> They found that
the planar dilatation operator, which measures the planar scaling dimension of local oper-
ators, in a certain sector of the theory can be interpreted at one-loop level as Hamiltonian
of an integrable quantum spin chain. Based on this observation, it has then been shown
that it is indeed possible to interpret the complete one-loop dilatation operator as Hamil-
tonian of an integrable quantum spin chain; see, e.g., [31, 39] and references therein. For
discussions beyond leading order, see also [30, 40, 232, 33, 178, 195, 44, 34, 272, 101, 94, 41].
Another development pointing towards integrable structures was initiated by Bena et al.
[42]. Their investigation is based on the observation that the Green-Schwarz formulation
of the superstring on AdSs x S° can be interpreted as a coset theory, where the fields take

values in the supercoset space
PSU(2,2|4)/(SO(4,1) x SO(5))

(179, 134, 215]. Although this is not a symmetric space (the denominator group is too
small) [168], this coset theory admits an infinite set of conserved nonlocal charges, quite
similar to those that exist in two-dimensional field theories.* For the construction of
nonlocal conserved charges in two-dimensional sigma models, we refer to [164, 165]. Such
charges are in turn related to Kac-Moody algebras [81, 83, 227] and generate Yangian
algebras [79, 80] as has been discussed, e.g., in [52]. For reviews of Yangian algebras
see Refs. [53, 166]. Some time later, the construction of an analogous set of nonlocal
conserved charges using the pure spinor formulation of the superstring [46, 47, 243| on
AdSs x S® was given in [244]. For further developments, we refer the reader to Refs.
[11, 19, 121, 20, 112, 51, 234, 32, 12, 270, 73, 99, 100, 13, 170, 133, 113, 216, 56], for

example.” Clearly, the question that arises of what could be the charges in super Yang-

3For an ealier account of integrable structures in QCD, see, e.g., Refs. [161, 95, 36, 62, 37, 38].
4These charges were also independently found by Polyakov [198].
°See also Refs. [102, 61, 138, 233].
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Mills theory. Within the spin chain approach, Dolan et al. [84, 85, 86| related these
nonlocal charges for the superstring to a corresponding set of nonlocal charges in the

superconformal gauge theory in the extreme weak coupling limit (see also [18, 16, 181, 17]).

OUTLINE AND MAIN RESULTS

This thesis is devoted to studying different questions related to supersymmetric gauge

theories. The main tool we shall be using is twistor theory.

In the first chapter, we begin by reviewing some of the basic aspects and properties
of twistor spaces which correspond to flat space-times. No prior knowledge of twistor
geometry is assumed. The unifying framework for our discussion is complex flag mani-
folds, which are natural generalizations of complex projective spaces. Furthermore, after
having presented the concepts of supermanifolds, supervector bundles, etc., we explain
the extension of twistor geometry to supertwistor geometry. As otherwise it would carry
us too far afield from the main thread of development, we present the material only to
that extent which is of need in later applications. For detailed expositions on the subject,
we refer to the books [123, 169, 174, 194, 256].

In the second chapter, we give a first application by discussing self-dual super Yang-
Mills theory and some related self-dual models. In particular, we start by describing
the equivalence of the Cech and Dolbeault approaches to holomorphic vector bundles
over supermanifolds. This lies somehow in the heart of the twistor approach to gauge
theories. After that, we give a detailed explanation of the Penrose-Ward transform for
N-extended self-dual super Yang-Mills theory including appropriate superfield expan-
sions, etc. By replacing supertwistor space by certain weighted projective superspaces,
we develop Penrose-Ward transforms for truncations of self-dual super Yang-Mills theo-
ries. As the spaces under consideration will always be Calabi-Yau supermanifolds, we are
also able to write down appropriate action principles. The discussion of the second part

of this chapter is based on the work done together with Alexander Popov [206].

The third chapter is devoted to the twistor construction of certain supersymmetric
Bogomolny models in three space-time dimensions. In [74], it was shown that scatter-
ing amplitudes of N = 4 super Yang-Mills theory which are localized on holomorphic
curves in supertwistor space can be reduced to amplitudes of A/ = 8 super Yang-Mills
theory in three dimensions which are localized on holomorphic curves in a supersymmet-

ric extension of mini-twistor space. Note that the simplest of such curves in mini-twistor
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space is the Riemann sphere which coincides with the spectral curve of the BPS SU(2)
monopole. Note also that every static SU(2) monopole of charge k£ may be constructed
from an algebraic curve in mini-twistor space [115], and an SU(r) monopole is defined by
r — 1 such holomorphic curves [182]. The corresponding string theory after this reduction
is the topological B model on mini-supertwistor space with r not quite space-filling D3-
branes (defined analogously to the D5-branes in the six-dimensional case) and additional
D1-branes wrapping holomorphic cycles in mini-supertwistor space. It is reasonable to
assume that the latter correspond to monopoles and substitute the D-instantons in the
case of supertwistor space. In [74], also a twistor string theory corresponding to a certain
massive super Yang-Mills theory in three dimensions was described. The target space of
the underlying B model is a Calabi-Yau supermanifold obtained from mini-supertwistor
space by a deformation of its complex structure. The goal of this chapter is to comple-
ment the discussion given in [74]. In particular, we show that the B model with only the
D3-branes included corresponds to a field theory on mini-supertwistor space obtained by
a reduction of holomorphic Chern-Simons theory on supertwistor space. We show that
this field theory is a holomorphic BF-type theory® which in turn is equivalent to a su-
persymmetric Bogomolny model. This model can be understood as the BPS equations
of NV = 8 super Yang-Mills theory in three dimensions. The action functional of holo-
morphic BF theory on mini-supertwistor space is not of Chern-Simons type, but one can
introduce a Chern-Simons type action on the correspondence space of mini-supertwistor
space. This space admits a so-called Cauchy-Riemann structure. After enlarging the
integrable distribution defining this Cauchy-Riemann structure by one real direction to a
distribution .7, one is led to the notion of .7 -flat vector bundles over the correspondence
space. These bundles take over the role of holomorphic vector bundles, and they can be
defined by a .7-flat connection one-form Az [210]. The condition of 7 -flatness of A5
can be derived as the equations of motion of a theory we shall call partially holomorphic
Chern-Simons theory. This theory can be obtained by a dimensional reduction of holo-
morphic Chern-Simons theory on supertwistor space. We prove that there are one-to-one
correspondences between equivalence classes of holomorphic vector bundles subject to
certain triviality conditions over mini-supertwistor space, equivalence classes of .7 -flat
vector bundles over the correspondence space and gauge equivalence classes of solutions

to supersymmetric Bogomolny equations in three dimensions. In other words, the moduli

6These theories were introduced in [204] and considered, e.g., in [128, 28].
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spaces of all three theories are bijective. By deforming the complex structure on mini-
supertwistor space, which in turn induces a deformation of the Cauchy-Riemann struc-
ture on the correspondence space, we obtain a similar correspondence but with additional
mass terms for fermions and scalars in the supersymmetric Bogomolny equations. The
twistorial description of the supersymmetric Bogomolny equations has the nice feature of
yielding novel methods for constructing explicit solutions. For simplicity, we restrict our
discussion to solutions where only fields with helicity +1 and a Higgs field are nontrivial.
The corresponding Abelian configurations give rise to the Dirac monopole-antimonopole
systems. For the non-Abelian case, we present two ways of constructing solutions: first,
by using a dressed version of the Penrose transform and second, by considering a nilpo-
tent deformation of the holomorphic vector bundle corresponding to an arbitrary seed
solution of the ordinary Bogomolny equations. The third chapter is based on the work

done together with Alexander Popov and Christian Sdmann [208].

The fourth chapter deals with a discussion of full super Yang-Mills theories on four-
dimensional space-time. In particular, we review Witten’s [259] and Manin’s [169] con-
structions of Penrose-Ward transforms relating gauge equivalence classes of solutions to
the N-extended super Yang-Mills equations to certain equivalence classes of holomorphic
vector bundles over superambitwistor space which admit an extension to a (3 — A)-th

order formal neighborhood.

As indicated above, there exist infinitely many nonlocal conserved charges in N' = 4
super Yang-Mills theory. So far, they have been formulated within the spin chain approach
[84, 85, 86| which is perturbative in nature. Note that field theoretic expressions for
these charges at zero 't Hooft coupling are known and were also given in [84, 85]. It
is therefore reasonable to consider the problem of constructing such charges from first
principles. As a modest step, one may first study a simplification of the theory — namely
its self-dual truncation. It will be the purpose of the fifth chapter to use twistor theory
for studying infinite-dimensional algebras of hidden symmetries in N -extended self-dual
super Yang-Mills theories. Here, we generalize the results known for the self-dual Yang-
Mills equations [196, 70, 71, 72, 241, 82, 76, 200, 202, 203, 127, 174]. In particular, we
will first consider deformation theory of holomorphic vector bundles over supertwistor
space. Using the Penrose-Ward transform, we relate these infinitesimal deformations
to symmetries of the self-dual super Yang-Mills equations. After some general words

on Riemann-Hilbert problems, hidden symmetries and related algebras and using also
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a cohomological classification, we exemplify our discussion by constructing Kac-Moody
symmetries which come from affine extensions of the gauge algebra. In addition, we
consider affine extensions of the superconformal algebra to obtain super Kac-Moody-
Virasoro-type symmetries. The existence of such algebras originates from the fact that
the full group of continuous transformations acting on the space of holomorphic vector
bundles over supertwistor space is a semi-direct product of the group of local holomorphic
automorphisms of the supertwistor space and of the group of one-cochains with respect to
a certain covering with values in the sheaf of holomorphic maps of supertwistor space into
the gauge group. See [202] for a discussion in the purely bosonic setting. By focusing on a
certain Abelian subalgebra of the affinely extended superconformal algebra, we introduce a
family of generalized supertwistor spaces. These manifolds, being parametrized by certain
integers, then allow us to introduce truncated self-dual super Yang-Mills hierarchies. Such
a hierarchy consists of a finite system of partial differential equations, where the self-dual
super Yang-Mills equations are embedded in. The lowest level flows of such a hierarchy
represent space-time translations. Furthermore, one may also consider the asymptotic
limit to obtain the full hierarchy. Indeed, the existence of such a hierarchy allows us to
embed a given solution into an infinite-parameter family of new solutions. This generalizes
the results known for the self-dual Yang-Mills equations [172, 237, 173, 4, 129, 174]. We
remark that such symmetries of the latter equations are intimately connected with one-
loop maximally helicity violating amplitudes [24, 67, 68, 217, 106]. As for certain values
of the parameters the generalized supertwistor spaces become Calabi-Yau, we are also
able to give action principles for the truncated hierarchies. In addition, we also construct
infinitely many nonlocal conservation laws in self-dual super Yang-Mills theory which

are associated with the symmetries in question (see [4] in the context of the self-dual
Yang-Mills hierarchy). The discussion of the fifth chapter is based on [266, 267].

Finally, we give a short summary of the results derived in this thesis and close with

an outlook.

CONVENTIONS

In the sequel, we shall be using the standard abbreviations YM theory and SYM theory
for Yang-Mills theory and super Yang-Mills theory, respectively. We also abbreviate
holomorphic Chern-Simons theory by hCS theory. In addition, the reader may find a list
with symbols which are most frequently used throughout this work at the end of this
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thesis.

DISCLAIMER

I apologize in advance to those people whose names were either mentioned incorrectly
or not mentioned at all. I have tried to track down all the literature related to the topics
discussed below but nevertheless because of the broad fields of twistor theory, integrable
systems, etc., it might have happened that some of the works slipped through my hands.

If so then simply because of the fact that I was not aware of them.

Hannover, Summer 2006

Martin Wolf
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CHAPTER 1

SUPERTWISTOR GEOMETRY

This first chapter is intended to give some of the main ideas of supertwistor geo-
metry. The material is presented only to that extent which is needed in later applica-
tions. For pedagogical reasons, we begin with ordinary twistor geometry. As we will be
discussing the twistorial approach to supersymmetric field theories, we need to general-
ize this framework to also include so-called supermanifolds — manifolds parametrized by
Zo-graded coordinates. We will shortly realize, however, that for developing these gen-
eralizations, it is necessary to work in a bit more abstract mathematical setting. In due
course, we therefore also present some definitions and notions to simplify understand-
ing. The reader unfamiliar with the underlying mathematics may consult, e.g., Refs.
25, 107, 169, 257]. A thorough introduction into twistor geometry can be found in the
books [123, 169, 174, 194, 256].

[.1 TWISTOR SPACES

81.1 Flag manifolds. Let us begin by recalling the definition of a flag manifold. Con-

sider the complex space C". Then we define its flag manifolds by
Fdl...dm(Gn) = {(Sl, ceey Sm) ‘ SZ C (Dn, dlm@SZ = di, Sl C 52 C---C Sm}, (Il)

where the S;s are subspaces of C". Typical examples of such flag manifolds are the pro-
jective space F; = CP" ! and the GraBmannian Fj, = Gy ,,(C). Note that all of these
manifolds are compact complex manifolds. Moreover, they have an equivalent represen-

tation as homogeneous spaces. That is, consider the decomposition

Cdl @ @dz_dl @ @dg—dz @ PR @ Cdm_dm—l @ @’ﬂ—dm
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of C". The subgroup of U(n) which preserves this decomposition is
U(dl) X U(dg—dl) X e X U(dm—dm_l) X U(n—dm) C U(TL)

and hence we may give an equivalent definition by the quotient

wo_ U(n)
Fayan (€)= U(dy) x U(dy — dy) X+ X U(dy — di1) X U(n — dup)’ (12)

From this it rather straightforwardly follows that their dimensionality is given by the

formula
dim@Fdl...dm(Cn) = dl(n - dl) + (dQ - dl)(n - d2) + -+ (dm - dm_l)(n — dm)

81.2 Twistor space. We now want to use the notion of flag manifolds to introduce
fundamental complex manifolds considered in twistor geometry. In order to describe field
theories in four dimensions, we restrict ourselves to four dimensions. So, let T be a fixed
complex four-dimensional vector space which we call twistor space. In due course, we
shall also endow T with various real structures. Furthermore, we have a natural fibration

in terms of flag manifolds

Flg(T)
7T'1/ \\7:2 (1.3)
Fi(T) Fy(T)

together with the canonical projections m;(S,Se) = S; for i = 1,2. In fact, the double
fibration (1.3) is the first in a row of important double fibrations in twistor geometry we
will encounter throughout this thesis. We shall now develop some of its basic properties.
We follow the literature and define
P? .= F (T
M* = Fp(T
F° = Fy(T),

CP?,
= G2,4(®)7 (14)

~—  ~—

and call them projective twistor space, compactified complexified four-dimensional space-
time and correspondence space, respectively. At this point we stress that Minkowski and
Euclidean spaces can naturally be realized as four-dimensional subsets of the complex
four-dimensional manifold M* (see Ref. [256] for a detailed discussion). By virtue of
the double fibration (I.3), geometric data is transferred from M* to P? and vice versa

according to the subsequent proposition (see, e.g., [256]):
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Proposition 1.1. There is the following correspondence between points and subsets:
(i) point in P? CP?cM!
(i) CP'cP? ——  point in M*

81.3 Local coordinates. Next we introduce local coordinates. For this, we let

r = (%) € Mat(2,C) % (L.5)
Iy

be a coordinate mapping for M*. The brackets denote, as usual, the span. Then we define

a coordinate chart on M* by
M = p(Mat(2,C)) = C* (1.6)

We call M* affine complexified four-dimensional space-time. Note that it is simply one
of six possible choices of standard coordinate charts for M*. Using the projections 7 o,

we may naturally define the affine parts of > and P? according to

FP o= m i (MY and PP o= (s H(MY). (1.7)

Then we have
Fo =2 M*x CP. (1.8)
To see this, let [A\s4] = [Aj, As] be homogeneous coordinates on CP! and x as above. Then

consider the mapping

(s < P

which in fact proves (L.8).

It then follows by our above discussion that the projection 7 : F° — P3 is given by

(2%, [Aa]) ™ ‘e P (1.9)
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Therefore, in terms of these coordinates our double fibration (I.3) takes the following

form: .
(x2% [N\g]) € F5

f5
}/ \7:2 W/ \7:2 (I.10)
TG\, e P? M?
“| eP? e M*
A 1,

Altogether, these considerations allow us to introduce affine coordinates according to:

o M g,

o F2 2°% and Ar with A, = A\~" on U, NU_, where {U,,U_} denotes the canonical
cover of CP!,

e P2 2% and 22; m ¢ (% L) — (28 = 2°9\T 23 = L), with AT = A\, )\, and

(L) = (L As).

The last point deserves a little more attention. Let us denote the covering of P3 by

= {U,,U_}. On the intersection U, NU_ the coordinates (2, z3) satisfy

(07

1
o= F2 and 2 = (I.11)

|Nw| =

Hence, the twistor space! P? is a rank two holomorphic vector bundle over the Riemann

sphere. In more details, it is the total space of
O@pl(l) D O@pl(l) — (DPI, (112)

where Ogp1(1) denotes the hyperplane line bundle (the dual of the tautological line bun-

dle) over CP'. Moreover, the equations
2 = 2%\, (I.13)

are also called incidence relations. In a given trivialization, holomorphic sections of the
bundle P? — CP! are of the form (I.13) and are parametrized by the moduli z°¢. In
other words, Eqgs. (I.13) make Prop. I.1. transparent: a fixed point p = (2¢,23) € P?
corresponds to a null two-plane Cf) C M* and furthermore, a fixed point x = (z°%) € M*
corresponds to a holomorphic embedding of a rational degree one curve CP} — P3. To

see that these two-planes are indeed null, we solve (I.13) for a generic p = (2¢, 23 = \4),

2% = 3% 4 pgag, (1.14)

!By a slight abuse of terminology, we shall also refer to P? as the twistor space.
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where ;4 is arbitrary. Here, ¢ denotes a particular solution to (I.13). By recalling that
any null four-vector k%* can be decomposed as k¢ = v*w® for two generic commuting
spinors v® and w®, we have thus shown that Cg is totally null. Hence, P? is the space of
all null two-planes in M* = C*.

§1.4 Remark. Two remarks are in order. By definition, the projective twistor space P?
is the same as CP3. On this space we may introduce homogeneous coordinates [z, 7).
Then consider CP3\ CP!, where CP' C CP? is defined by setting 74 = 0 and 2% # 0.
We can cover CP3\ CP! by two coordinate patches, say U, and U_, for which 7; # 0

and 7y # 0, respectively, and introduce the coordinates

-
28 = — and zi = 2 on U,

Ty Ty

o - (1.15)
2% = — and 2 =2 on Uu_,

T T

which are related on U, NU_ by (I.11). This shows that CP3\ CP" is biholomorphic to
P? = Oppi(1) & Ogpr(1).

There is yet another interpretation of P® — CP!. The Riemann sphere CP! can
be emdedded into CP3. The normal bundle of CP! inside CP? is Ogpi(1) & Ogpi(1).
Kodaira’s theorem on relative deformation theory [136, 137] states that if ¥ is a com-
pact complex submanifold of a complex manifold — not necessarily compact, and if
HY(Y, Nyx) = 0, where Ny|x is the normal sheaf of YV in X, then there exists a d-
parameter family of deformations of Y inside X, where d = dimeH’(Y, Ny|x). In our
example,

HY(CP', O¢pi(1) ® Oppi(1)) = 0
and d = 4.2
8I.5 Two other twistor spaces. Above, we have introduced (projective) twistor space
in terms of a particular double fibration. However, this is not the only possibility as
there is a variety of other twistor spaces which turn out to be extremely important in
later applications. In the remainder of this section, we pick two examples which again are

based on flag manifolds. Let us consider the following two correspondences:

Fy3(T) Fig3(T)
™ - ™ 2 (1.16)
F5(T) Fy(T) Fi3(T) Fy(T)

2We shall often denote a vector bundle and the corresponding sheaf of sections by the same letter; cf.

also footnote 5. In addition, we shall sometimes write Ny instead of Ny |x.
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The space Fy(T) = M* is, of course, compactified complexified four-dimensional space-
time. Note that the space F3(T), that is, the space of all three-dimensional subspaces in
T, is naturally dual to F;(T*) as we have a natural duality between lines and hyperplanes
in a vector space. For that reason we call F3(T) dual projective twistor space and denote
it by P2, in the following. The twistor manifold Fy3(T) is called projective ambitwistor
space as it inherits aspects of the projective and the dual projective twistor spaces. We

shall denote it by IL°. Then one can prove the following proposition:

Proposition 1.2. There are the following correspondences:

(a) (i) point in P3 — CcrP?c Mt
(ii) CcP!cp? ——  point in M*
(b) (i point in 1.° — CcpP' c M*
(ii) CP'xCP!cCL?® «——  point in M*

Note that for all these manifolds we have coordinate representations similar to (I1.5),
and we shall develop a suitable notation for these coordinates as they are needed. We
want to conclude this section by stressing that ambitwistor space I.° can be regarded as

a submanifold in P3 x P? as there is an embedding
L° — P?xP?,

(L17)
(Sl C Sg) — (51,53).

In fact, IL° is a degree two hypersurface in P? x P3 since this embedding is given by the
zero locus

2%po — Wy = 0, (I.18)

where [2%, 74| are homogeneous coordinates on P? and [p,, w®] on P3

* )

respectively. Eq.
(I.18) is just the orthogonality relation between the vectors characterizing S; and the ones
characterizing S3, the latters being normal vectors to the hyperplanes. The minus sign in

(I.18) has been chosen for convenience.

1.2 SUPERMANIFOLDS

So far, we have discussed twistor spaces in the purely even (bosonic) setting. In the
sequel, we extend the discussion to supertwistor spaces. To do this, let us first present

some preliminaries.
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81.6 Graded rings and modules. The first notions we need are Z,-rings and modules
and some relations among them. So, let R = Ry @& Ry be a Zs-graded ring, that is,
RoRy C Ry, RiRy C Ry, RyR1 C Ry and R1Ry C Ry. We call elements of Ry even and
elements of Ry odd. An element of R is said to be homogeneous if it is either even or
odd. The degree (or parity) of a homogeneous element is defined to be zero if it is even
and one if it is odd, respectively. We denote the degree of a homogeneous element r € R

by p, (p for parity). We define the supercommutator, [-,-} : R x R — R, by
(11,70} = rire — (—)P1Pr2rgry, (L19)

for all homogeneous elements r15, € R. The ring R is called supercommutative if the
supercommutator vanishes for all of the ring’s elements. An important example of such

Zo-graded rings is the Graimann algebra over C",

R = A°C" = PAren, (1.20)

p

with the Zs-grading being
R = Parcre@artion. (L.21)
p p

An R-module M is a Zs-graded bimodule which satisfies
rm = (_)prpmm,r»’ (122)

for all homogeneous r € R, m € M, with M = My, @® M;. An additive mapping of
R-modules, ¢ : M — N, is called an even morphism if it preserves the grading and is
R-linear. We denote the group of such morphisms by Homg (M, N). On the other hand,
we call an additive mapping of R-modules odd if it reverses the grading, py(m) = pm + 1,
and is R-linear, that is, p(rm) = (—=)Prrp(m) and @(mr) = ¢(m)r. The group of such
morphisms is denoted by Hom; (M, N). Then we set

Hom(M, N) := Homy(M, N) @ Hom, (M, N)

and it can be given an R-module structure.

Furthermore, there is a natural mapping II — called the parity map — defined by

(IM)y == M; and  (LIM), == M, (1.23)
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and by requiring that i) addition in ITM is the same as in M, ii) right multiplication by R
is the same as in M and iii) left multiplication differs by a sign, i.e., rII(m) = (=) II(rm)
forr € R, m € M and II(m) € IIM. Corresponding to the morphism ¢ : M — N, we let
o' . TIM — IIN be the morphism which agrees with ¢ as a mapping of sets. Moreover,

corresponding to the morphism ¢ : M — N, we can find morphisms

Iy : M — 1IN, with (Ilp)(m) = Il(e(m)),

(I.24)
oIl : TIM — N, with (pID)(IIm) = @(m),

and hence ' = IIpIl. We stress that R is an R-module itself, and as such IIR is, as well.
However, IIR is no longer a Zy-graded ring since (IIR);(IIR); C (IIR)y, for instance.
Next we need the notion of free R-modules. A free R-module of rank m|n is defined

to be an R-module isomorphic to
R™" .= R™@ (IIR)". (1.25)

This has a free system of generators, m of which are even and n of which are odd,
respectively. We stress that the decomposition of R™" into R™% and R has, in general,
no invariant meaning and does not coincide with the decomposition into even and odd
parts,

[Rg" & (ILRy)"] & [R" & (ILRo)"].

Only when R; = 0, these decompositions are the same.

81.7 Supermatrices, supertranspose, supertrace and superdeterminant. Let R
be a supercommutative ring and R™"™ be a freely generated R-module. Just as in the
commutative case, morphisms between free R-modules can be given by matrices. The

standard matrix format is

A A
A= |70 77, (1.26)

As Ay
where A is said to be even (respectively, odd) if A; and A, are filled with even (respectively,
odd) elements of the ring while A5 and Aj are filled with odd (respectively, even) elements.
Furthermore, A; is a p x m-, Ay a ¢ Xx m-, Az a p X n- and Ay a ¢ X n-matrix. The set of
matrices in standard format with elements in R is denoted by Mat(m|n, p|q, R). It forms a
Zo-graded module which, with the usual matrix multiplication, is naturally isomorphic to
Hom(R™", RP19). We denote by GL(m|n, R) the even invertible automorphisms of R™!".
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The supertranspose of A € Mat(m|n, p|q, R) is defined according to

t _\pat
S = A (=) s , (1.27)

—(—)PatA, ‘A,

where the superscript “t” denotes the usual transpose. The supertransposition satisfies
{A+ B) =54 4+ 5B and *(AB) = (—)P4P5 S'BsY,
We shall use the following definition of the supertrace of A € Mat(m|n, p|q, R):

strA = trA; — (—)PAtra,. (1.28)

Clearly, the supertrace of the supercommutator vanishes and the supertrace of a super-

transposed matrix is the same as the supertrace of the matrix one has started with.

Finally, let A € GL(m|n, R). The superdeterminant is given by
sdetA = det(A; — AyA; Az)det A} (1.29)

where the right-hand side is well-defined for A; € GL(m|0, Ry) and Ay € GL(n|0, Ry).
Furthermore, it belongs to GL(1|0, Ry), that is, to Ry. The superdeterminant satisfies

also the usual rules,
sdet(AB) = sdetA sdetB  and  sdet™A = sdetA

for A, B € GL(m|n, R).

81.8 Supermanifolds. We have now all necessary ingredients to give the definition of
a supermanifold. As it will be most convenient for us, we shall follow Manin [169] and
consider the graded space approach to supermanifolds.®> The idea is roughly to extend
the structure sheaf of a manifold to a sheaf of supercommutative rings. However, note
that there are other approaches as, e.g., the one by DeWitt [78, 25] (see also [69] for a
review). Furthermore, we stress in advance that the subsequent definition will not be the

most generic one. For a more general discussion, we refer the interested reader to Ref.
[169].

3We note that the systematic theory of smooth supermanifolds goes back to the work by Kostant [139]
and Leites [159].
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Definition I.1. A complex supermanifold of complex dimension m|n is a ringed space
X .= (X,0x), where X is a topological space of real dimension 2m, and Ox is a sheaf
of supercommutative rings on X such that, if we let N be the ideal subsheaf in Ox of all
nilpotent elements in Ox, the following s fulfilled:

(1) Xied = (X, Oreq := Ox/N) is a complex manifold.*
(ii) For each point x € X there is a neighborhood U > x such that

Oxluv = Orea(A°E)|u,

where & is a locally free sheaf of Oeq-modules of purely even rank n|0 on X and A®
denotes the exterior algebra, i.e., the tensor algebra modulo the ideal generated by

the superanticommutator.

We shall call X,.q the body of (X,Ox). If no confusion arises, we will not mention
the sheaf Ox explicitly. The latter is also called the sheaf of holomorphic superfunctions
on X or simply structure sheaf of the supermanifold. Note that a similar definition can
also be given for differentiable supermanifolds. Furthermore, as for purely even complex
manifolds, it will turn out to be useful to consider the sheaf Sx of smooth complex-valued
superfunctions on X, which is defined in a similar fashion. Clearly, Ox is a subsheaf of
Sx. In the sequel, we shall loosely speak of functions but always mean superfunctions.
Moreover, we will often suppress the explicit appearance of the dimensionality and simply
write X instead of X",

Let (z,...,2™) be local coordinates on U C X and (ny,...,7n,) be basis sections
of & Then (2%,...,2™ ni,...,n,) is an even-odd system of coordinates for the space
(U, Orea(A*E)|v). Any f € T'(U, Orea(A®E)) can thus be expressed as

Fm) = Y n'filz), (1.30)

where [ is a multiindex and the f;s are local functions on X,qq.
Let us give a first example of a supermanifold: let £ — X be a rank r holomorphic

vector bundle over an ordinary complex manifold X and £ the sheaf of sections of E.°

4Recall that a ringed space (X,Ox) with the property that for each 2 € X there is a neighborhood
U > z such that there is a ringed space isomorphism (U, Ox|y) = (V,Oy), where V.C €™ and Oy is
the sheaf of holomorphic functions on V' can be given the structure of a complex manifold. Moreover,

any complex manifold arises in this manner.
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Then (X, Oeqa(A®E)) is a supermanifold by the very definition, since &£ is locally free.
Such a supermanifold is called globally split. A particular example is C™" defined by
Cmn = (C™, O,eq(A*C™)). Note that due to a theorem by Batchelor [27], any differ-
entiable supermanifold is globally split. This is basically because of the existence of a
partition of unity. The reader should be warned that, in general, complex supermanifolds
are not globally split.

81.9 Vector bundles. As for ordinary manifolds, we need the notions of tangent and
cotangent bundles. Since these are just special vector bundles and in view of our later
discussion it is certainly worth stating some more general words on vector bundles. The
idea to define a holomorphic supervector bundle over a complex supermanifold (X, Ox)
is to use the notion of a locally free sheaf of rank r|s, which is defined to be a sheaf
of Ox-modules locally isomorphic to 0% := O @ (IIOx)®*5 In the following, we
shall suppress the prefix super: thus, vector bundle means supervector bundle. Next let
v : (Y,0y) — (X, Ox) be a holomorphic mapping of complex supermanifolds, that is, ¢
is defined to be the pair (¢, (5), where ¢ : Y — X is a continuous mapping of topological
spaces and ¢ : Ox — ¢,y is a morphism of sheaves of rings: for any open subset U in
X there is a morphism Q;U : Ox|uv — Oy|g—1 (). Note that ¢, Oy is also called the zeroth
direct image sheaf of the sheaf Oy. By the pull-back via ¢ of a vector bundle £ over X,

we mean the locally free sheaf of Oy-modules
0 & = Oy ®p10y '€, (1.31)

where ¢ 'Oy (respectively, ¢~ 1€) denotes the topological inverse sheaf of Ox (respec-

tively, of £). For instance, o 'Oy is the sheaf on Y defined by the presheaf
Y DV open — I'(¢(V),Ox)

with the obvious restriction mappings. It is characterized by the property that the stalk
(¢7'O0x)y = Ox|g(y for all y € Y. For a complex vector bundle, replace Ox by Sx.

SRemember the following fact: Let X be a purely even complex manifold. Then there is a one-to-one
correspondence between rank r locally free sheaves £ of O x-modules on X and rank r holomorphic vector
bundles E over X. In fact, if {U;} is an open covering of X and if {U;} trivializes E — X, then the group
of holomorphic sections of E over U; is O§T|Ui. Conversely, if £ is a locally free sheaf of Ox-modules
and if ¢; : E|ly, — OF"|v, is the explicit isomorphism, then on any U; N U; we may define r x r matrices

1

of holomorphic functions according to ¢; o ¢; = : O?mymyj — O??Th]im[jj which give the transition

3

functions of a holomorphic vector bundle £ — X.
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The tangent sheaf T'X of a complex supermanifold X is then the sheaf of local vector
fields, that is, the superderivations of the ring of functions. It is locally free — in fact, it is
a locally free sheaf of Ox-modules — and of rank equal to the dimension of X. Let (z*,7;)
be local coordinates on X. Then TX is freely generated by its sections (9/9z%,9/dn;).
The cotangent sheaf Q'(X) is defined to be

ONX) = T*X = Home, (TX,0Ox), (1.32)

where J#ome, (T'X, Ox) is the sheaf of local morphisms from 7X — Ox. There is also
an obvious differential d : Oy — Q!(X) with the property X.df = X f for X € TX.

81.10 Remark. In the sequel, we shall only be dealing with locally free sheaves. There-
fore, we will often not make any notational distinction between such sheaves and the

vector bundles corresponding to them, and we also use the two objects interchangeably.

1.3 SUPERTWISTOR SPACES

Now we want to use the above machinery for generalizing the twistor spaces of Sec. 1.1

to supertwistor spaces.

§1.11 Flag supermanifolds. For the sake of concreteness, let us consider €. Then
we define the flag superspace® Fy, .4, (C™") to be the set of all k-tuples (Si,...,S)) of
free submodules of C™" satisfying S; C --- C S, € C™" and d; := rank S; = Dil -
This naturally generalizes our definition (I.1). In fact, one can also introduce suitable
coordinate systems and thus a suitable structure sheaf which makes this set into a complex
supermanifold. As in the purely even setting, we can give an equivalent definition by

considering the decomposition
Cdl D Cdg—dg D (Ddg—dg DB (de_dkfl @ (Dm|n—dk

of C™" where d; —d; = (p; — p;)|(qi — q;). Let now U(m|n) C GL(m|n, C) be the unitary

automorphisms of C™™.7 The subgroup of U(m|n) which preserves this decomposition is

U(dy) x U(dy —dy) X -+ X U(dg — dg—1) x U(m|n —di) C U(m|n)

6See also Ref. [122].
"Hermitian conjugation is defined by composing supertransposition and complex conjugation.
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and hence we may write the quotient

U(m|n)
U(dy) x U(dy — dy) x -+ x U(dy, — di—1) x U(m|n —dy)’

Fdl...dk(Cm‘n) = (133)

One can actually show that U(m|n) has real dimension m? + n?|2mn. Then it is a rather
straightforward exercise to determine the dimension of a flag supermanifold. So, we leave
it to the interested reader. Note that flag supermanifolds are, in general, not globally
split [169].

81.12 Supertwistor space. Similarly to our discussion in Sec. 1.1, we let T be of the

form C*™. We call this space N -extended supertwistor space [96]. Then we introduce

P = Fyo(T),
M = Fyo(T), (1.34)
Fo*Y = Fjo0(T).
This time we call them projective supertwistor space, compactified complexified four-

dimensional antichiral superspace-time and correspondence space, respectively. Therefore,

the double fibration (I.3) becomes:
2NV

w/ R\\7‘T2 (1.35)

PN MV
Note that PV = CP*W = (P?, 0,eq(A*(CN ® Ops(—1)))), where Ops(—1) is the tauto-
logical sheaf on P3. Furthermore, Prop. I.1. generalizes accordingly.
Proposition 1.3. There is the following geometric correspondence:
(i) pointin P3N s PV c MV

(i) CcPPcPW s point in MA

In the following, we shall abbreviate X/ = X™ for any ordinary manifold X. As

before, we may introduce local coordinates. Eventually, one finds

FyN = MY < CP?
71"1/ 9 (136)

3 42N
PIN M

together with
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) M‘;‘W >~ QN 2% and nd, where i = 1,..., N,

o }"15%‘2/\[: 2% n® and Ay with Ay = A=" on Uy NU_, where {U,,U_} denotes again
the canonical cover of CP!,

o P3N 20 2% and nF; m s (29, Aa, ) = (24 = a900E, 21 = Ay, = nf D), with
A= AT and (AF) = (1, \4).

733\]\/

Again, the last point shows that is a rank 2|/ holomorphic vector bundle

PN = Oppi(1) @ C? & HOep (1) @ CV. (1.37)
Moreover, the relations
2% = a9AE and nE o= niAE (1.38)

explicitly say that a fixed point p = (2%,2%,nF) € P corresponds to a null 2|N-
dimensional subspace of Mj‘%‘zN. By analogy with the purely even setting, we shall refer
to those as super null planes of dimension 2|\ in /\/lj‘f/v. Hence, P?W is the space of super
null planes of MH* = €42V, On the other hand, a fixed point (z,7) = (9%, n%) €
M‘;‘W corresponds to a holomorphic embedding of a rational curve (DPQ}R,77 — PIN,
Before closing this paragraph, we would like to stress that the argumentation of §1.4 also
applies here.

§1.13 Two other supertwistor spaces. Above, we have introduced the (projective)
supertwistor space. Let us now also generalize the other two twistor spaces given in
81.5: the dual projective supertwistor space and the projective superambitwistor space,

respectively. So, let us consider the following two double fibrations:

Fongin(T) Fijo200.200307(T)
m Uv’ m v’ (1.39)
Fyn(T)  Fyn(T) Frogn(T)  Fopan(T)

The space Mi'QN = Fyn(T) is compactified complexified four-dimensional chiral super
space-time, which is naturally dual to Fyo(T*). Note also that the space F5x(T) is natu-
rally dual to Fyjo(T*). For that reason we call Fy(T') dual projective supertwistor space
and denote it by P2V M4V .=

. Furthermore, Fyoon(T) is compactified complexified

superspace-time and obviously, we have the natural fibration:

M4|4./\/

T / \ (1.40)

4|2N 4\2N
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The manifold Fyjg g (T) is called projective superambitwistor space and we shall denote
it by L°*N. Then one can show:

Proposition 1.4. There are the following correspondences:

(a) (i) point in P3N — CPMN c MY
(ii) cpr! c PV — point in Mj*V
(b) (i) point in LAV — CP'N ¢ MU

(ii) CP'x CP!cL point in MV

Note that for all these manifolds we can construct coordinate representations similar
to those given in §1.12. As before, we shall develop suitable notation for these coordinates
as we need them.

Finally, we want to stress that also the projective superambitwistor space L°*V can
be viewed as a degree two hypersurface in P3%V x P3N, In fact, if we let [2%, 74, n;] be

homogeneous coordinates on P*¥ and [p,, w®, 6] on P3N respectively, then L2V is

given by L%V = (L5, Opspn = O]PSWx]PiW/I)’ with
Ope s = Oraa(A(CY @ Opips(~1,0) © OV @ Opips (0, -1)))  (L41)
and Z is the ideal subsheaf in O N 3N given by
T = (2% — wms + 20'n;). (1.42)

Furthermore, we have abbreviated
Opsyps(m,n) = priOps(m) @ prsOps(n), (1.43)

where pr; : P? x P3 — P3 and pry : P? x P? — P3| respectively.

1.4 CONNECTIONS AND CURVATURE

So far, we have been dealing with just supermanifolds and vector bundles. Next we want
to introduce some additional geometric structure, such as connections. This will then

allow us to talk about curvature and characteristic classes.



16 Supertwistor geometry

§1.14 Connections and curvature. As we have already mentioned in §1.9, the notion
of a holomorphic vector bundle over a complex supermanifold (X, Ox) is equivalent to the
notion of a locally free sheaf £ of Ox-modules. Then a connection V is an even morphism

of sheaves
V:E — Ql(X)®8 (1.44)

satisfying the Leibniz formula
V(fo) = df ® o + fVo, (1.45)

where f is a local holomorphic function on X and o is a local section of €. Let (Z7) =
(2%,m;) be local coordinates on X and T'X be generated by (0/0Z') = (0/0z%,0/0n;).

Therefore,

0

.0
_ I _ 4 L
d = dZ°0; = dz 5 + dn; o (1.46)
and (1.45) reads as
vl(fO') = (8]f)(7 + (—)plpfvaU. (147)
Locally, V has the form
V = d+ A, (1.48)
where A € T'(X, Q' (X) ® End £).
As usual, V2 induces the curvature
F e I'(X,\N’QY(X) ® End §), (1.49)

where A® denotes the exterior algebra, i.e., it is the tensor algebra modulo the ideal
generated by the superanticommutator. Here, we have just introduced one version of a
holomorphic de Rham complex on supermanifolds. There are other possible ways; see,
e.g., Ref. [169] for details. Note that the above definitions carry naturally over to complex

vector bundles.

§1.15 Integral forms and Berezin integral. In the purely even setting, differential
forms are objects which can be integrated over. However, in the case of supermanifolds,
the situation is more subtle. First, let us introduce the holomorphic Berezinian. Let X
be a complex supermanifold with tangent sheaf T'X. The holomorphic Berezinian line
bundle, Ber X, or holomorphic Berezinian for short, is defined to be the line bundle over

X having holomorphic super Jacobians as transition functions. Thus, it can be considered
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as the natural extension of the canonical sheaf (sheaf of sections of the canonicle bundle)
on a purely even complex manifold. Then integral forms are defined to be sections of the

sheaf
Y (X) = Ber X @ A*(TX) = Some, (A*Q(X),Ber X). (1.50)

Thus, Ber X = X°(X) and if X is m|n dimensional with local coordinates (z*,7;), then
w € Ber X is locally of the form

w = dz' A AdZ™dny - -dn, ® f, (I.51)

where f is some local section of Ox. Sections of Ber X are also called holomorphic volume
forms. A complexification T X of T'X splits into a direct sum T X = quj’oX &) T(g’lX .
Clearly, this then implies that

YE(X) = Berg X @ A" (T X)
— @ Berg’ X @ AP(T°X) @ Berg! X @ AT X)
N (1.52)

= @ =h(X).
p+q=k

Let now X be a differentiable supermanifold with local coordinates (z¢,7;). Fur-
thermore, suppose that X,.q is connected and given an orientation. Let Berg X =
(X, Ber X), that is, the volume forms with compact support. Then w € Berg X is
locally

w = de' A Ada™dny - -dn, ® anfl(l’)
I

(L53)
= dxl VANEIERIVAN dxmdnl o 'dnn ® Z 77{1 o 'nrlznfll"'ln(x)v

{I1:|<1}

where the frs are local functions on X,.q. We define the Berezin integral as

/w = (—)3("_1)/ dz'---da™ f1.1(z). (I.54)
X Xred

For a more general volume form with compact support, we define the integral by using
a partition of unity and the additivity property of the integral. Furthermore, if we let
YE(X) be the integral k-forms with compact support, then such a form can be hooked
into a differential k-form with compact support, i.e., an element of A*Q}(X), to give an

element of Berg X which, by virtue of the above formula, can be integrated over X.



18 Supertwistor geometry

81.16 Remark. Two things are worth mentioning. First of all, integral forms can be
given the structure of a complex, since one may introduce a mapping 6 : X*(X) — X*(X)
with 62 = 0. Therefore, one can discuss cohomology of integral forms [169]. Another issue
concerns the integration theory on supermanifolds. In general, one is interested in objects
which can be integrated over immersed sub(super)manifolds Y of some supermanifold
X. One way of doing this is to introduce so-called k-densities. They are sections of
(Ber II7T*)*, where 7 is the tautological sheaf on the relative Graimannian Gx (k,TX) —
X. Then if ¢ : Y — X is an immersion of supermanifolds and w a density on X, one
can canonically define a volume form ¢*(w) on Y. We shall not go into further details at
this point and refer the reader to the book by Manin [169] for a nice discussion of these
aspects. We also refer to the work by Bernstein and Leites [54, 55] who generalized the
integration theory of volume forms for the first time.

§1.17 Formal Calabi-Yau supermanifolds. Given a rank r|s complex vector bundle

(€, V) over a complex supermanifold X, we define the k-th Chern class of € to be

1 dF
(&) = o . sdet (1 + tw) for E < r+s, (1.55)
where w := z=F is (up to an overall factor) the curvature of V. The first few Chern
classes are given by:
C(](g) = 1,
(&) = strw,
) ) (1.56)
(€)= L(strw)® — strw?),
The total Chern class is then ¢(£) = 3175 cx(€). Note that in a similar fashion, one may
also introduce the k-th Chern character according to
k
chp(€) = FT str exp(t w) for k< r+s. (L.57)
t=0

As in the purely even setting, one may prove the following useful result: for a short exact

sequence of complex vector bundles over X,
0 - F =& — G — 0, (1.58)

we have

c(&) = c(F)e(9). (1.59)
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In particular, this formula yields
(&) = a(F)+a(9). (1.60)

More details about Chern classes, Chern characters, etc. can be found, e.g., in the book
by Bartocci et al. [25].

Furthermore, the total Chern class of a complex supermanifold X is defined to be the
total Chern class of TX. In this case, we shall simply write ¢(X). In the purely even case,
we have a relation between the first Chern class of a vector bundle and its determinant line
bundle. In fact, both agree (up to a sign). The question is whether we have an extension
of this relation to our present setting. The analog of the determinant line bundle is, as we
have already seen above, the superdeterminant line bundle — the Berezinian line bundle.
Using splitting principle arguments, one may indeed deduce that the first Chern class of
sdet &€ for some vector bundle £ coincides, again up to a sign, with the first Chern class
of £,

cr(sdet &) = F1 (&), (L.61)

where the sign depends on whether sdet £ is of rank 1|0 or 0|1, respectively. When talking

about T'X, we shall use our old notation Ber X.

Definition 1.2. Let X be a complex supermanifold. Then X is called a formal Calabi- Yau
supermanifold if it fulfills the following equivalent conditions:

(i) The first Chern class of X vanishes.

(ii) The holomorphic Berezinian of X is trivial.

(iii) There exists a globally defined and nowhere vanishing holomorphic volume form.

Before we will discuss some examples, let us point out an important issue: in contrast
to ordinary Calabi-Yau manifolds, formal Calabi-Yau supermanifolds do not necessarily
admit Ricci-flat metrics — even if one assumes compactness. For some expositions on this
issue, see Refs. [226] and [212, 271, 213, 219, 160].

Let us now discuss some examples. First, consider the projective superspace CP"" =
(CP™, Ogpmin) With O¢pmin = Orea(A*(C" @ Ogpm(—1))). To compute the total Chern

class ¢(CP™™), we use the short exact sequence

O — O@Pm\n — O@Pm\n(l)@@m—‘rl@HO@Pm\n(l)@Cn — T@Pm‘n — O, (I62)
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as we have to take equivalence classes with respect to overall rescalings. Here, O¢ pmin (1)
denotes the dual tautological sheaf on CP™™. Note that the above sequence is nothing
but a Zjy-graded extension of the Euler sequence.® Using our relations given in §1.17, we
find

(CP™) = (Oppmin (1) ® C™' & TOppria (1) @ C")

which immediately implies
Cl(CPm‘n) - Cl(O@P'm\n(l) ® Cm+l) - Cl(O@Pm\n(l) ® Cn)

and hence
o (CP™™) = (m+1—n)z, (1.63)

where 2 := ¢;(Ogpmi»(1)). Thus, we may conclude that our supertwistor space PV =
CP3W becomes a formal Calabi-Yau supermanifold if and only if N = 4.

L52V a5 introduced

A similar argumentation can be given for superambitwistor space
in §1.13. There, it was shown that L2V can be realized as a hypersurface in P34 x P2¥,

Thus, we have a short exact sequence of sheaves
0 — T — Opson @ TPV x PVY = Npsav — 0, (1.64)

where Ny s is the normal sheaf of L52V in P3V x P2V In fact, Npson = Opsienv (1,1) =
O]PS\anDiW(l’ 1)/Z, where 7 is the ideal subsheaf (1.42).° Then a short calculation reveals
that (1.64) implies

(L) = 3= N)z+ (3—N)y, (1.65)

where 7 := ¢1(Ops2n(1,0)) and y := ¢;(Ops2n (0, 1)), respectively. Hence, I.°l6 is a formal
Calabi-Yau supermanifold. Furthermore, it has been shown [184, 7] that L°/% and P31
are related in some sense by mirror symmetry. For related aspects of mirror symmetry
see also Refs. [142, 8, 35, 197, 211, 143].

Before coming to our next topic, let us illustrate a final example given by LeBrun [149].
Let X be some ordinary complex manifold. As we have seen in §1.8, (X, Opea(A°EY))
is a complex supermanifold, where £ is a rank r|0 locally free sheaf of O,cq-modules.
The holomorphic Berezinian of (X, O.eq(A*E*)) is then given by Ber (X, Oeq(A*E®)) =

8The proof of (1.62) is a straightforward extension of the one given in the purely even setting. The

proof of the Euler sequence for CP™ can be found in, e.g., [107].
9See also our discussion given in §IV.9.
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K& A"E, where K is the canonical sheaf (sheaf of sections of the canonical bundle) on X.

Next one can show that there is a short exact sequence of O,.g-modules on X
0 - AX)@F — Jet'F — F — 0, (1.66)

where Jet'F is the sheaf of first-order jets for F.'° Let now X be some complex three-
dimensional manifold which admits a spin structure. Then X can be extended to a formal
Calabi-Yau supermanifold of dimension 3|4 by setting & = Jet'/C~'/2 since from the above
sequence we obtain
AE = K120 A3QYX) o K72
> (12 @ ABQL(X) @ K32
> Kokl = K

and hence Ber (X, O,q(A°E*)) = K @ A€ = K ® K! is trivial. Therefore, we can
conclude that (X, O,eq(A°E¥) is a formal Calabi-Yau supermanifold. For instance, the
supertwistor space P34 fits into this construction scheme, since K = Ops(—4) and hence
Jet' K71/2 = Ops(1) ® €4, as can most easily be deduced from the Euler sequence (1.62).

1.5 REAL STRUCTURES

Up to now, we have only dealt with complex (super)twistor spaces. In order to discuss
real gauge theories, that is, gauge theories living on either Euclidean or Minkowski spaces
(or conformal compactifications thereof) with some unitary group as gauge group, we
need to put certain real structures on the supertwistor space T and its dual T*. This in
turn induces real structures on all the supermanifolds appearing in our double fibrations.
Therefore, our first goal is to choose proper coordinates on T and T* as well as on the
supermanifolds participating in (1.40). Recall that in §1.12 and §1.13 we have already

given partial results on this matter.

§1.18 Local coordinates. In §1.13, we have denoted the coordinates on T by (2%, 74, 1)

11

and on T* by (pa,w®,6), respectively.’! Furthermore, in the same paragraph we also

discussed the canonical bilinear form

(2%, 75, M), (pas W™, 07)) = 2%pa — wTs + 20", (1.67)

0For a proof, see, e.g., Ref. [169)].
1Tn fact, they are just homogeneous coordinates for the projectivized versions.
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as an element of T ® T*. Consider the double fibration (1.40),
DAV
m T2 (1.68)
M;lzﬂ./\/' Mi@/\/

and recall that My = Fyo(T), M¥*Y = Fyoou(T) and M)™ = Fyp(T) 2 Fyo(T).
According to §1.12, local coordinates on Mﬂw are (x4, n%). In a similar fashion, one
may take (294 6') as local coordinates on ﬂ\/[ipN. A (2]0,2|N)-flag in T is the same
thing as a pair of 2|0-dimensional subspaces in T and T*, orthogonal with respect to the

bilinear form (1.67). Making use of the identifications

“Na) and  (0* = 294, po = Hay 0 = 0%1s),  (1.69)

(Za = l’%d)\d,ﬂ'd = )\d,’fh’ = T]Z

as discussed in §1.12 in the case of the supertwistor space together with the orthogonality
relation induced by (1.67), we find

T — 29 4200 = 0, (1.70)
where summation over repeated indices is implied. This equation can generically be solved
by, e.g., putting

oy = " F o (L.71)
We may thus take (z®¢, 0", n%) as local coordinates on M**V | with the obvious projections
71,2
mos (@090 ) € MUY (agt ) € M,
my 1 (229,60, %) € M4V (2%, 0™) € ﬂ\/[ipN.
Clearly, by virtue of the discussion given in §1.12 and of the double fibration (I.68),
(2%, g n&) are defined on m (MIV) Ny MAPVY = MAWN = AV,

81.19 Euclidean signature. As we shall see in the next chapter, the supertwistor space

(L.72)

will play a key role in discussing self-dual SYM theories. As the corresponding equations
of motion are natural extensions of the self-dual YM equations, we are interested in their
formulation in an Euclidean setting. Though not being subject of the present discussion,
it is also possible to formulate them in the case of split signature. For details see, e.g.,
[205].
Let us introduce the e-tensors according to
0 1 0 —1

(%) = (¢*) = and  (cap) = (ez9) = . (173)
-1 0 1 0
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which satisfy e,36”7 = §7 and edﬁ-eﬁ"y = §). Furthermore, define

01 0 0
. -1 0 0 O
(T7) = . (L.74)
00 0 1
0 0 —10

For the choice N/ = 4 (the most interesting one for our purposes), Euclidean signature

will be induced by the antiholomorphic involution
TE(Zau T, Th) = (604,3267 Edﬁ'ﬁ-ﬁ'v _Ejﬁ]) (175)

for the coordinates (2%, w4, 7;) on T. Here, summation over repeated indices is implied and
bar denotes complex conjugation. Note that reality of the odd coordinates for Euclidean
signature can only be imposed if A is even [140, 163]; the N' = 0 and N/ = 2 cases
are obtained by suitable truncations of the N' = 4 case. Furthermore, we adopt the

convention

TE(CLb) = TE(CL)TE(()), (176)

where a,b are any of the coordinates (2%, 7y, 7;). The extension of the involution 7z to

any holomorphic function f is defined to be

me(f(---)) = flra(--)) (L77)

Using (1.75) together with the incidence relations (1.69), we find

oeo'z)

Te(zy) = eaﬁedgi'%ﬁ and  Tp(nY) = edBT/ﬁf (L.78)

for the local coordinates (z%*, n) on /\/l}lz‘8 C ]Mgs. The fixed point set of these involutions
then defines antichiral Euclidean superspace M‘;‘?TE c M with M‘;‘?TE >~ R*®. One may

choose the following parametrization:
3 and x?{i = —9?}{2 = -2 +izt, (L.79)

with real x#. Hence, the metric is of Euclidean type. Note that later on, we shall also

choose parametrizations different from (1.79).
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81.20 Minkowski signature. Besides self-dual SYM theories, we are also interested in
full SYM theories which are most interesting when considered on Minkowski space-time.
In this situation, the superambitwistor space plays the central role in the discussion.

Minkowski signature is induced by the antiholomorphic involution
TM(Za> Ty Miy Pavs wda 92) = (_wd> Pa; éia Tés _2a> 772) (180)

on T x T*, where bar denotes, as before, complex conjugation. This time, however, we

choose
v (ab) = 7 (b)1ar(a), (1.81)

where a, b are any of the coordinates on T x T*. The extension to holomorphic functions
is then given analogously as for 7.

Next using Egs. (I1.69) together with the conditions (I.71), we immediately arrive at
(e = —2% () = 6 and 1 (6) = 7t (1.82)

The fixed point set

(@) = 7% = 2 and () = 6 = (L.83)
together with the parametrization
(0 _ 3 2 i
. —i(20 — +
(%) = ot —a) ot (1.84)

—2? +izt —i(a® 4 23)

for real z#, yields a metric of Minkowski signature, that is, (—+++).



CHAPTER 11

SELF-DUAL SUPER GAUGE THEORY

After these introductory words on (super)twistor spaces, we shall now discuss a first
application. In the introduction we have already seen that the twistor approach to gauge
theory involves certain holomorphic vector bundles over spaces appearing in a double
fibration like (1.35). As is well known, holomorphic vector bundles can be described within
two different approaches: the Cech and the Dolbeault pictures. Both pictures, however,
turn out to be equivalent — and each of it has its own advantages and disadvantages.
In the sequel, we shall be using both on equal footing. Therefore, we first describe the
equivalence of both pictures in a more general setting and then discuss as a first example

self-dual SYM theory! and some related models.

II.1 CECH-DOLBEAULT CORRESPONDENCE

§I1.1 Cech cochains, cocycles and cohomology. Let us recall some basic definitions
already adopted to complex supermanifolds. Consider a complex supermanifold X with
an open covering 4 = {U,}. Furthermore, we are interested in smooth maps from open
subsets of X into some Lie (super)group G as well as in a sheaf & of such G-valued
functions. A g-cochain of the covering 4 with values in & is a collection ¢ = {t)4...q, } Of
sections of the sheaf & over nonempty intersections U,, N --- NU,,. We will denote the
set of such g-cochains by C9(4, &). We stress that it has a group structure, where the

multiplication is just pointwise multiplication.

We may define the subsets of cocycles Z9(4U, &) C C(4U, &). For example, for ¢ =0, 1

1See Ref. [228, 245, 246, 247] for an earlier account on self-dual SYM theory.
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they are given by

Z°U,6) = { € COU &) | Yo =10y on U, NUy # 0},
2V, 6) = (e C U, S) | tuy = ¢ on Uy N Uy £ 0 (IL.1)
and YapUpethea =1 on U, NUy NU, # D}

These sets will be of particular interest. We remark that from the first of these two
definitions it follows that Z°(4, &) coincides with the group

H(X,8) = 6(X) = I(X,8),

which is the group of global sections of the sheaf &. Note that in general the subset
ZY U, &) C CH(U, S) is not a subgroup of the group C1(U, &).

We say that two cocycles f, f € Z LU, &) are equivalent if fap = Wt faihy for some
Y € CYU, &). The set of equivalence classes induced by this equivalence relation is the
first (pointed) Cech cohomology set and denoted by H'(4, &). If the U,s are all Stein —
in case of supermanifolds X we need X,.q to be covered by Stein manifolds — we have the
bijection

HY(L,S) = HY(X,S), (I1.2)

otherwise one takes the inductive limit. To sum up, we see that, for instance, the elements
of HY(X, $) with $ := GL(r|s, Ox) classify rank r|s locally free sheaves of Ox-modules
up to isomorphism. Hence, H'(X, $) is the moduli space of holomorphic vector bundles
over X with complex rank r|s.

§11.2 Dolbeault cohomology. Let X be a complex supermanifold and consider a rank

r|s complex vector bundle & — X. Furthermore, we let
QPUX) = Homs, (ANP(T°X) @ AT X), Sx) (I1.3)

be the differential (p, ¢)-forms on X. In spirit of our discussion given in §1.14, we have a
natural antiholomorphic exterior derivative @ : QP4(X) — QP4T1(X). A (0, 1)-connection

on & is defined by a covariant differential
Vi g - QMX)eE (I1.4)
satisfying the Leibniz formula; see also Eq. (1.45). Locally, it is of the form

Vo = 0+ A, (IL5)
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where A% € T'(X, Q%(X)®End £). The complex vector bundle £ is said to be holomor-

phic if the (0, 1)-connection is flat, that is, if the corresponding curvature vanishes,
For = (V)2 = 9A% + A A A = 0. (11.6)

In other words, V%! defines a holomorphic structure on £. Note that (IL.6) is also called
equation of motion of holomorphic Chern-Simons (hCS) theory.

Let A%! be the sheaf of solutions to (I.6). The group I'(X,&), where & :=
GL(r|s,Sx), is acting on T'(X,2A%!) by

A% gAY g+ g7y, (I1.7)

where g € ['(X, &), and without changing the holomorphic structure on €. Therefore,
the Dolbeault cohomology set

Hio (X, E) = T(X,A%Y)/T(X,6) (IL.8)

parametrizes all different holomorphic structures on the complex vector bundle £.

§11.3 Equivalence of Cech and Dolbeault pictures. Let us now show that the above
approaches to holomorphic vector bundles are actually equivalent. This fact may be

understood as a non-Abelian generalization of Dolbeault’s theorem.

Theorem II.1. Let X be a complex supermanifold with an open Stein covering 4 =
{U,} and € — X be a rank r|s complex vector bundle over X. Then there is a one-to-
one correspondence between Hgo, (X, E) and the subset of H'(X,$) consisting of those

elements of H (X, ) representing vector bundles which are smoothly equivalent to £, i.e.,
(57 f= {fab}v VOJ) ~ (év JE = {fab}vé)v

where fu, = U7 funthy for some & = {1h,} € CO(8L, ).

Proof: Let & — X be a rank r|s complex vector bundle represented by f = {fu} € H (X, &).
Furthermore, consider the subset of CY(4, &) consisting of those elements v = {1/, } obeying

WOyt = f 00Uy fab + fop Ofab

on U, NUy # . Due to Eq. (IL6), elements A% = {AY'} of Hgo,

APt = 1,0, and glued together according to the above formula. Hence, A%! € Héo,l

(X, &) are locally of the form
(X,€)
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determines a zero-cochain 1) = {1,} with the above property. This ¢ can in turn be used to

define the transition functions of a rank r|s holomorphic vector bundle £ — X by setting

fav = 3" favtdn,
that is, dfy, = 0. Clearly, the bundle € defined by this f = {f} € H'(X,$) is smoothly
equivalent to £. Conversely, given f = {fu} € H' (X, §) as transition functions of a holomorphic
vector bundle £ which is smoothly equivalent to &, the fys can always be written in the above
form and hence, one can reconstruct a differential (0, 1)-form A%! such that F%2? = 0.

Bijectivity is shown by virtue of a short exact sequence of sheaves

50 5t
oAt %o,

0 — H — 6
where 6° : & — A%! is defined on any open subset & on X by §° : ¢y — ¢u5¢&17 with
Yy € T(U,S). The map ' sends A% € A%! to FO2 which by construction vanishes. The above

sequence induces an exact sequence of cohomology sets
0 — H'(X,9) — H'X,6) - H' (X, 2% — HY(X,9) & HY(X,6).

By definition, H'(X,$) (respectively, H'(X,&)) parametrizes holomorphic (respectively,
smooth) vector bundles over X. The kernel of p coincides with the subset of H!(X,$)) whose
elements are mapped into the class of H!(X, &) representing holomorphic vector bundles which

are smoothly equivalent to £. By virtue of the exactness of the cohomology sequence, we find
Hio (X,€) = HY(X,2%Y)/H(X,6) = kerp.

8I1.4 Remark. In the following, we shall mostly be interested in complex vector bundles
which are trivial as smooth bundles. Furthermore, we also restrict our discussion to rank

r|0 = r complex vector bundles, although it straightforwardly generalizes to rank r|s.

II.2 SELF-DUAL SUPER YANG-MILLS THEORY

Subject of this section is the discussion of N-extended self-dual SYM theory. We first
present the Cech approach to holomorphic vector bundles over supertwistor space and
derive in this setting the field equations of self-dual SYM theory on four-dimensional
space-time. Second, we reconsider the whole discussion in the Dolbeault picture. The
latter then also allows us to formulate appropriate action principles for both, hCS theory
on supertwistor space and self-dual SYM theory on Euclidean four-dimensional space in

the case of maximal supersymmetry, that is, for N’ = 4.
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§I1.5 Penrose-Ward transform. Let us consider the double fibration (I.36) and recall

that M;'zN > AN e,
]-“}2'2/\/
W/ \\712 (11.9)
733\]\/ @4|2N
where P? is the supertwistor space given by (1.37) and fg'zN ~ CU2NV % CP'. Recall

also the form of the two projections 7,

. e + & o okt + _ \&£ + _ _ant
m o (BRSNS ) o (L =aRAL T = AL, = 00 AY),

. . o (I1.10)
m (AL ) e ().

We denote the coverings of PV and FIXN by 8 = {U,,U_} and 8 = {U_, U_}, re-
spectively. Consider a rank r holomorphic vector bundle & — PV and its pull-pack
& — FOIPN as defined in §1.9. These bundles are characterized by the transition func-
tions f = {f,_} on the intersection U, NU_ and 7] f on U.NU-_. For notational simplicity,
we shall use the same letter, f, for the transition functions of both bundles in the following
course of discussion. By definition of a pull-back, f is constant along 7 : .7-"}5%‘2/\[ — PV,
The relative tangent sheaf? TFp/P = (Q(F3™N)/mrQ (TP3V))* is of rank 2|A and
freely generated by

DE = \$0%,  and DL = \O.. (IL.11)

o

Here, we have again abbreviated 0%, := 0/02%* and &% := 9/0n. In the sequel, we
shall write J := TFp/P.? Therefore, the transition functions of 7€ are annihilated by
the vector fields (II.11). Letting dp and O be the anti-holomorphic parts of the exterior
derivatives on the supertwistor space and its correspondence space, respectively, we have
7¥0p = Or o mf. Hence, the transition functions of 7;& are also annihilated by Jx.

As indicated, we assume that the bundle & is smoothly trivial and moreover C*?V-
trivial, that is, holomorphically trivial when restricted to any projective line (DPQ}W7 —

P3N, These conditions imply that there exists some smooth G'L(r, C)-valued functions
v ={v Y } € Co(ﬂ, S), which define trivializations of 77E over U, , such that f,_ can

2If one has a fibration 7 : Z — X, the relative tangent sheaf TZ/X (sheaf of vertical vector fields) is

defined by the following short exact sequence: 0 — TZ/X — TZ 5 7*TX — 0.
3Here, we have just introduced the letter .7 as abbreviation for the relative tangent sheaf. However,

it can be put in a general context of integrable distributions as subsheaves of the tangent sheaf. See
8III.6 for details.
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be decomposed as
fro = Wit (11.12)
and
Orhy = 0. (I1.13)
Note that in particular this formula implies that the 1.s depend holomorphically on A..
Applying the vector fields (I1.11) to (I1.12), we realize that

VDIt = _Dry”t and DT = DYyt

must be — by an extension of Liouville’s theorem — at most linear in A,. Therefore, we
may introduce a Lie-algebra valued one-form A5 which has components only along 7,

such that ,
DosAzly, = A7 = veDivi' = MiAaa

. ‘ — o (I1.14)
D'Azly, = AL = Dy = ALAL.
In fact, A5 defines a relative connection
Vo : 1€ — QL (FP) o e, (11.15)
which is flat. Here, ng(]-";'zjv) = 7" are the relative differential one-forms on the
correspondence space.
Egs. (II.14) can be rewritten as
(DY + AQ)vs = 0,
(DL + AL ) = 0, (I1.16)
Irthy = 0.
The compatibility conditions for this linear system read as
R R R R _ i R i oR1 _
[vaém vﬁﬁ] + [vaﬁ'7 Vﬁd] - 07 [vém Vﬁﬁ] + [vﬁv vﬁd] - 07 (II 17)
[V Vi) + (V5. Vi) = o,
where we have defined the covariant derivatives
VE = 0% + Ae and V. = 0.+ AL (I1.18)

Eqs. (IL.17) are the constraint equations of N-extended self-dual SYM theory. Note that
the first of those equations represents the self-duality equation for the gauge potential
Aga, since

[Vgaavgg] = €apfap T €apfos, (I1.19)
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where f,; (vespectively, fus) is symmetric in its indices. Furthermore, fg; (respectively,
fap) represents the anti-self-dual (respectively, the self-dual) part of the field strength.
By virtue of (I1.17), the anti-self-dual part is put to zero.

Next let us briefly discuss how to obtain the functions ¢+ in (II.16) from a given gauge

potential. Formally, a solution is given by

Yy = Pemy(—/;A>. (I1.20)

Here, “P” denotes the path-ordering symbol and

A = da® A, + dnf AL (I1.21)

2

The contour % is any real curve within an isotropic two-plane C*¥V from a point (Z,7)
to a point (x,n), with
:)so‘o.‘(s) = x‘?‘o‘ + SEO{. %, (1122)
ni(s) = 0+ seiAg,
for s € [0, 1]; the choice of the contour plays no role, since the curvature is zero when
restricted to the two-plane. Furthermore, (¢%,¢;) are some free parameters.
In §1.19, we introduced an antiholomorphic involution 75 corresponding to Euclidean

signature. Upon extending this involution to 7j€ — F 512V that is, upon requiring

foe(oo) = [fee(me(- ), (I1.23)

where dagger denotes Hermitian conjugation, one ends up with real self-dual SYM fields.

In particular, one finds

TE(Aad) = —Eagedﬁ'/qw-

= Aue and 7p(AL) = —edgﬂi(Aé)T = A, (I1.24)
where T}’ has been defined in (1.74). This reduces the gauge group GL(r,C) to the
unitary group U(r). Unless otherwise stated, we shall implicitly assume that (11.23) has
been imposed. If one in addition requires that det(f,_) = 1, the structure group is
reduced further to SU(r).

Before we are discussing the field expansions of the superfields A.4 and A%, let us

give some integral formulas

1 + . 1 i
Aos = A D and oAl - a, A (I1.25)
NG

2mi Jo, omi Jo ALY
where the contour 4 = {\, € CP'||\,| = 1} encircles A\, = 0. In fact, these contour

integrals give the explicit form of the Penrose-Ward transform.
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811.6 Field expansions, field equations and action functional. Let us stick to the
N = 4 case. The others are then obtained by suitable truncations. Recall that the field
content of N' = 4 self-dual SYM theory consists of a (self-dual) gauge potential .Zlad,
four positive chirality spinors Y%, six scalars Wi — —V?/ji, four negative chirality spinors
Xis and an anti-self-dual two-form G &3> all in the adjoint representation of SU(r). The
circle refers to the lowest component in the superfield expansions of the corresponding
superfields Aaa, Xb, WY, xia and G 45, respectively. The constraint equations (I1.17) can
formally be solved by setting

[VE V?B] = €44 a8 [Vg,V?B] = €,5Xy and {V’.,Vé} = €,;W"Y.  (11.26)

Using Bianchi identities, we find the remaining fields
Xie = VAW, and  Gup o= =1V, (11.27)

respectively. Here, we introduced the common abbreviation W;; := %ei]—le’“l and paren-
theses mean normalized symmetrization. Next we follow the literature [109, 110, 77] and

impose the transversal gauge,
AL = 0, (11.28)

in order to remove the superfluous gauge degrees of freedom associated with the odd
coordinates n®.* Putting it differently, this reduces the allowed gauge transformations
to ordinary gauge transformations. Furthermore, this leads to the recursion operator %
given by

D = VL = no.. (I1.29)

Again by virtue of Bianchi identities, one arrives after a somewhat lengthy calculation at

the following set of recursion relations:

-@Aao} - _Eaﬁ'niﬁ.xga
(1+ -@)Ag = EdgﬁfW”,
72X, = —niVEWY (IL.30)
e i VY aa )

Dxia = 1, Gyp+ eagn [WF, Wi,
‘@Gdﬁ = nZE’Y(d[XjB)v Wij]v

4See also Ref. [15] for a more general setting.
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where, as before, parentheses mean normalized symmetrization while the brackets denote
normalized antisymmetrization of the enclosed indices.® These equations determine all su-
perfields to (n+1)-st order, provided one knows them to n-th order in the odd coordinates.
At this point, it is helpful to present some formulas which simplify this argumentation a

lot. Consider some generic superfield f. Its explicit n-expansion looks as

= [ mn A (1131)

k>1

where the bracket [ ' is a composite expression of

Furthermore, we have 2 f = n)'[ 2! o)

Y17

some superfields. For example, we have P A, = 17] | [aa],yl, with [ad]f;l = —ea3 X0 Let
now
70 B2 = mll B (I1.32)
Then we find by induction
° T i
I B et R A 8 (IL.33)
k>1

In case the recursion relation of f was given by (1 + 2)f = 77]11[ ] as it happens to be

Y17

for A%, then } = 0 and the superfield expansion is of the form

f=> (kH),ml- v [ (I1.34)

k>1

Using these expressions, one obtains the following results for the superfields A, and A%:

o

Aad = -Aocd + Eag';(fxniﬁ + ’
Al = e aﬁW 77J - ?},e”kl aﬁ-%kﬁ-{n?nf + (I1.35)

+ ﬁEijklEdB(Gw(S{m + €46 [W mn. Wnl])nannnf 4+,

Upon substituting the superfield expansions (I1.35) into the constraint equations

®Note that these equations resemble the supersymmetry transformations, but nevertheless they should

not be confused with them.
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(I1.17), we obtain
7 o = 0,
Eaﬁ%iﬁXiﬁ = 0,
OfY = P %, ¥}, (IL.36)
EdB%faiiﬁ = 2[1/?/,-]-, X2,
VI = AR Xy} — 3y, VETV),
which are the AV = 4 self-dual SYM equations. The equations for less supersymmetry are

obtained from those by suitable truncations. We have also introduced the abbreviation
SR ._ 108 aBwR R

We stress that Eqs. (I1.36) represent the field equations to lowest order in the superfield
expansions. With the help of the recursion operator (I1.29), one may verify that they are
in one-to-one correspondence with the constraint equations (I1.17); see also Ref. [77] for
a detailed discussion.

Furthermore, one easily checks that the above field equations can be derived from the

following action functional:
S = / d'zptr {Gdﬁfdg X VXS WO+ Wi{XG, 52]““}} . (11.38)

which has first been introduced by Siegel [229].
§I1.7 HCS theory on P3*. Let us now try to understand the twistor analog of the

action functional (I1.38). So far, we have worked in the Cech approach to holomorphic
vector bundles. In particular, we started with a smoothly trivial holomorphic vector
bundle (£, f = {f+_},dp) over supertwistor space and additionally required holomorphic

triviality along any CP} < P34 for the sake of concreteness, we again stick to the

R
N = 4 case. As we have learned in the previous section, there is another equivalent
approach — the Dolbeault approach. To switch to this picture, we need to find (g , f =
{1,},0p+A%), since & is assumed to be smoothly trivial. Moreover, within this approach
we shall be able to write down an action functional on supertwistor space yielding the
functional (I1.38) after performing suitable integrations. Up to now, it is not known how
to formulate an appropriate action principle within the Cech approach. This is mainly due

to the fact that the Cech approach makes the construction manifestly on-shell: certain
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holomorphic functions (the transition functions) on supertwistor space yield solutions to
the equations of motion of N'=4 SYM theory via contour integrals of the form (I1.25).
First, let us make a more careful analysis of the real structure 7z as introduced in
§1.19. There we have seen that the fixed point set 7(z%, ) = (2%, n5) — cf. also
Egs. (I.78) — is a real slice R*® ¢ C*® corresponding to Euclidean superspace. When

restricting to R*®, we have the diffeomorphisms
R x 62 = 2 x cp! = P, (11.39)

In fact, the map from P3* with coordinates (2%, 22, 7F) to C%* x CP' with coordinates

(:Eai, 772-1, A+ ) is explicitly given by

1i z_lF + ziii 22t + 22 2i zi - ziZ_lF 2322 -7
X = = €T = = ,
1+2z3z3 1+2323 7 1+23z3 1+232 (I1.40)
>\:|: = Zi
and
I S Wl PN R S/ N Yok 1
! 1+ 2322 142328 7 7 1+ 2322 142328 7
+ 4 3+ 53— | o +_ 3+ 53— _ A (IL41)
771 s ANy Ny i MmNy 2Tl T
3 1+ 2322 142328 0 ™ 1+ 2322 1+2328 7
These relations define a (smooth) projection
Pt R, (I1.42)

Therefore, we may conclude that in the Euclidean setting no double fibration like (I1.9)
is needed. It is rather enough to restrict the discussion to the nonholomorphic fibration
(I1.42). This, however, is a very special feature of the present setting and we shall find
other examples where double fibrations — even if reality conditions are imposed — are
inevitable.

Let us continue with the fibration (I1.42). The vector fields (II.11) which generate
the relative tangent sheaf .7 = TFx/P do now, together with 05, generate the anti-

holomorphic tangent sheaf T8’1P3|4, since Osq, 851 and J,+ can be rewritten according

to
0 _
— = eV,
ozg  “TEYS
0 _ Vit — ady+ iy 9 _ Vo — ady— 2y
8_3 - V3 V+T o Y+ Vg 3 — V3 Y-x o ""7—772 _, (1143)
zy z2
0
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where we have defined

VE o= o8 Vit =0y, and VI = M0, (I1.44)

« ad)?

and
1

= — I1.45

T+ 1+ Aoy ( )

This makes it obvious that Tp2'P3* = (VF Vi, Vi), The matrix (T;7) has been defined
in (1.74). A short calculation reveals that the sheaf of differential (0, 1)-forms on P31 is,

for instance, freely generated by the sections

EY = —y AEdag®, B2 = dhy, and  EF = —uAidpd, (I1.46)

)

which, in fact, are dual to (VF, V5=, V). Here, we have introduced

A 0 —1 1 -\
(AD) = ) = Tl
1 0 At 1
(11.47)
- 0 —1 A -1
()‘a) = = B
1 0 1 A
Thus, Jp is given by
o — 20 a0 LagE - pevE L BIUE 4 ELVE (I148)
= 0z¢ 0z L ont @ i

where, as before, U are the two sets covering the supertwistor space.
After this digression, we can now proceed as in §I1.5 and discuss holomorphic vector
bundles (€, f = {f._},0p) over P3* which are smoothly trivial and in addition R*®-

trivial. Eventually, one again finds a linear system of the form (I1.16), that is,

‘73:t77b:|: = 0> (1149)

where f,_ = ¢ '¢_. But this time, AX and A% (and, of course, AZ, which is absent
in the present gauge) are interpreted as components of a differential (0,1)-form A% €
L(P314, Q01 (P34)@End &), where the bundle £ — P34 is smoothly equivalent to & — P34,
ie.,

(gvf:{f+—}757>) ~ (gvf: {ﬂr}vgp—i_AO’l)‘
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This is nothing but a special case of Thm. II.1. Note that
Ay = Yoopyrt,  with  AYy, = A%y (IL50)

by smooth triviality of £. By following the analysis of §I1.6, one again reproduces the
equations of motion of N' = 4 self-dual SYM theory. So, we do not repeat the argumen-
tation at this point.

Instead, we shall now change the trivialization of £. In fact, there exist matrix-valued
functions ¢ = {¢,¢h_} € CO(4, &) such that®

foo = @i = ¢, with Ve = 0. (I1.51)

From (II.51) it then follows that

~

g = vyt = Y (I1.52)
is a globally well-defined matrix-valued function generating a gauge transformation

Yy — by = g by,
A o AE = gV = VYT

) . ot (I1.53)
0 = Ay — A7 = g7'Vifg = & V5oit,
Ay = Ay = g7 Alg+ g 'Vig = Vs = 0.
Thus, we end up with
(Vai_l—Afxt),lvE:t - Oa
(V" + A)bs = 0, (IL.54)

le:lﬁ:l: = 07
which is gauge equivalent to (11.49).
The compatibility conditions of the linear system (I1.54) are, of course, the field equa-

tions of hCS theory on the supertwistor space P34, On Uy, they read as
VEAS —VEAL +[AE AS) = 0,
et e | oy | (IL.55)
‘/3:t"4§ - VaiAét + [Ag:a Ai] = 0.

As in §I1.6, we now have to find the explicit superfield expansions of the components /lf

and A;f, respectively. However, their form is fixed by the geometry of supertwistor space.

6Recall that P31* = O¢pi(1) @ C? @ TTOgp1 (1) @ C3.
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Recall that AE and AT are Ogp1(1)- and Ogp1(—2)-valued. Together with the fact that
the 7°s take values in the bundle IIOQgp1(1), this determines the dependence of /lij and
A% on A\ and Ay [205],

N & © & & ijk
AE = N Ao+ X A v 2 AL WY 402 L A X+

&\ e 17kl
+ o e A A AL G 156)
1 0 i1k '
Ay = +3 Loy Wi £ 43 1 LoFnnE At £
&\ 17kl
+ 4 LnEEgnE S NG,

o

Here, Auq, )O(fx, V(E/ij, )O(Z-d = %eijkligkl and éaﬁ = ieijkléggl is again the field content of
N = 4 self-dual SYM theory. Note that, of course, the above expansions are unique only
up to gauge transformations generated by group-valued functions which may depend on
Ay and Ay. Also the absence of terms to zeroth and first order in nii in the expansion
of A;} is due to the existence of a gauge in which Agjf vanishes identically. Moreover,
not all coefficient fields are independent degrees of freedom. Some of them are composite

expressions,

Wgéc = _ngWij’ X:jo]jﬁ - 1va(axgk and GZo{jl' - va(aG”kl (1157)

which follow upon substituting the ﬁeld expansions (II 56) into the second equation of
(I1.55). Again we have abbreviated V = 0k + Aaa The field expansions (I1.56)
together with the first equation of (II.55) eventually reproduce (I1.36).

Now we have all ingredients to give the twistor analog of the action functional (11.38).

In fact, we have just seen that the equations of motion of hCS theory,
op AM 4 AP A AM = 0,

reproduce the equations of motion of NV = 4 self-dual SYM theory. Luckily, as was
discussed in §1.17 of the previous chapter, the supertwistor space P3* is a formal Calabi-
Yau supermanifold. In particular, this means that it admits a globally defined nowhere

vanishing holomorphic volume form 2. On the patches Uy of P34, it is given by
Qlu, = Fdzl Ad2i Adeddnfdnydnydng. (I1.58)

Assuming that A%! contains no antiholomorphic odd components and does not depend

on 7" (see our above discussion), we may write down [261, 263]

S = / QAtr {AY A OpA™T 4+ 2AYT A AP A AMY (I1.59)
Yy
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where ) is the submanifold of P3* constrained by 7;" = 0. The action functional (I1.59) of
hCS theory represents the twistor analog of (I1.38) we were looking for. Upon substituting
the field expansions (I1.56) into (I1.59), integrating over the odd coordinates and over the

Riemann sphere, we eventually end up with (I1.38).

§I1.8 Summary. Even though we have restricted our above discussion to the N' = 4
case, one may equally well talk about the cases with less supersymmetry, i.e., the cases
with A/ < 4. Of course, then the whole story is restricted to the level of the equations
of motion, as there are no appropriate action principles. Nevertheless, we may collect all

the things said above and summarize as follows:

Theorem I1.2. There is a one-to-one correspondence between gauge equivalence classes
of local solutions to the N -extended self-dual SYM equations on four-dimensional space-
time and equivalence classes of holomorphic vector bundles € over supertwistor space P3N

which are smoothly trivial and holomorphically trivial on any projective line (DPJ}W7 —
PV,

Putting it differently, by Thm. IL1. we let Ho, (P3N g) be the moduli space of hCS
theory on P3? for vector bundles € smoothly equivalent to £. Furthermore, we denote by
My the moduli space of AV -extended self-dual SYM theory obtained from the solution
space by quotiening with respect to the group of gauge transformations. Then we have a
bijection

Hyo i (PP E) =2 Mibyar- (I1.60)

II.3 OTHER SELF-DUAL MODELS IN FOUR DIMENSIONS

Above we have related N-extended self-dual SYM theory to hCS theory on supertwistor
space P3W . The N = 4 case turned out to be very special in the sense of allowing to
write down action functionals for self-dual SYM and hCS theories. Clearly, the reason
is the formal Calabi-Yau property of P3*. The natural question one may now pose is
that of extending the above approach to other geometries but at the same time keeping
the formal Calabi-Yau property. Omne such class of geometries is weighted projective
superspaces [263, 206]. In fact, they are natural extensions of the projective superspace
CP™". The following discussion is based on the work done together with Alexander
Popov [206].
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811.9 Weighted projective superspaces. First, consider ordinary weighted projec-
tive spaces. They are defined by some C*-action on the complex space C™*!. By
letting (z',...,2™%) be coordinates on C™!, we define the weighted projective space
WCP™ky,...,kn1) for k; € Z according to

WCP™ [k, ... k] = (C™\{0})/C7, (IL.61)
where the C*-action is given by
(24, 2T s (tRgt Lty for teC. (I1.62)

Clearly, what we have just defined is a toric variety and as such it need not be a manifold.
In general, there may be nontrivial fixed points under coordinate identifications leading
to singularities. However, we shall ignore this subtlety at this point and assume that the
generic expression (I1.61) is a complex manifold. Anyhow, our later discussions will be
unaffected by this issue since, in spirit of our above discussion, we shall be considering
only certain subsets which are always manifolds.

In analogy to CP™" = (Ogpm, Orea(A*(C" @ O¢pm(—1))) from Chap. I, we define
the weighted projective superspace WCP™" [k, ... kyyi|li,. .., ky for ki, l; € Z by

WCP™[ky, . kil kol = (WCP™ky, . K], O ).

(IL.63)
Owgpmin = Ored(A*(Owapn(=l) @ - & Owepn(—ln))).

Furthermore, by extending the Euler sequence (1.62) to the present setting (see, e.g., [124]

for the purely even case), one may readily deduce that the first Chern class is given by

m—+1 n
o (WCpmny = (Z ki— Y zi> z, (I1.64)
=1 =1

where = := ¢1(Oyepmin(l)). Hence, for appropriate numbers k; and [;, the weighted
projective superspace WCP™™ becomes a formal Calabi-Yau supermanifold. Note also
that with this definition, we have

waopPmn,. . 11,1 = Ccpmin

§11.10 HCS theory on 77;’,'3 . For the sake of concreteness, let us now consider an open
subset of WCP32[1,1,1,1|p, q] defined by

P2 = WCP*[1,1,1,1|p,q) \ WCP'[1, 1|p, q]. (11.65)
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This space can be identified with
O@]ﬂ(l) & @2 ) HO(DPl (p) ) HO(DPl (q) — CPl (1166)

and as such, it can be covered by two patches, which we denote by Uy. Obviously, for
the particular combination p + ¢ = 4, it becomes a formal Calabi-Yau supermanifold. In
the following, we shall only be interested in this case. Let [2 74, 7;] be homogeneous
coordinates on WCP32[1,1,1, 1|p, q]. Since the body of P22 is the twistor space P3, we

may take as local coordinates (I1.15) together with

m T)2
o= and oy = = on U,

i i
- m - s (I1.67)
no= =5 and Ny = —5 on u_,

which are related by 7y = (22)Pn; and 5 = (23)%; on the intersection U, NU_. Note
that as even coordinates on Ps either (2%, 23) or (x%% A1) can be used if proper reality
conditions as those discussed in §1.19 and in §I1.7, respectively, have been imposed. There-
fore, we can again take V. and V= of (I1.44) as even generators of the antiholomorphic
tangent sheaf T(g’l ;’7‘3.

Having given all the ingredients, we may now consider hCS theory on PSE . Let € be
a smoothly trivial rank r complex vector bundle over PS,E equipped with a holomorphic
structure A% € H, (P32 €), that is, A% is subject to (I1.6). Furthermore, by virtue of
the twistor approach, we shall assume that there exists a gauge in which the component
AZ is zero. This corresponds to the holomorphic triviality on any (CPQ}W7 — ;’7‘3 of
the holomorphic vector bundle which is associated to any solution of hCS theory. The
equations of motion (I1.6) of hCS theory on the patches Uy of 73;’7‘3 are again given by
(I1.55), since there exists a gauge in which A%! does neither contain antiholomorphic odd
components nor depend on 7;. Let us now discuss particular examples.
§11.11 HCS theory on Pig . Consider the case p = 1 and ¢ = 3, where the fermionic
coordinates 1 and 75 are IIOgpi(1)- and HO¢p1(3)-valued, respectively. Therefore,
the components A and A3 of the (0, 1)-form A%! are again Ogp1(1)- and O¢pi(—2)-
valued. As before, this fixes the dependence of A% and A7 on A and Ay up to gauge

transformations. In particular, we obtain

o

AL = A Aas + 1 Xa + s VNN 05+ g VNI NINLG 5.

AT = £y N £ iy ALG L,
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where vy has been defined in (I1.45). As before, not all component fields are independent

degrees of freedom. Upon substituting the above expansions into (I1.55), we find

o o o

@Zaaﬁ' = —%f(d%') and G5 = —VE G- (I1.69)

aaBy aa

The field equations resulting from (I1.55) are then easily obtained to be

fo'z,@ - 07
af > R ° o

€"Viixs = 0,
L (IL70)

Vv, = 0,

eIV oGpy = {f(a,%}-
As one may check, these equations follow also from the action functional

S = / d'zp tr {Gaﬁ faﬁ+wavwx } (I1.71)

which can be obtained from (I1.59) by integration over the odd coordinates and over the

sphere CP!. Note that this action has an obvious supersymmetry the transformation
laws being

55./4&@ = nga and 55Gd6 = —€ ﬁg( V )Xﬁv

0eXe = 0 and &, = —gﬁ(Gd5+ fdﬁ-),

where & is a constant (anticommuting) spinor. The action describes a truncation of

N = 4 self-dual SYM theory for which all the scalars and three of the dotted and three

of the undotted fermions are put to zero.

(IL.72)

811.12 HCS theory on 735’]22. Now we consider the case p = ¢ = 2, i.e., the odd co-
ordinates 7;° take values in IIOgp1(2). The equations of motion of hCS theory on 735’}22
have the same form (I1.55). Again, the functional dependence on A+ and A. is fixed up

to gauge transformations by the geometry of 775’}22 . That is, this dependence has the form

AL = AiAaaﬂL\%nﬁiki L A AEAIALG

| adfy (1L.73)
Ar = el £ InFi ARG,
together with
Oi B o R Oi o B OR o .
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The remaining nontrivial equations read

o

faﬁ' - Oa
ﬁR%i — 0, (I1.75)
where ﬁR has been introduced in (I1.37). The associated action functional is given by
S = / d*zp tr {cozdﬁ' fap+ e,-quiﬁ%j } , (11.76)

and can be obtained from (II.59). Note that formally (II.76) looks as the bosonic trunca-
tion of the self-dual N' = 4 SYM theory, i.e., all the spinors and four of the six scalars of
self-dual N/ =4 SYM theory are put to zero. However, in (I1.76) the parity of the scalars
;Si is different, as they are Graffimann odd. To understand their nature, note that in the
expansions (I1.73) we have two GraBmann odd vectors qu which satisfy the equations
PR _
Vi 55 - (I11.77)

aﬁ aﬁvR 56 = 0

following from (I1.55). Solutions to these equations describe tangent vectors 5.;10@ (with
assigned odd parity) to the solution space of the self-duality equations } o =0 260, 242].
However, due to the first equatlon of (IL. 74) (which solves the first equation of (I1.77)
and reduces the second to DquZ =0), the qbaas are projected to zero in the moduli space
of solutions to the equations faﬁ = 0. By choosing ;5’ = 0, we remain with the equations

o

faz =0 and  EPVEG, =0, (IL78)

which can be obtained from the Lorentz-invariant Siegel action [229]

S = / d'zp tr {Gdﬁ' fdﬁ'}, (IL.79)
describing self-dual YM theory.
§I1.13 HCS theory on 77;:’}02 . Finally, we want to discuss the case in which the odd

. . . . . 32 .
coordinate ni has weight four and i weight zero, i.e., we consider P, |0. Proceeding as

in the previous two paragraphs, we obtain the following field expansions:

A;t _ )\iAaa + 3'771 f}/i)\a )\BA +XaaBy + T]ét)\iwaa + 3lnitnétfyiAi)\:ﬁt)\lGadﬁ.*{’ (II 80)

A;,t = i%nl Vi)\a )\:I:Xaﬁ 21771 2 Vi)‘i)\iGdﬁ
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together with the conditions

o o o o o

[0) . R [0) ) . . R ) (o] )
Xoaty = ~Va@XgH) and  Goagy = —VaaGay = {Vaga Xa - (IL.81)

The field equations of this theory read as

o

de = 07
af ° R ° _
€ Va dw 3 - 0,
@ (11.82)
aBvwR ° _
€ VaaXg, = 0,
GdﬁvgdGﬁ'fy = _Edﬁ{waduiﬁ'—y}'
In this case, the action functional from which these equations arise is
S = / d*zg tr {Gdﬁ' fap+ eaﬁ(vfdwﬁﬁ)idﬁ } : (11.83)

o

This time, the multiplet contains a space-time vector ¢, and an anti-self-dual two-form
)Ogdg which are both Grafimann odd. Such fields are well known from topological YM
theories [260, 242]. In this respect, the model (I1.82), (I[.83) can be understood as a
truncated self-dual sector of these theories. One may, of course, also consider more than
just two fermionic coordinates in order to enlarge the multiplet. This may lead to other
truncations of topological YM theories. We will come to related issues when dealing with
(truncated) self-dual SYM hierarchies in Chap. V. Note that the above constructions

have been formalized in [219] in the context of exotic supermanifolds.



CHAPTER II1

SUPERSYMMETRIC BOGOMOLNY MONOPOLE
EQUATIONS

Approximately two decades ago, it has been conjectured by Ward [253, 254, 255] that
all integrable models in less than four space-time dimensions can be obtained from the
self-dual YM equations in four dimensions. Typical examples of such systems are the non-
linear Schrodinger equation, the Korteweg-de Vries equation, the sine-Gordon model, etc.
All of these models follow from the self-dual YM equations by incorporating suitable alge-
braic ansatze for the self-dual gauge potential followed by a dimensional reduction. Also
the Bogomolny monopole equations on R?, describing static Yang-Mills-Higgs monopoles
in the Prasad-Sommerfield limit, may be added to this list. In fact, Hitchin showed [115]
that the Bogomolny monopole equations can be described by using twistorial methods.
He constructed a twistor space — the so-called mini-twistor space — corresponding to R3.
Geometrically, it is the space of oriented lines in R?. Furthermore, he then gave the con-
struction of a Penrose-Ward transform relating equivalence classes of certain holomorphic
vector bundles over mini-twistor space to gauge equivalence classes of solutions to the
Bogomolny monopole equations. Our subsequent discussion is devoted to an extension of
Hitchin’s approach to a supersymmetric setting. It is based on the work done together
with Alexander Popov and Christian Sdmann [208]. We will obtain the mini-supertwistor
space, which leads us to a twistorial description of the supersymmetrized Bogomolny
model. To jump ahead of our story a bit the mini-supertwistor space can be considered
as an open subset of the weighted projective superspace WCP?4[2,1,1/1,1,1,1] and as
such it is a formally Calabi-Yau; cf. also §I1.9. Furthermore, on the way of our discussion
we will meet with the notion of Cauchy-Riemann structures (see, e.g., Ref. [146] for the

purely even case) which naturally generalize the notion of complex structures. This allows



46 Supersymmetric Bogomolny monopole equations

us to use tools familiar from complex geometry.

II1.1 CAUCHY-RIEMANN SUPERMANIFOLDS

The supersymmetric Bogomolny monopole equations we are interested in are obtained
from the four-dimensional N' = 4 self-dual SYM equations by a dimensional reduction
R* — R3. In this section, we study in detail the meaning of this reduction on the level
of the supertwistor space. Note that we shall always be working in the real setting as
discussed in §I1.7. In particular, we find that the supertwistor space P34, when interpreted
as the real manifold R*® x S?, reduces to the space R?® x S2. As a complex manifold,
however, P3* reduces to the rank 1|4 holomorphic vector bundle P* := O¢p1(2) @
HO¢pi(1) @ C*. Due to this difference, the twistor correspondence gets more involved.
For instance, we need a double fibration. We also show that R3® x S? can be equipped
with so-called Cauchy-Riemann structures.

§III.1 Dimensional reduction R*® x $? — R31® x §2. It is well known that the
Bogomolny equations on R? describing BPS monopoles [59, 209] can be obtained from
the self-dual YM equations on R* by demanding the components of a gauge potential to
be independent of z* and by putting the four-component of the gauge potential to be the
Higgs field [171, 115, 22]. Obviously, one can similarly reduce the N' = 4 self-dual SYM

equations (I1.36) on R* by imposing the %—invariance condition on all the fields
(fa,@v ;Cim WU7 ;(io'u Gaﬁ)

in the supermultiplet and obtain supersymmetric Bogomolny equations on R?. Recall
that both N/ = 4 self-dual SYM theory and N' = 4 SYM theory have an SU(4) =
Spin(6) R-symmetry group. In the case of the full N'=4 SYM theory, the R-symmetry
group and supersymmetry get enlarged to Spin(7) and N = 8 supersymmetry by a
reduction from four to three dimensions, cf. Ref. [74]. However, the situation in the
dimensionally reduced N = 4 self-dual SYM theory is more involved since there is no
parity symmetry interchanging left-handed and right-handed fields, and only the SU(4)
subgroup of Spin(7) is manifest as an R-symmetry of the Bogomolny model.

Recall that on R* & C? we may use the complex coordinates % satisfying the reality

conditions induced by (1.78) or the real coordinates z* defined by

x%? = f}g = —i(z! —iz?) and xé = —xé = —i(z® — iz"). (T11.1)
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This choice differs from the one given in (1.79) by a change of coordinates. However, it is
most convenient for our subsequent discussion. It will also yield a better comparability
with related literature.

Translations generated by the vector field .9, = % are isometries of R*® and by

taking the quotient with respect to the action of the Abelian group
4 = {exp(aZy)|2* — 2"+ a,a € R} (T11.2)

generated by .7;, we obtain the superspace R3® = R*®/4.  Recall that the eight odd
complex coordinates n® satisfy certain reality conditions induced by (1.78). The vector
field .7, is trivially lifted to R*® x S? and therefore the supertwistor space, considered as
the smooth supermanifold R*® x S2, is reduced to R?® x S? = (R*® x $?)/4. In other
words, smooth Z;-invariant functions on P3* =2 R*® x S? can be considered as “free”
smooth functions on the supermanifold R3/® x S2.

Recall that the rotation group SO(4) of Euclidean four-dimensional space is locally
isomorphic to SU(2), x SU(2)r = Spin(4). Upon dimensional reduction to three dimen-
sions, the rotation group SO(3) of (R3,d,) with r, s = 1,2, 3 is locally SU(2) = Spin(3),
which is the diagonal group diag(SU(2), x SU(2)g). Therefore, the distinction between
undotted, i.e., SU(2), and dotted, i.e., SU(2)g, indices disappears. This implies that

one can relabel the bosonic coordinates x%ﬁ by xé‘Rﬁ and split them as

vy = ag” tap” = @ o) iy -2, (11.3)
into symmetric

and antisymmetric

x[}%ﬁ] = gt (I1L.5)
parts. More abstractly, this splitting corresponds to the decomposition 4 = 3 @ 1 of the
irreducible real vector representation 4 of the group Spin(4) = SU(2), x SU(2)g into two
irreducible real representations 3 and 1 of the group Spin(3) = SU(2) = diag(SU(2), x

SU(2)g). For future use, we also introduce the derivations

i 0 0
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which read explicitly as

0 1 0 0
Altogether, we thus have 5
— = —i0, €4 (I11.8)
&8%5 (a8) 2 Bt

§I11.2 Holomorphic reduction P3* — P21, The vector field 7, = ;2 yields a free
twistor space action of the Abelian group ¢4 = R which is the real part of the holomorphic
action of the complex group ¥¢ = C. In other words, we have

g 02y 0 0z4 0

K =y

9 5 o L0 R (111.9)
- ( 22 T 1) +<_@+Z+@) AR
in the coordinates (z¢,7;") for a =1,2,3 on U, where
T = TN, = 882 +z afi (I11.10)
is a holomorphic vector field on ¢,. Similarly, we obtain
T = T +T, with 7" = T, = —zi% + ail (IT1.11)

onU_ and 7! = F' on U, NU-. For holomorphic functions f on P** we clearly have
Tif = 7'f, and therefore .7’-invariant holomorphic functions on P3* can be considered
s “free” holomorphic functions on a reduced space P* = P34 /% obtained as the
quotient space of P3* by the action of the complex Abelian group % generated by 7.
In the purely even case, the space P? = P3 /% was called mini-twistor space [115]
and we shall refer to P?* as the mini-supertwistor space. To sum up, the reduction of
the supertwistor correspondence induced by the Z-action is described by the following
diagram:
P34 o RUB x §2 —» R4S

|

R31® x 52 (111.12)

S
732\4 ]R3|8

Here, “|” symbolizes projections generated by the action of the groups 4 or ¥ and 7

is the canonical projection. The projection m; will be described momentarily.
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8I11.3 Geometry of mini-supertwistor space. It is not difficult to see that the func-

tions
wy = —i(zy +222%), wl o= 2 and 5 on U,
(IT1.13)
w' = (22 + 22, w? =2 and n7 on U

are constant along the ¢g-orbits in P3* and thus descend to the patches V. = Uy NP
covering the (orbit) space P24 = P31 /4 On the overlap V, NV_, we have

1 1 1
1 1 2 _

which coincides with the transformation laws of canonical coordinates on the total space
Ocp1(2) ® MO (1) @ C* = P2 (I11.15)

of the holomorphic vector bundle
P24 CPL (I11.16)

Clearly, this space is a formal Calabi-Yau supermanifold. Hence, it comes with a globally

well-defined nowhere vanishing holomorphic volume form
Qly, = £dwl Adwidny---dni. (I11.17)
The body of this supermanifold is the mini-twistor space [115]
P? =2 Ogpi(2).

Note that the space P?* can be considered as an open subset of the weighted projective
superspace WCP?4[2,1,1|1,1,1,1].
The real structure 75 (cf. our discussion given in §1.19) on % induces a real structure
on P?* acting on local coordinates by the formula
—1
1,2 & Wy 1 1 j_j:)
TE(Wy, WL, ), = —_—,—_—,:I:_—TZ- R y I11.18
) = (g~ o .
where the matrix (7;7) has been defined in (I1.74). From (II1.18), one sees that 75 has
no fixed points in P?* but leaves invariant projective lines CP;, — P21 defined by the
equations
wh = y—222" =Xy, n = nl+ A, with Ay = Wl € Uy,

, . s , (II1.19)
wo = Ny—2\_2° -y, n, = An; +n;, with Ao = w2l € U_
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for fixed (z,7) € R3®. Here, y = 2! +i2?, §j = ' —iz? and 2° are coordinates on R? and
U, denote again the canonical patches covering CP?.

By using the coordinates (II1.4), we can rewrite (II1.19) as
wh o= MY, wl o= A and g = A (I11.20)

where the explicit form of )\aj-t has been given in §1.3. In fact, Eqs. (II1.20) are the incidence
relations which lead to the double fibration
I8
w/ \712 (I11.21)
P2l R3I8

where F°I® =2 R318 x S2, 1, is again the canonical projection onto R*® and the projection

7y is defined by the formula
m(@ Aenf) = m@P A nY) = (whwl ), (I11.22)

where 7 = 1,2,3, and wy? and 5 are given in (I11.20). The diagram (I11.21), which is a
part of (II1.12), describes the following proposition:

Proposition II1.1. There exist the following geometric correspondences:
(i) point p in P4 — oriented Ry in R3

(ii) 7p -invariant CP}, — P «— point (z,n) in R3®

§I11.4 Cauchy-Riemann supermanifolds. Consider the double fibration (II1.21).
The correspondence space R3® x S? is the smooth 5|8-dimensional supermanifold. As
it is of “wrong” dimensionality, it cannot be a complex supermanifold but it can be
understood as a so-called Cauchy-Riemann (CR) supermanifold, i.e., as a partially
complex supermanifold. Recall that a CR structure on a smooth supermanifold X of
real dimension m/|n is a locally direct subsheaf & of rank r|s of the complexified tangent
sheaf T X such that 2 N 2 = {0} and Z is involutive (integrable), i.e., & is closed
with respect to the Lie superbracket. Of course, the distribution & is integrable if 2 is
integrable. The pair (X, 2) is called a CR supermanifold of dimension m|n = dimg X,
of rank r|s = dimg Z and of codimension m — 2r|n — 2s. In particular, a CR structure
on X in the special case m|n = 2r|2s is a complex structure on X. Thus, the notion of

CR supermanifolds generalizes that of complex supermanifolds.
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Given a CR supermanifold (X, Z), we let QF(X) := AT X be the sheaf of complex-
valued smooth differential k-forms. Then we define locally free subsheaves of Sy-modules
by

QP (X) = {we PTUX) [VyAVIA---AVuw =0, YV, € D} (111.23)

Furthermore, we set Q‘g’gl(X ) :=1{0 € Q2 (X)}. Clearly, we have
Q0 O(X) — OB (X),
We now define complex-valued differential (p, ¢)-forms QgE(X) on X according to
QLX) = OB/ (X). (111.24)

Then we can introduce a natural family of d-operators, i.e., d : Q%L (X) — QLT (X) by

requiring that the diagrams

0 0
T T
SR TEO Rt AC TR
T
S S o) S
T T
S0 S o) S
T T
0 0

should commute.

8II1.5 Cauchy-Riemann supertwistors. Let us now come back to our example
(ITI1.21).  On the manifold R®® x S2, one can introduce several CR structures. For

instance, we may choose

FB = (R x 52,9, =~ R xC'M x CP! (I11.25)

for the distribution P 5
Dy = { =—, —,— ). 111.26
’ <0y X+ an}> ([11.26)
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Another one is obtained by setting
Fo8 = (R x §2, 9 = m;TY P, (111.27)

ie.,

9 = <Wfagi,ﬂfagi,w’f8§ﬁ>. (IT1.28)
In the following, we shall suppress the explicit appearance of 7j. In spirit of LeBrun’s
[146], we call F°® the CR supertwistor space.! Clearly, all the criteria for a CR structure
are satisfied for our above two choices and moreover, in both cases the CR structures have
rank 2|4.

Let us denote the covering of F°I® by T = {f@,l}_}. Up to now, we have used
the coordinates (y, 7, 2%, Ax, A, ) or (ydB,Adi,j\di,nf‘) on the two patches Vy. More
appropriate for the distribution (II1.28) are, however, the coordinates (II1.19) together
with

w? = ﬁ Ay + (1= 2 h)2® + ALy on Vi,

i i ] (I11.29)
w? = v Aoy + (Ahs = 1)2® + Ay on V..
In terms of the coordinates (I11.4) and \I, we can rewrite (I11.19) and (I11.29) concisely
as
wh o= N, wl o= A, wl = A and g = P (IT130)

where the factors 74 have been given in (I1.45). Note that w3 is real and all the other
coordinates in (II1.30) are complex. The relations between the coordinates on V.Nv_
follow directly from their definitions (II1.30).

The coordinates wli’z and nii have already appeared in (II11.20) since P?* is a complex
subsupermanifold of F°/®. Recall that formulas (II1.22) together with (II1.30) define a
projection

m o F8 o pM (I11.31)

onto mini-supertwistor space P*. The fibers over points p € P?* of this projection are
real one-dimensional spaces £, & R parametrized by w?. Note that the pull-back to F 58
of the real structure 7 on P2 given in (IIL.18) reverses the orientation of each line /,,

since 7p(wl) = —w?.

'In the purely even case, a CR five-dimensional manifold can be constructed as a sphere bundle over

an arbitrary three-dimensional manifold with conformal metric [146].
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In order to clarify the geometry of the fibration (II1.31), we note that the body F° =

R? x S? of the supermanifold F°® can be considered as the sphere bundle
S(TR?) = {(z,u) € TR?|6,cu"u® =1} = R?x S? (I11.32)

whose fibers at points x € R? are spheres of unit vectors in T,R? [115]. Since this bundle
is trivial, its projection onto R? is obviously my(z,u) = x. Moreover, the complex two-
dimensional mini-twistor space P? can be described as the space of all oriented lines in
R3. That is, any such line ¢ is defined by a unit vector «” in the direction of ¢ and a

shortest vector v” from the origin in R? to ¢, and one can show [115] that
P? = {(v,u) € TR?|6,su"v* =0, du'u® =1} = TCP' = Ogp(2).  (111.33)

The fibers of the projection 71 : R? x S — P? are the orbits of the action of the
group ¥4’ = R on R3 x S? given by (v",u®) — (v" + tu”,u®) for t € R and

P? = R3x S?/9'. (I11.34)

Recall that F> =2 R?® x S? is a (real) hypersurface in the twistor space P3. On the

other hand, P? is a complex two-dimensional submanifold of F® and therefore
P> Cc F° c P
Similarly, we have in the supertwistor case
P c PR P

The formulas given in (II1.19) and (II1.29), respectively, define a coordinate transfor-
mation (y,7, 23, A, Ae, nd) +— (w?,nF) on F?B. From corresponding inverse formulas

defining the transformation (w%,n) — (y, 7, 2%, Ax, Az, n%), we obtain

0 o - 0 —, 0
:f}/i<_—)\+%_)\2 ): ”)/_2’_W1+,

M oy "oy
9, T N i i
= W 2 AW — 25— 2 Ny W Ve (IL35)
+
0 g < 0 1 -, 0
_— = 2 —_— e — 1 — e = .
Dt Y+ ()\Jr oy + At B + 2( )\+)\+)8:c3) Wy,
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as well as

0 = 72 ()\2_2—)\_ 0 g) = AW,

dwt dy oxd Oy
0
5oz = We 222" = A y)Wr +92(A2g = 20 a” — )Wy + 7 7V, (I1136)
0 0 0 0 _
s <A_a—y+A_a—y+ (A )ax3> = Wy,
where W5 := . Thus, when working in the coordinates (y, 7, 2%, Ay, Ax, %) on Vi C

FOI8 we will use the even vector fields W= with a = 1,2,3 and the odd vector fields Vi
together with their complex conjugates Wﬁ and V, respectively. Note that the vector
field W5 is real!

Hence, we learn that when using the coordinates (y ap AE )\a,nl) the CR tangent
sheaf Tn Fo8 is freely generated by

Wli = 5‘Oéj.:j‘ia(dcﬁ.)’ W2i = O W?ai = QViXiAia(dﬁ.)’

<. .0 (I11.37)
vi = —xar 2
on;
while TogFo® is generated by
Wi = NN D, Wi = o, Vi = A0 111
1 = T Y (@) 2 T M + = j:ana‘ ( '38>

It is not too difficult to see that forms dual to the vector fields (I11.37) and (I11.38)

are

0L = AN, 01 = d\i, ©F = —ypATATdYY,
n (I1L.39)
Ez:t = ’Yi)‘aj'ETi]dn;‘l
and
6L — TR, B = i EF - —uhiaf, (L)
where T}’ has been given in (I.74). The exterior derivative 9 on F°/® reads as
o = dm ol s ami et artl _ BLE 4 B 4 BT

Note again that ©3 and W3 are both real. To homogenize the notation later on, we shall

also use W3 and Oy instead of W5 and 0, respectively.
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111.2 PARTIALLY HOLOMORPHIC CHERN-SIMONS THEORY

We have discussed how mini-supertwistor and CR supertwistor spaces arise via dimen-
sional reductions from supertwistor space of four-dimensional space-time. Subject of this
section is the discussion of a generalization of Chern-Simons theory and its relatives to
this setup. We call the theory we are about to introduce partially holomorphic Chern-
Simons theory or phCS theory for short. Roughly speaking, this theory is a mixture of
Chern-Simons and holomorphic Chern-Simons (hCS) theory on the CR supertwistor space
FOI8 which has one real and two complex even dimensions. This theory is a reduction of
hCS theory on P34, As we will show below, there is a one-to-one correspondence between
the moduli space of solutions to the equations of motion of phCS theory on F°® and the
moduli space of solutions to the supersymmetrized Bogomolny equations on R3, quite
similar to Thm. II.2. for N-extended self-dual SYM theory.

8I11.6 Partially flat connections. Let X be a smooth supermanifold of real dimension
m|n and T X the complexified tangent sheaf of X. A locally direct subsheaf .7 C T X is
integrable if i) .7 N.7 has constant rank r|s and ii) .7 and .7 N.7 are closed under the Lie
superbracket. Note that a CR structure is the special case of an integrable distribution
Z with r|s = 0]0.

For any smooth function f on X, let d & f denote the restriction of df to .7, i.e., do
is the composition

Sy & TrX — 77 (111.42)

where .7* denotes the sheaf of smooth complex-valued differential one-forms dual to .7;
cf., e.g., Rawnsley’s discussion for the purely even case [210]. The operator d& can be
extended to act on relative differential k-forms denoted by QF,(X) := A*7*

do : Q5 (X) — Q5H(X). (I11.43)

Let £ be a complex vector bundle over X. A connection on £ along the distribution

T — a J-connection — is an even morphism of sheaves
Vz 1 & = QLX) €& (I11.44)
satisfying the Leibniz formula

Va(fo) = fVgo+daf®o, (I11.45)



56 Supersymmetric Bogomolny monopole equations

where o is a local section of £ and f is a local smooth function. This .7 -connection
extends to
Vg Q5(X,8) — QX €), (T11.46)

where Q% (X, &) := Q% (X) ® €. Locally, V # has the form
Vg = dos+ Az, (I11.47)

where the standard End £-valued .7 -connection one-form A 5 has components only along

the distribution 7. As usual, V2 naturally induces
Fz € T(X,0%(X)®End€) (I11.48)

which is the curvature of As. We say that Vo is flat, if 7 = 0. For a flat Vo,
the pair (£,V ) is called a Z-flat vector bundle. In particular, if .7 is a CR structure
then (£,V ) is a CR vector bundle. Moreover, if .7 is the integrable sheaf Tp;'X on
some complex supermanifold X then the Z-flat complex vector bundle (£,V ) is a
holomorphic bundle.

8II1.7 Field equations on the CR supertwistor space. Consider the CR super-
twistor space F°I® and a distribution .7 generated by the vector fields W5, W3, Vi from
the CR structure 2 and W;=. This distribution is integrable since all conditions described

in §I11.6 are satisfied, e.g., the only nonzero commutator is
(W5E Wi = £294 W (I11.49)

and therefore .7 is closed under the Lie superbracket. Also,
V= IN0NT (I11.50)

is of (real) rank 1/0 and hence integrable. The vector field W3 is a basis section for ¥
over the patches Vy C F58. Note that mini-supertwistor space P24 is a subsupermanifold
of FP8 transversal to the leaves of ¥ = .7 N7 and furthermore, 7 |pz1a = 2. Thus, we
have an integrable distribution .7 defined by

0 — mTg' P — T — (Qep(FP) /a0 (PP — 0 (IIL51)

on the CR supertwistor space F°I® and we will denote by .7, its part generated by the

even vector fields Wi, W3 and Wi,

Ty = (WiEWE W), (I11.52)
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Let £ be a trivial rank r complex vector bundle over F°I® and A5 a 7 -connection
one-form on € with .7 given by (IIL.51). Consider now the subspace X of F°/® which is
parametrized by the same even coordinates but only the holomorphic odd coordinates of
FoB ie., on X, all objects are holomorphic in 7;°. As it was already noted, the mini-
supertwistor space is a formal Calabi-Yau supermanifold. In particular, this ensures the
existence of a holomorphic volume form on P?*. Moreover, P?* ¢ F?® and the pull-back

Q) of this form is globally defined on F5. Locally, on the patches Vi C F58, one obtains
Qlp, = +dwi Adwidyi - dny. (I11.53)

This well-defined integral form allows us to integrate on X by pairing it with elements
from Q% (X). Assume that Az neither contains antiholomorphic odd components nor

depends on ﬁl?t,
ViiAz =0 and  Vi(AF) = 0, with AF = W Az, (T11.54)

that is, As € Qlyb (X,End &). Now, we introduce a CS-type action functional

S = /Q/\tr {Az NdgAg +2A7 NAF NAZ}, (IIL.55)
X
where
dsly, = dat 0 +d—ii (I11.56)

is the .7-part of the exterior derivative d on F°I8.

The action (II1.55) leads to the CS-type field equations
do Az + Az NAs = 0, (IT1.57)

which are the equations of motion of partially holomorphic Chern-Simons (phCS) theory.
In the nonholonomic basis (W, V) of the distribution .7 over Vi C FO8, these equations

read as
WAy — W5 AT + [A, A3] = 0,
WAL — WiEAF 4+ [AF, AT F 272 AT = 0, (111.58)
WAy — Wi AL + [A], A5 = 0,

where the components AF have been defined in (I11.54).
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8I11.8 Equivalence to supersymmetric Bogomolny equations. Note that from
(I11.37) and (II1.38), it follows that

Wi = N, W = AP, and AW = AL (vITTWE) (TTL59)

and therefore A, A5 and vi'As take values in the bundles Ogp1(2), O¢pi(—2) and
Ogpi(1) @ Ogpi(1), respectively. Together with the definitions (I11.54) of AF and the
fact that the ns are IIOgp1 (1)-valued, this determines the dependence of AF on n, A.
and Ay to be

AF = —X4BF and AT = 29.09BF (I11.60)

with the abbreviation

+ _\Bp . +0i G EXIAL Y
BE = NBys + nine + dvent MW, 5 BRI T AL ALY G (I11.61)
3 ijkl
+ e e AiklAiGch

and
i & Sijk 4 SN B Hijhl
AE = L2nEnEWY 4 Lo ppEpRd ik 4 i NG (1T162)

The expansions (II1.61) and (II1.62) are defined up to gauge transformations generated
by group-valued functions which may depend on Ay and Ay. In particular, it is assumed
in this twistor correspondence that for solutions to (II1.58), there exists a gauge in which
terms of zeroth and first order in nii are absent in AF. Recall that in the Cech approach,
this corresponds to the holomorphic triviality of the bundle defined by such solutions
when restricted to projective lines. Putting it differently, we consider a subset in the
set, of all solutions of phCS theory on F°/®, and we will always mean this subset when
speaking about solutions to phCS theory.

Note that in (IT1.61) and (I11.62), all coefficient fields l%’dﬁ-, i, ... depend only on y*?
Furthermore, not all of them represent independent degrees of freedom. Upon substituting
the superfield expansions (II1.61) and (II1.62) into the first two equations of (II1.58), we

find the relations

W:jﬁ - (a(olﬁ')w/Z [Baﬁ’WU])
OZk Olk‘ [} i k
Xag) = 73 (a(aw)X»-f) + B X3) ]) (IT1.63)

2 ijkl T ikl o ikl
Ga(ﬁ'w) - 3 (8(d(ﬁ)G»'y5) + [Bd(ﬁ’G»yS)])
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showing that W o XUE and G ] ; are composite fields. Furthermore, the field B, 45 can

be decomposed into its symmetrlc part, denoted by A,; = A(dﬁ-), and its antisymmetric

part, proportional to &, such that

o o

Bip = Aup— 3¢

&

5. (I11.64)

o

Hence, we have recovered the covariant derivative V5 = 0,4 + A4 and the (scalar)

Higgs field ®. Defining
)O(Z-d = %Eijkl)%ikl and G., = %Eijlei.j]?l (11165)

we have thus obtained the supermultiplet in three dimensions:

-Aaﬁ'a )%fjm (I)> Wija )O(io'u Gd,@'
We shall again abbreviate V?/ij = %eijklﬁ/kl. Eqgs. (IT1.58) together with the field expan-
sions (II1.61) and (II1.62), the constraints (I11.63) and the definitions (II11.64) and (II1.65)

yield the maximally supersymmetrically extended Bogomolny monopole equations:

fag = iV,
AV = 5@ T

AW = —1[@, (W9, &)) — {5, 1} (I11.66)
Vi = 5N ]+ 204 XA,
VG5 = —H[Gus @]+ (Ve Xt — AW, Vg W] + gy, [0, W,

which can also be derived from Eqs. (I1.36) by demanding that all the fields in (I1.36) are

independent of the coordinate z*. Here, we have introduced the abbreviation

A = %e‘j‘ﬁ.ew%dﬁ%&;. (I11.67)
Note that (II1.53) can be rewritten as Q|TJ¢ = +0L A ©2%dnf - - -dny, where the dif-
ferential one-forms ©” have been given in (IT1.39). Substituting this expression and the
expansions (II1.61) and (II1.61) into the action (II1.55), we arrive after a straightforward

calculation at the action
o= / d%tr{éd‘B <} apt %%as&)) T XAV %+ A AWY
] ] L (I11.68)

T+ INAIRE @)+ Wi {XE, X0} + AWy, @)WY, 0]},
producing (I11.66).
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§II1.9 PhCS theory in the Cech description. Our starting point in §II1.7 was to
consider a trivial complex vector bundle £ over F°I® endowed with a .7-connection. Such
a J-connection Vo = dg + Az on & is flat if A5 solves Eqs. (I11.57), and then
(&, f ={1,},Vz) is a J-flat bundle in the Dolbeault description. As for holomorphic
vector bundles (cf. Sec. II.1), one may turn to the Cech description of .7-flat bundles
in which the connection one-form A5 disappears and all the information is hidden in a
transition function. In fact, let £ — X be a rank r|s complex vector bundle over some

smooth supermanifold X and denote by
Hy (X,€) = T(X,A7)/T(X,6) (I11.69)

the moduli space of phCS theory, where 204 is the sheaf of solutions to (III1.57) and
S = GL(r|s,Sx), as before. Furthermore, we shall need the subsheaf Cx C Sy of 7-
functions on X, that is, dof = 0 for f € I'(U,Cx) as well as the sheaf € := GL(r|s,Cx).

Quite generically, we may then state the following theorem:

Theorem III.1. Let X be a smooth supermanifold with an open Stein covering 4 =
{U,} and € — X be a rank r|s complex vector bundle over X. Then there is a one-to-
one correspondence between Hég(X,é') and the subset of H'Y(X,€) consisting of those

elements of H' (X, €) representing vector bundles which are smoothly equivalent to £, i.e.,
E f={fu}, V) ~ (& F={fu}.do),
where fo, = 7 fathy for some 1 = {1} € CO(U, &).

The proof is similar to the one of Thm. II.1. For that reason, we shall omit it here
and instead continue with our example.

Consider our smoothly trivial vector bundle & — F°® from above. Since the .7-
connection one-form Az is flat, it is given as a pure gauge configuration on each patch

and we have

Azly, = vzdayl’ (I11.70)
together with the gluing condition
Prdayt = ¢Yodgy”! (IIL.71)

for the trivial bundle . Therefore, we can define a .7-flat complex vector bundle & — F5I8

with the canonical flat .7-connection d & and the transition function

foo = il (111.72)
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The condition d & f+_ = 0 reads explicitly as

Witfi =0 W;f*‘ =0 Vi =0 (I11.73)

Wi fro = 0.

Recall that the vector fields appearing in the first line generate the antiholomorphic distri-
bution 2, which is the chosen CR structure. In other words, the bundle £ is holomorphic
along the mini-supertwistor space P2* ¢ F°I8 and flat along the fibers of the projection
w0 FoI8 — P2 as follows directly from second line of (I11.73). Let us now addition-
ally assume that & is R*®-trivial, that is, holomorphically trivial when restricted to any
projective line CP;, — F°* given by (IIL20). Recall that this assumption was already
used in (I11.62). As before, this extra ingredient guarantees the existence of a gauge in
which the component A3 of Az vanishes. Hence, there exist G'L(r, C)-valued functions
U = {thy,_} € C°(T, S) such that

foo =9 = 7%, with Wiy = 0 (I11.74)
and

g = Y = gt (I11.75)

is a matrix-valued function generating a gauge transformation

Yo = s = g7y, (111.76)
which acts on the gauge potential according to

Af s A = g ALg g Wy = b WL
AF — Af = g7 Afg+ g Witg = b WET = 0,

AE o A = g ARg 4 g Wiy = QWD
0 = Ay = g Vigs' v AL = g7'Vig = duVidsh

(111.77)

In this new gauge, one generically has /l’i # 0.
Note that (II1.70) can be rewritten as the following linear system of differential equa-
tions:
(W + A = 0,
Vie = 0.
The compatibility conditions of this linear system are Eqs. (II1.58). This means that for

(I11.78)

any solution AF to (II1.58), one can construct solutions v to (II1.78) and, conversely,
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for any given 1, obtained via a splitting (II1.72) of a transition function f,_, one can
construct a solution (II1.70) to (IIL.58).

Similarly, Eqs. (II1.77) can be rewritten as the gauge equivalent linear system

(I11.79)

N
> > @ >
H_
I
o o o o

Note that due to the holomorphicity of lﬁi in Ay and the condition /l} = fl} on VJ, ny_,
the components A1 , 7i1A3 and .A must take the form

Af = NNBs, Ai'AF = 2MB,,  and AL = ASAL, (I11.80)

with A-independent superfields B,; := A5 — 35 a5<1> and AY%. Introducing the first-order
differential operators D3 = ) + B,z and Vi = 0, + A}, we arrive at the following
compatibility conditions of the linear system (II1.79):

[DOW’D ]_l'[Da&’D ] = 0, [VQ,DB,-Y]—I—[V;,DBQ] = 0,

| - (111.81)
(V5 Vi}+{V5, Vi) = 0.

These equations also follow from (II1.57) after substituting the expansions (II11.80). These
equations can be understood as the constraint equations of our supersymmetric Bogo-
molny model. In fact, proceeding as in §I1.6, we can derive all the superfields together
with their field expansions and the equations of motion they are subject to. Eventually,
one finds (II1.66). So, let us only sketch this way.

Egs. (II1.81) can equivalently be rewritten as

[Dass Dgsl = €58ap Vi Dgsl = easXy and {V, Vi) = 27, (1IL82)

where ¥, 5 = X, and ¥¥ = —¥7°. Note that the first equation in (II1.81) immediately
shows that fdﬁ = —31V,4® and thus the contraction of the first equation of (II1.82) with
€ gives X5 = fop— %V o3P = 2/45- The Bianchi identities for the differential operators
D,s and Vi yield in a straightforward manner further field equations, which allow us to
identify the superfields ¥ and ¥% with the spinors x% and the scalars W% respectively.

Moreover, x;q is given by xia := %eijle£Wkl and GdB is defined by GdB = IV’ aXif)-
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Collecting the above information, one obtains the equations of motion for the superfields
A X @ WY, xia and Gy which take the same form as (IT1.66) but with all the
fields now being superfields. Thus, the projection of the superfields onto the zeroth order
components of their n-expansions gives (I11.66).

To extract the physical field content from the superfields, we need their explicit ex-
pansions in powers of n®. For this, one again imposes the transversal gauge condition
(I1.28). The constraint equations (II1.82) together with the Bianchi identities yield the
recursion relations analogously to Eqgs. (I1.30). In fact, one simply needs to dimensionally
reduce (I1.30) to obtain the recursion relations for the present setting. Then by iterating
the equations one may compute the superfield expansions. Furthermore, as in §I1.6 one
deduces the one-to-one correspondence between the constraint equations (I11.82) and the
field equations (II1.66). We shall come back to this issue when dealing with explicit
solution construction algorithms for Eqs. (II1.66) in Sec. IIL5.

1I1.3 HoLoMmoRrPHIC BF THEORY

In the preceding section, we have defined a theory on the CR supertwistor space F°I® enter-
ing into the double fibration (II1.21) which we called partially holomorphic Chern-Simons
theory. We have shown that this theory is equivalent to a supersymmetric Bogomolny-
type Yang-Mills-Higgs theory in three Euclidean dimensions. The purpose of this section
is to show, that one can also introduce a theory (including an action functional) on mini-
supertwistor space P24, which is equivalent to phCS theory on F°®. Thus, one can define
at each level of the double fibration (II1.21) a theory accompanied by a proper action

functional and, moreover, these three theories are all equivalent.

§II1.10 Field equations of hBF theory on PZ*. Consider the mini-supertwistor
space P24, Let E be a trivial rank r complex vector bundle over P?* with a connection
one-form A. Assume that its (0,1)-part A%!' contains no antiholomorphic odd compo-
nents and does not depend on 7", that is, Vi1A%! = 0 and Vi(@wiz_:Ao’l) = 0. Recall
that on P2 we have a holomorphic volume form  which is locally given by (II1.17).
Hence, we can define a holomorphic BF (hBF) type theory — as introduced and discussed
in Refs. [204, 128, 130, 28] — on P?* with the action

S = / QAtr{B(OpA™ + A% A AP} = / QA tr{BF"?). (I11.83)
y y
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Here, B is a scalar field in the adjoint representation of the group GL(r,C), dp is the
antiholomorphic part of the exterior derivative on P2* and F%? the (0,2)-part of the
curvature two-form. The space ) is the subsupermanifold of P2 constrained by 7;° = 0.

The equations of motion following from the action functional (II1.83) are

op AM 4 AP A A = 0,

_ (111.84)
OpB +[A™,B] = 0.

These equations as well as the Lagrangian in (II1.83) can be obtained from Eqs. (II1.57)
and the Lagrangian in (II1.55), respectively, by imposing the condition 5’151 Age =0 and
identifying

A%y, = dwiAg +dwiA;  and B = By, = A (111.85)

—3 .
wy

Note that Az behaves on PU* as a scalar. Thus, (I11.84) can be obtained from (I11.57)
by demanding invariance of all fields under the action of the group ¢’ from §II1.5 such
that P24 = FoI8 /",

§II1.11 Cech description. When restricted to the patches V., Egs. (II1.84) can be
solved by

A%y, = Pudpyz'  and BT = ¢uByyg!, (I11.86)

where B is a holomorphic gl(r, C)-valued function on V.,
opBT = 0. (I11.87)

On the intersection V, N'V_, we have the gluing conditions
biopd = Y_dpyTt and Y BiYy' = Yo Byt (IT1.88)

as E is a trivial bundle. From (II1.88), we learn that

foo = i (IT1.89)

can be identified with the holomorphic transition function of a bundle E with the canonical

holomorphic structure dp, and

Bf = fi-ByfL, (I11.90)
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i.e., By € H(P?* End E) and B € H(P?* End F). Note that the pull-back 7#E of the
bundle E to the space F5® can be identified with the bundle &,

£ = 7lE, (T11.91)

with the transition function f,_ = Vil = QZ_T_IIZ_ if one additionally assumes that
E is R3B-trivial, that is, holomorphically trivial on any CP;, — P24 Recall that the
transition functions of the bundle £ do not depend on w? and therefore they can always

be considered as the pull-backs of transition functions of a bundle E over P24,

§II1.12 Moduli space. By construction, B = { B*} is a gl(r, C)-valued function gener-
ating trivial infinitesimal gauge transformations of A%! and therefore it does not contain
any physical degrees of freedom. Remember that solutions to the first equation of (I11.84)

are defined up to gauge transformations

AV s A = g A% g 4 gpg ! (111.92)
generated by smooth GL(r, C)-valued functions g on P?*. Clearly, the transformations
(IT11.92) do not change the holomorphic structure V%! on the bundle £. On infinitesimal
level, the transformations (II11.92) take the form

A = 0pB + [A%) B, (I11.93)

with B € H°(P?* End E) and such a field B, solving the second equation of (II1.84),

generates holomorphic transformations such that §.4%! = 0. Their finite version is
AW = gAY g7 4 gapgTt =AY (I11.94)
and for a gauge potential A%! given by (II1.86), such a g takes the form
g+ = @ieBgtlﬁ;l, with g, = g on V. NV_. (I11.95)

8II1.13 Summary. Collecting all the things derived in the preceding sections, we may

now summarize our discussion as follows:
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Theorem II1.2. The are one-to-one correspondences between equivalence classes of R3I8-
trivial holomorphic vector bundles E over mini-supertwistor space P13, equivalence classes
of R3®-trivial 7 -flat vector bundles € over CR supertwistor space F°I® — all being smoothly
trivial — and gauge equivalence classes of local solutions to the maximally supersymmetrized

Bogomolny monopole equations on R3.

By virtue of Thms. IT.1. and TIL1., we let i) Hi,, (P, E) be the moduli space of
hBF theory on P for vector bundles £ smoothly equivalent to £ and ii) HY_(F°8,€)
be the moduli space of phCS theory on F5I® for vector bundles € smoothly equivalent to

&, respectively. Then we have the bijections
Hyoa (PP E) = Hy (FBE) = Mg, (111.96)

where Mg denotes the moduli space of the supersymmetric Bogomolny monopole equa-
tions on R? obtained from the solution space by quotiening with respect to the group of
gauge transformations.

Pictorially, we have established the following diagram:

phCS theory on F°I8

/ supersymmetric

hBF theory on P2 Bogomolny model on R?

II1.4 MASSIVE FIELDS

In [74] (see also the subsequent work [75]), Chiou et al. developed a twistor string theory
corresponding to a certain massive SYM theory in three dimensions. It was argued, that
the mass terms in this theory arise from coupling the R-symmetry current to a constant
background field when performing the dimensional reduction. In this section, we want
to study the analogous construction for the supersymmetric Bogomolny model which we
discussed in the previous sections. We focus on the geometric origin of the additional
mass terms by discussing the associated twistor description. More explicitly, we establish
a correspondence between holomorphic bundles over the deformed mini-supertwistor space
introduced in [74] and solutions to massive supersymmetric Bogomolny equations in three

dimensions.
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8111.14 Mini-supertwistor and CR supertwistor spaces as vector bundles. We
start from the observation that mini-supertwistor space P* can be considered as the

total space of a rank 04 holomorphic vector bundle over mini-twistor space P2, that is,
P P (I11.97)

The mini-twistor space P? is covered by two patches, say W., with coordinates wl and
w?. The additional fiber coordinates in the vector bundle P?* over P? are the GraBmann
variables 7°. For later convenience, we rearrange them into the vector n* = (). On

W, NW_, we have the relation

Nt = oy, (111.98)

with the transition function
o = WL(67) = wily. (I11.99)

The CR supertwistor space F°I% is a CR vector bundle, i.e., it has a transition function
annihilated by the vector fields J1, Oz from the distribution 2 on F°, over the CR
twistor space F° = R3 x S2,

Fols 5 (I11.100)

with complex fiber coordinates ;" over the patches Wy covering F°. Recall that we have
the double fibration

f5
41 Vo (II1.101)
P2/ \Rg

in the purely even case and the transition function of the vector bundle (II1.100) can be
identified with
Vipr. = M (67) = M1y, (I11.102)

i.e., we have the same transformation (I11.98) relating n™ to n~ on W+ NW_. Note that
our notation often does not distinguish between objects on P? and their pull-backs to F°.

Thus, we arrive at the diagram

RN
P \ R® (I11.103)

f5
TN

732 ]R3
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combining the double fibrations (II1.21) and (II1.101).

8I11.15 Deformed mini-supertwistor and CR supertwistor spaces. Let us define

a holomorphic vector bundle

Pt - p? (111.104)
with complex coordinates 7+ = (7j;*) on the fibers over W, C P? which are related by
the transition function

1
~ , S
Gy = wiet (I11.105)
on the intersection W, N W_, i.e.,
Nt o= g7 . (I11.106)

For reasons which will become more transparent in the later discussion, we demand that
M is traceless and Hermitian. It is also assumed that M is constant.

This supermanifold 73]%;1 was introduced in [74] as the target space of twistor string the-
ory? which corresponds by our subsequent discussion to a SYM theory in three dimensions
with massive spinors and both massive and massless scalar fields. In the following, we
provide a twistorial derivation of analogous mass terms in our supersymmetric Bogomolny
model and explain their geometric origin.

Consider the rank 0]4 holomorphic vector bundle (II11.104) and its pull-back

Fl = pplt 7P (111.107)

to the space F° from the double fibration (IT1.101). Note that the supervector bundle
.7:]?/‘[8 — F% is smoothly equivalent to the supervector bundle F°® — F® since in the
coordinates (y**, Ay, A1) = (y,7,23, Ay, A\x) on F?, the pulled-back transition function

vip4_ can be split

1 o aBytyt
vig_ = A NNM o ()T ~ ALy (111.108)
Here,
o, = e @HDM VM and o = @AM _ e NaviM (I11.109)

2For this, 73]2\}4 has to be a formal Calabi-Yau supermanifold, which is the reason underlying the above

restriction to trM = 0.
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are matrix-valued functions well-defined on the patches W+ and W_, respectively. Re-
member that 77;" and 7; are related by (IT1.106) and their pull-backs to F® (which we
denote again by the same letter) are related by the transition function (II1.108). There-
fore, we have

(777) = As(pTti). (IIL110)
From this we conclude that

Ayt M, 4+ ~— i, —

it n and 7T = o_.n = e n-, (II1.111)

7= ot = e

where n* = (%) are the fiber coordinates of the bundle (II1.100) related by (II1.98) on
the intersection W+ NW_.

The fibration .7-"]?}8 — F? can also be understood in the Dolbeault picture. It follows
from (III.111) that

WiEgs =0, Wi =0 and Wi+ M = 0. (II1.112)

Recall that the vector fields W generate an integrable distribution %, = (W) together
with the operator

0
dzby, = dwiﬁ, (I11.113)

which annihilates the transition function (I11.108) of the bundle (I11.107). Due to formulas
(II1.108) and (III.112), the vector bundle .7:]?/'[8 with canonical .7-flat connection dg, is
diffeomorphic to the vector bundle F°® with the J3-flat connection V4, = d + Az the

components AF = WF A4 of which are given by
Af =0, A5 =0 and Af = M. (I11.114)
In other words, we have an equivalence of the following data:
(Fars,dz) ~ (FF o ={\14},Vg). (ITL.115)

By construction, the connection one-form Ag,, given explicitly in (II1.114), is a solu-

tion to the field equations
dgAg, + Az, NAz = 0 (I11.116)

of phCS theory on F°, which are equivalent via the arguments of §IIL1.8 to the Bogomolny
equations on R?. Due to this correspondence, (II1.114) is equivalent to a solution of the

Bogomolny equations with vanishing YM gauge potential a,4 and constant Higgs field

o = (¢7) = —i(M7), (I11.117)
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which takes values in the Lie algebra su(4) of the R-symmetry group SU(4). Thus, the
data (II1.115) are equivalent to the trivial vector bundle R*® — R? together with the
differential operator

_ . 1.

encoding the information about the matrix M, i.e.,
(Fars@:dz) ~ (FB0,V7) ~ (R¥, Dyy). (111.119)

Note that the gauge potential A4 corresponding to? A, € u(r) in a different basis and
the Higgs fields ® € u(r) considered in Sec. IIL.2 can be combined with a,; and ¢ into
the fields

AL+ 1, ®ass  and QL+ 1, ®¢ (T11.120)

acting on the tensor product Vi) ® Vsya) of the (adjoint) representation space Vi of
the gauge group and the representation space Vgp(4) of the R-symmetry group.
For the sake of completeness, we note that the deformed complex vector bundle 77]%/'[4 —

P? with the transition function ¢, _ from (II1.105) and the holomorphic structure

A ., 0 5 0
is smoothly equivalent to the bundle P?* — P? with the transition function ¢, _ from
(IT1.99) and the holomorphic structure defined by the fields A% and B with the compo-
nents
Wy

Agp = 0, Ap = F—F
oL T Tarwia)y

and By = Apz = M. (I11.122)
The fields A% and B obviously satisfy the field equations
BAM + AP ANAY =0 and B +[A™,B] =0 (I11.123)

of hBF theory on P2 By repeating the discussion of Sec. II1.3, one can now show the

equivalence of the data
(P 2.0 ~ (P 0=\ 1h Vi) ~ (Fif6.ds,), (IIL.124)

which extends the equivalences described in (I11.119).

3Here, A, with s = 1,2, 3 are the components of the ordinary gauge potential in three dimensions.
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8I11.16 The deformed CR supertwistor space as a supermanifold. For devel-
oping a twistor correspondence involving the deformed CR supertwistor space .7-']?/'[8, the
description of .7:]?/'[8 as a rank 0|4 complex vector bundle with a constant gauge potential
(IT1.114) which twists the direct product of even and odd spaces is not sufficient. We
rather have to interpret the total space of fﬂ,g as a supermanifold with deformed CR
structure and deformed distribution 7.

Let us begin with the vector fields on fﬂs. Remember that a covariant derivative
along a vector field on the base space of a bundle can be lifted to a vector field on the
total space of the bundle. In our case of the bundle (II1.107), the lift of (II1.112) reads as

WiEnE =0, Wi =0 and (ng + M, ~jﬂ%) i = 0. (I1.125)
To see the explicit form of the vector fields corresponding to the integrable distribution

Ty = < 0 i> (I11.126)

owy’ on;

on .7-"]?/‘[8, it is convenient to switch to the coordinates (y‘j‘B ,As, Ag, n8) by the formulas

wzll: = )\di)\g:ydﬁ.a w:2|: = )‘:I: and 'lUi = _’}/:I:)‘dij\g:ydﬁ.>
NS seeiar\ 95 (I11.127)
N = (e oY M>i ?7j)\g and 7; = (e_ a¥ M)i M A
By a straightforward calculation, we obtain
0 . 0
doyly, = dolo— +dijf o=
B dws o, | (IT1.128)
— OLYDE + OV + (OL T ALAERE IO 4 £V
where B B - o B B
Wi = Wi FAL(TMT) Nni Ve, Wy = Wy
Wi == Wi+ (TM) NS VE + 4 (TMT) I N Vi
(I11.129)

& = Ef +7+5\35\gnf(TMT)ijdyid,
E = E; +7_X;X7nf(TMT)ijdy2d
and W Vi Vi and ©%,0% were given in (I11.37)—(I11.40) and (AB)/ = A*B;/. Ac-
tually, the formulas (I11.127) and their inverses define a diffeomorphism between the
supermanifolds Fii® = (R3® x $2, Z3,) and F°® = (R3® x $2,.7) which have different
integrable distributions 7, and .7 (and different CR structures).
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Next we need the vector fields on 7712\}4. In the above discussion, we used a transfor-
mation from the coordinates 7> to the coordinates 7;° on ]—"]‘?4'8, which are (pulled-back)
sections of [IOgpi(1). The corresponding splitting of the transition function was given
n (I11.108)—(II1.110). One can find a similar splitting of the transition function (II1.105)
also on the complex supermanifold 77]%/'[4 and obtain new coordinates ﬁ;t, which are sections

of lIOgp1(1), as well. Explicitly, we have

w}F 1 w}F w}ﬁ wiw}k w%wl
eE{M _ e<1_1+w+E w% )HMewZ (1+w+§ wz)M _ eleriwiMeler%w%M
which yields the formulas
iwi 'LD2 'Lu1
M ———M
gto= e gt and T = e MR g (111.130)
From this and (II1.106) it follows that
0 o= win; (I11.131)

and these coordinates have the desired property. Furthermore, in the (0, 1)-part of the
differential

= 4 0 0 0
87DM |V:l: = d'/I’U:ll: au—} + dw:l: 8w:|: + dm 8~

— A} 05y +dwd (Dag FALOLMITFO ) + (I11.132)
+ (A £ 3N R ) Oy

where we introduced w12 = wi’z for clarity, we see explicitly the deformation of the

complex structure from P24 to 732‘4 Note that the coordinates 77" can be pulled-back to

Fu o8 , and there they are related to the coordinates n* by
At o= emuRMpE (I11.133)

8I11.17 Mass-deformed Bogomolny equations from phCS theory on .7-"]?/‘[8. Now
we have all ingredients for discussing phCS theory on deformed CR supertwistor space

Fu °8 The deformed mini-supertwistor space PM fits into a double fibration

5/8
Fu

™/ N (I11.134)
Py RIS
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similarly to the undeformed case M = 0. Recall that we had a holomorphic integral form
on P?* locally defined by

Qly, = F£dwl Adwidny---dni. (II1.135)
One can extend 2 to a nonvanishing holomorphic volume form
M)y, = +dwi Adwidi;---dig (I11.136)

on 77]%/'[4 if and only if trM = 0 [74]. This is the reason why we imposed this condition
from the very beginning. Similarly to the discussion of phCS theory on F°® in Sec. 111.3,
we consider a subsupermanifold X}, of .7-"]?/‘[8 which is defined by the constraints 7;° = 0.
Clearly, the latter equations are equivalent to 7 = 0 and therefore X, is diffeomorphic
to X'. Note that the pull-back of the holomorphic integral form (II1.136) to f}?}g coincides
with 77€2,

OMp, = mQM|p, = £0L AOLdAY - diy = £0L AOLdyy - -dpf  (I11137)

which is due to (IT1.111) and the tracelessness of M.

From here on, we proceed as in Sec. 1I1.3 and consider a trivial rank r complex vector
bundle over the CR supertwistor space fﬂ,g with a connection Az, along the integrable
distribution 7y, defined in (I11.126) and (II1.128). By assuming that VI.Az, = 0 and

Vi(WE.Az,) =0, we may define the action functional
S = / OM A tr {AyM Ndg, Az, + %AyM NAz, N AyM} (111.138)
Xnm

of deformed phCS theory. The equations of motion keep the form (I11.57) up to relabeling
T by Zy and in components AX := WE_ A5, we have
WAy — Wi AT + [AT, A] = 0,
0

Wi Ay — Wik Ay + [A5, AT F 202 AT = anf&]—ifli (I11.139)
J
_ _ G
WiEAT — Wi AT + [AT, A5] = Mjlﬂit%—iAfa
J

where the vector fields (II11.129) have already been substituted. The dependence of the
components AT on Ay, \r and 1" is of the same form as the one given in (II1.61) but

with coefficient functions obeying M-deformed equations.
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Substituting the expansions of the form (IIL.61) for AF and our vector fields W into

(IT1.139), we obtain mass-deformed supersymmetric Bogomolny equations:

fap = _%Vaﬁq)’
VX — 3 MY = — 310, XG),
AWY 4+ MM = — 1@, (W79, &]) — iM, i@, Wik — {5, 2,
. N o 77 (111.140)
emvaﬁ'XW - %Mi]de = _é[Xma D] + 2[W 4, X4l
emvdﬁ'G% - _%[Gaéa O] + {XG Xis} — %[Wz'j, VW9 +

+ 5€as W igs (@, WY 4 G5 Mo [W g, W]
Eqgs. (II1.139) show that, as in the undeformed case (II1.58), some of the fields ap-
pearing in the expansions of AF are not independent degrees of freedom but composite
fields. In fact, we find

Wes = — <3<as>W“ + (B W] _EaBM’f[iWﬂk)’
°ijk 1 %k | rpp . Sijky | 3. aq[iodkll
Xa@gn) = 72 (a@zwﬂw +1Bag X5 1+ 366 M) ) (IIL.141)
Sijkl 1 gkl |t gkl ag [idklm
Ga(ﬁ'»y&) - 3 (a(d(ﬁ)Gw) + [Bd(ﬁ’Gw)] 26@(6Mm G»y&) ) :

Finally, upon substituting our superfield expansions for AF into the action (II1.138)

and integrating over the odd coordinates and over the Riemann sphere, we end up with
S = Sy—43 / 3 tr {)o(idei;(jd — Wi My MVWHR i M W5, ij]} , (T11.142)

where S is the action functional for the massless supersymmetric Bogomolny equations
as given by (II1.68).

8IT1.18 Summary. We have described a one-to-one correspondence between gauge
equivalence classes of local solutions to the supersymmetric Bogomolny equations with
massive fermions and scalar fields and equivalence classes of Z,-flat bundles over the
CR supertwistor space ]—"}?!,8 which are holomorphically trivial on each (DPU,;?7 — .7-"]?/‘[8.
We have also described a one-to-one correspondence between the equivalence classes
of Zy-flat complex vector bundles over .7-"]?}8 and of holomorphic vector bundles over

the deformed mini-supertwistor space 77]2\)[4. The assumption that these bundles become
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holomorphically trivial on projective lines translates in the Dolbeault description into
a one-to-one correspondence between gauge equivalence classes of solutions to the field
equations of i) hBF theory on the deformed mini-supertwistor space 7712\}4, ii) phCS theory
on the CR supertwistor space .7-"]?/‘[8 and iii) massive supersymmetric Bogomolny model on
Euclidean three-dimensional space R3.

In fact, this section’s discussion can be understood as a corollary of Thm. III.2.:
complex structure deformations on the mini-supertwistor space induce, for appropriately
chosen CR structures, CR structure deformations on the CR supertwistor space and, of
course, vice versa. Our above discussion is the translation of Thm. III.2. to this deformed

setting.

II1.5 SOLUTION GENERATING TECHNIQUES

In the preceding sections, we have presented in detail the relations between supersymmet-
ric Bogomolny monopole equations on the Euclidean space R? and field equations of phCS
theory on the CR supertwistor space F°I® as well as hBF theory on the mini-supertwistor
space P2*. We have shown that the moduli spaces of solutions to the field equations of
these three theories are bijective. Furthermore, we introduced mass-deformed versions of
these field theories. In this section, we want to show how the twistor correspondences
described in the previous sections can be used for constructing explicit solutions to the
supersymmetric Bogomolny equatlons In fact, any solution to the standard Bogomolny
equations given as a pair (.A &b <I>) of a gauge potential and a Higgs field can be extended to
a solution including the remaining fields of the supersymmetrically extended Bogomolny
equations in a nontrivial fashion. The subsequent discussion is devoted to this issue.
However, we are not considering this task in full generality but merely give some flavor
of how the algorlthms Work For simplicity, we also restrict ourselves to the case when
only the fields A & <I> and G &5 are non-zero. In this case, the supersymmetric Bogomolny
equations (II1.66) simplify to

o

—5¢" (@M)AB(& — Oy Ay + [Aay, ABS]) = -3 (a(aﬁ')q’ + [Asg, ‘1>]) >
€ (%w)Gss + [Aas, Ggs]) = —i[Gap )

First, we discuss Abelian solutions to these equations, which correspond to Dirac

(111.143)

monopole-antimonopole systems. After this, we present two algorithms which generate
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non-Abelian solutions.

§IT1.19 Abelian solutions. In the Abelian case, the system (I11.143) simplifies further

to
5 (e} (o] . (e}
¢ (3(m>«455—3(55>“4d*r> = 1044 ®,

26 o
€’ (9((5@)6*65 = 0.

(111.144)

It is convenient to rewrite these equations in terms of the real coordinates 2" on R?® with
r=1,2,3 as
%Grst(asAt - at~/43> - 87‘(1)7
0,G, = 0, (111.145)
GTStaSGt = 0.

From the second equation of (II1.145), it follows that

Gy = Lo (A — 9,A), (I11.146)
and from third one, we obtain
G, = —0,0, (I11.147)

where the sign in (II1.147) was chosen to match the fact that in four dimensions, G,

corresponds to an anti-self-dual two-form with components G, = 7, G, and helicity —1,

where 77, are the 't Hooft tensors. Here, A and @' are a vector and a scalar, respectively.
Therefore, Eqgs. (I11.145) can be rewritten as

Lo u(0A — DA, = 0,0,
grat(Oc s = O (I11.148)

Le,(0 A — OA) = —0,0'.

It is well known that the first equation describes Dirac monopoles while the second one
Dirac antimonopoles (see, e.g., Atiyah et al. [22] and references therein). Thus, the action
(II1.68) with only the fields }dﬁ-, &D and é &5 being non-zero can be considered as a proper
action for the description of monopole-antimonopole systems.

Let us consider a configuration of m; Dirac monopoles and ms antimonopoles located
at points a; = (a},a?,a}) with i = 1,...,my and i = my + 1,...,my + may, respectively.

27771

Moreover, we assume for simplicity that aj 2 £ ajl-’2 for ¢ # 7. Such a configuration is then



I11.5 Solution generating techniques 77

described by the fields

mi mi mi

IN IN.j S 1S, IN _ 55 _ i
A—ZAJ, A—ZAJ’ q>_<I>_ZQ—Tj,
Jj=1 j=1 j=1
o mi+ma o o mi+mso o R . mi4ma ; (111149)
iy = S e S e e ST
j=mi+1 j=mi+1 j=mi+l
where AN = ANJdz™ and A7 = ASJdz™ with
.2 1
ANG 1 AN M AN — g
1 — 5. /. . 3\ 2 — 5. /., 3\ 3 - )
2rj(r; + a?) 2r(r; + %)
) 2 / ) o ] (I11.150)
YL p—— R | | ]
1 27’j(7”j — ,SL’;’) 2 er(rj — ZL’?) 3
= 2" —al, 1} = Gxial . (III.151)
Here, N and S denote the following two regions in R? :
mi1+m2
R myamy = R\ U {z' =4}, 2* =a], 2’ < a}},
s (I11.152)
RS ppyamy = R*\ U {z' =4}, 2* =a, 2* > a}}
and bar stands for complex conjugation. Note that
R smytmg YRS mygmy = BRN{a1, .-, iy s } (I11.153)

and the configuration (II1.149), (II1.150) has delta-function sources at the points a; with
1=1,...,m; + mo.
§I11.20 Non-Abelian solutions via a contour integral. For the gauge group SU(2),
one can consider the Wu-Yang point monopole [268] and its generalizations to configu-
rations describing m; monopoles and ms antimonopoles [207]. This solution, which is
singular at points a;, i = 1,...,mq + mo, is a solution to Eqs. (II1.143) for su(2)-valued
fields. However, it is just an Abelian configuration in disguise, as it is equivalent to the
multi-monopole configuration (111.149), (II1.150) [207].

One can construct true non—Abehan solutlons to (II1.143) as follows. Let us first
consider a configuration A o = 0= ® and Gaﬁ # 0. Then from (II1.143) one obtains the

equation
9 . (. —
€ A@(aﬁ)Gw = 0. (TI1.154)
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All solutions to this equation can be described in the twistor approach [192] via a contour
integral

° 1

Gog = 5= d>\+>\+>\+T+ (wy,w?), (II1.155)

21 Jo
where T, _(w},w?) is a Lie-algebra valued meromorphic function of wl = Azkgydﬁ and
w? = i holomorphic in the vicinity of the curve ¥ = S* ¢ CP!. From (II.155) it
follows that nontrivial contributions to G5 are only given by those T _ which define

elements of the cohomology group H'(P?, gl(r,O(—4)). It is easy to see that (II1.155)
satisfies (I11.154) due to the identity

3 ° 8T+
NOupTee = Ful AﬁAMj.; = 0,

which appears after pulling the derivatives O(dﬁ-) under the integral.

Consider now a fixed solution (;ldg, ((])3) of the Bogomolny equations given by the first
line of (III.143). One may take, e.g., the SU(2) BPS monopole [209, 59]. In the twistor

approach, we can find functions @Ei solving the linear system
No(Oap + Ags — 3€:5®)0x = 0 and O, s = 0, (I11.156)
which is equivalent to the linear system of phCS theory. These ﬁi are known explicitly
for many cases, e.g., for our chosen example of the SU(2) BPS monopole they have been
given by Ward in [251, 252]. Using wi, we can introduce dressed fields G ;4 by the formula
o ]_ . O R
Gy = d>\+>\ DI SR (II1.157)

27?1

where T is chosen as above. One can straightforwardly check that with this choice,

5]) = 0, (I11.158)

o o o

e’ <a(aﬁ) +[Aup — 56459, G,

and therefore the conﬁguratlon (A B (ID G ;) satisfies (I11.143). The explicit form of a

o

G for a given Aaﬁ and <I> is obtained by performing the contour integral (II1.157) along
¢ after a proper choice of the Lie-algebra valued function T. Recall that the configuration
(.;ls, &)) will be real, i.e., the fields will take values in the Lie algebra su(r), if the matrix-
valued functions ¢y in (IT1.156) satisfy the reality condition as the one 1nduced by (I1.23)
and det(1) +1w ) = 1. Imposing a proper reality condition on the function T+ will ensure

the skew-Hermiticity of G.
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§II1.21 Solutions via nilpotent dressing transformations in the Cech approach.
In this section, we will present a novel algorithm for constructing solutions to Egs.
(IT1.143) based on the twistor description of hidden symmetry algebras in the self-dual
SYM theory in four dimensions [266] — cf. our discussion presented in Chap. V. Recall
that we have described a one-to-one correspondence between equivalence classes of tran-
sition functions of 7-flat vector bundles over the CR supertwistor space F°I® obeying
certain triviality conditions and gauge equivalence classes of solutions to the supersym-
metric Bogomolny equations on R®. We can, however, associate with any open subset
V. NV_ C FI® an infinite number of classes of transition functions, which in turn yield
an infinite number of gauge equivalence classes of solutions to the supersymmetric Bogo-
molny equations. Therefore, one naturally meets with a possibility of constructing new
solutions from a given one, that is, with dressing transformations. In the remainder of
this chapter, we discuss a particular example of such a construction but first we briefly
introduce some necessary background material. At this stage, we present the latter in
a more applied formulation and without precise mathematical terminology. For a more
thorough exposition, we refer to Chap. V, where also a Cech cohomological interpretation
of the underlying structure is given.

We consider the linear system (II1.79), which can be rewritten as
(VE4+ AL = 0, Oy = 0 and (Vi+ ALy = 0, (I11.159)
where we have defined

Vi o= Mo,  and AT = Vi, (I11.160)

as before.? From arguments similar to those used subsequent to (II1.79), we have flif =
AinB and A, = A% A% with M-independent superfields B,; and Aj. The compatibility
conditions for the linear system (II1.159) are Eqgs. (II1.81). From this linear system one
also derives that f,_ = 2/3;1@@_ is 7 -flat, i.e.,

Vifel =0, 0,fio =0 and Vif,_ =0 (ITL.161)

“Note that the first and third equations of (II1.79) are equivalent to
N(VE+ADy = 0 and A (VE+ ATy = 0,

respectively, which together imply (Vdi + ,Zlif)iﬁi =0.
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The key idea is to study infinitesimal deformations of the transition function f+_ of
the .7-flat vector bundle preserving (II1.161) and the triviality properties discussed above.

More explicitly, given such a function f,_ = ﬁ;lqﬂ_ (with 05 iqﬂi = 0), we consider

foe 4 0fm = (g +6) (- + 6vo), (111.162)

where § represents some generic infinitesimal deformation. Note that any infinitesimal
T -flat deformation (that is, preserving (I11.161)) is allowed since for small perturbations,
the trivializability property of the bundle € on the holomorphic curves (DPI{?7 s FOI8 s
preserved (cf. Chap. V). Upon introducing the Lie-algebra valued function

Gie = Uy (6f )07 (1I1.163)

and linearizing (I11.162), we have to find a splitting

i = b4 -0, (I11.164)

where the Lie-algebra valued functions ¢4 can be extended to holomorphic functions in
A+, which yields
Sy = —¢rthy. (I11.165)

To find these ¢+ from ¢, means to solve the infinitesimal Riemann-Hilbert problem.

Clearly, such solutions are not unique, as we have the freedom

b = ¢y =0 = (b1 +w)— (¢ +w) = ¢y —0_, (II1.166)

with ¢ := ¢4 +w, where the function w is independent of Ay. This freedom can be used
to preserve the transversal gauge condition (I1.28). The preservation of this gauge is in
fact needed in order to compare the deformed superfields and the ones one has started
with as one wishes to derive the induced transformations of the component fields.

Linearizing (II1.159), we get
SAE = Vi,  and  0AL = Vi, (IIL.167)

where we have introduced the operators Vi := VF + AL and Vi := V + A,. From
(I11.159), (I11.161) and (II1.162) it follows that

vaiqxr— =0 = 7il:¢+—7 (II1.168)
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and we eventually arrive at the formulas

. =i
0By; = L dX, vd@’ and SAL = L d)\+v+7¢;>
271 Jop )\+)\ﬁ 2m Ji vt

(111.169)

where the contour is 4 = {\, € CP'||\{| = 1}. Thus, the consideration of infinites-
imal deformations of the transition function of some .7 -flat vector bundle over the CR
supertwistor space F°I® obeying certain triviality conditions gives by virtue of the integral
formulas (TI1.169) infinitesimal deformations of the components B, 5 and A, which satisfy
— by construction — the linearized constraint equations (I11.82) and thus the supersym-
metric Bogomolny equations (I11.66). Once again, we have a one-to-one correspondence
between equivalence classes of local solutions, with equivalence induced on the gauge the-
ory side by infinitesimal gauge transformations and on the twistor side by transformations
of the form ¢4 = 11 x+¢1", where the s are functions globally defined on V. c FoB
and annihilated by all vector fields from the distribution 7. Putting it differently, we
have just presented the “infinitesimal” version of Thm. III.2..

Let us now exemplify our discussion by describing how to construct explicit solutions to
(I11.143). Consider a .7-flat vector bundle & — F?® of rank r which is holomorphically

trivial when restricted to any projective line CP}, — F°%  Assume further that a

transition function f,_ of € is chosen such that all the fields v, W¥, y,, and G 45 vanish

identically, i.e., we start with the field equation

fag = —iV,,0. (I1L.170)

Without loss of generality, we may assume that the transition function of € can be split

as f+_ = @Ellzﬂ_, where the zﬂis do not depend on the fermionic coordinates 7"
Suppose now that

5.]?-1-— = _%Ejl"'j4n;; e n;[Xa .f—l——]u (IIIl7l>

where X € gl(r, C). Considering vector bundles subject to the reality conditions induced
by (I1.23), one restricts the perturbations to those preserving these conditions. In our

example, they read explicitly as

0f i = —He i (oot 5 o) (X e (IL.172)

with X € su(r). For illustrating reasons and to simplify equations, we shall be continuing
with (II1.171). Then a short calculation reveals that any splitting (II11.164) is of the form

o

Gro = Gy — - = —LIt (6, — 6, (IT1.173)
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with ;Si = —[X, ’l[)j:]'lz};l. Introducing the shorthand notation
g = L (I11.174)
we find
by = 772222;51_ i 4772221;;1_ n anzngﬁ_ n 4772111&_ i nmioi_, (ITL.175)

where we have used the fact that n7*~ is totally symmetric. In addition, we defined

o

M= AP, — AT = T — ¢ (I1.176)

The functions ¢ can be Laurent-expanded as (m > 0)

o = N Arngrt (I11.177)
n=0
with
o 6m 00(0) n = O o o
i o004 and @™ = "Mt (111.178)

(2(—]'—(n—m) . %g(m—n) n>0
Combining the expansion
or = > Aol (111.179)
n=0
with (II1.173)—(II1.178), we therefore find

¢(_n) _ n2222¢(1(4+n) + 4772221¢(1(3+n) + 6n2211¢0(2+n) + 4772111¢(1(1+n) + niiiigb(i(n)’ (111.180)

and a similar expression for gbﬁf).
At this point, we have to choose an w to preserve the transversal gauge. Explicitly, a

possible w is given by
Y _n2221¢g(3) B Bnggﬁ(b(i(z) _ 37}2Hi¢(i(1) - niii%g(o)_ (III.181)

Let us justify this result. In (II1.166), we noticed a freedom in splitting the Lie-algebra

valued function ¢, _ and we claimed that it can be used to guarantee the transversal
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gauge condition (I1.28) which, of course, translates to the requirement n#§.A% = 0. In

fact, from the second equation of (II1.167), we obtain

0AL = Viel - Viel) = Vig?
. oo (I11.182)
0A, = V;¢+ = —Vliqb_ + Vior
where we have inserted (I11.179). The contraction of these equations with n¢ yields the
constraints
269 + 9w = Ve and 260 + 9w = plviel. (I11.183)

Here, we used the fact that gz;i)) = gbio) + w and gz;;l) = ¢$), respectively, and recalled the
definition 2 = n'VY. Thus, a splitting (IT1.166) with an w satisfying (IT1.183) yields a
deformation of the gauge potential which respects the transversal gauge condition. In our

present example, Eqs. (I11.183) simplify to
269 + 9w = Poi¢)  and 200 + 90w = nloiel. (I11.184)

Since our particular deformation (I11.171) is of fourth order in the odd coordinates, we may

assume that w = n™ ¥w; ... Then, after some algebraic manipulations, the expansions

of QSS_L") given by (II1.180) together with (III1.184) and the ansatz for w lead to (II1.181).
The perturbations 0B8,; and §.Aj are obtained from Egs. (I11.169) according to

680{ — B e} 9
1 167 ) il ) = Duad) (ITL185)
0Bss = _Da1¢ (gb()—l—W) = Da2(¢+ +w)
A= B0 ) = D67 ) =20 (II1.186)
SAL = —0i¢Y + (60 +w) = di(eV +w). ’
Remember that D op = Oup T B a3 Consider now the expansions
% L 1 Jk
58@5 - 586&5 - Z Hn;'yl ' n]k [aﬁ]zﬂzm’
/:21 (IIL.187)
i gil ¥ Jij
o4, = Syl L

k>1

where the brackets [ ]Zfl’,fk are composite expressions of some superfields, cf. also our

discussion given in §I1.6. Since our particular deformation of the transition function
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implies that ¢ + w = O(n?), the resulting deformations of B,; and A’ are of the form
B,; = O(n') and A = O(n®), respectively. In transversal gauge, the explicit superfield
expansions of B,; and A} show that 51%@5’ = oyi = SWii — ov,, = 0. Together
with the recursion relations (I1.30) (of course, applied to the present setting obtained
via dimensional reduction), they moreover imply that the variation of all higher order
terms than of fourth (respectively, of third) order of A,s (respectively, of A%) in the
n-expansions vanish. Hence, from (II1.187) we find
R T 7773:6%136«%55%1“ (111.188)
OAG = FePPPulinin eas, 0G s,
Comparing these equations with (I11.185) and the n-expansions of ¢$), qbil) and w given

earlier, we arrive at
5Giy = 20"V, §Gy = 20" and  6Gy = 26°¢ (I11.189)

together with the field equations

o o

V@ and €V, 0G.; = —i[6G,; D). (IIL.190)

af 2

faﬁ':_

N | =

Since Egs. (II1.143) are linear in édg, we hence have generated a solution to (III1.143)
starting from a solution to the first equation of (II1.143), that is, we may identify 5&7 o
with édﬁ'. Thus, knowing the explicit splitting f,._ = ﬁ;lzﬂ_, we can define functions
;Si = —[X, @Ei]@zil which then in turn yield éaﬁ'-



CHAPTER 1V

SUPER YANG-MILLS THEORY

Main subject of this chapter is the twistorial description of the maximally supersym-
metric Yang-Mills theory in four space-time dimensions, that is, of N' = 4 (respectively,
N = 3) SYM theory [103, 63]. Notice that N' =4 and N’ = 3 SYM theories represent the
same physical theory. The only difference between both formulations lies in what part of
the R-symmetry group is made manifest: for N' = 4 it is SU(4) while for N' = 3 it is just
the subgroup U(1) x SU(3). The twistor description of N/ =3 SYM theory dates back
to Witten’s work [259] done in the late 70ies of the last century. The idea is roughly to
discuss equivalence classes of certain holomorphic vector bundles over superambitwistor
space I.°I6 which in turn are in one-to-one correspondence with gauge equivalence classes
of solutions to the N' = 3 SYM equations. The superambitwistor description involving
L8 does not yield the N’ = 4 SYM equations directly. That is why we want to focus
on the NV = 3 formulation of N' =4 SYM theory. Moreover, in this respect it is worth
mentioning that Manin [169] generalized the theorems of Witten [259] and Isenberg et al.
[126] by showing that there is a one-to-one correspondence between equivalence classes
of certain holomorphic vector bundles over superambitwistor space L%V — for AV < 3 —
which admit an extension to a (3 — A/)-th formal neighborhood of L3*V in P3N x PV
and gauge equivalence classes of solutions to the AM-extended SYM equations in four di-
mensions. We first discuss N’ = 3 SYM theory and then briefly comment on SYM theories

with less supersymmetry.

IV.1 N =3 SUPER YANG-MILLS THEORY

Let us begin our discussion by recalling that in §1.13 we have defined superambitwistor

space I.°I6 in terms of flag supermanifolds. In particular, I.°I is participating in the
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following double fibration:
[F6l12
7T'1/ \7:2 (IV.1)
LS\G M4|12
Moreover, we have shown that superambitwistor space can be viewed as a hypersurface

in P33 x P3® determined by the zero locus

2% — woTe + 20'm; = 0, (IV.2)

o . 33
where [2%, T4, 1, pa, w?, 0] are homogeneous coordinates on P33 x 1P*| . In order to be

able to continuing as in the preceding two chapters, we first need to give local coordinates
at each stage of (IV.1).

8IV.1 Local coordinates. In §1.18, we have already introduced local coordinates on
M*12 In particular, we had (2% 1% 0°) on M2 = €42 Ag in Chap. I, we are
now making use of the two projections 7 » to introduce the affine parts of %2 and 1.°/6

according to
Fo2o— @) and  L06 i= gy (my H(CH12)). (IV.3)
Analogously to (I.8), one may show that
Fo2 >~ 42y, with Y := CP'xCPL (IV.4)

This makes it obvious that F%'? can be covered by four coordinate patches which we
denote by 0 = {Wa}, with a,b,... = 1,...,4. Letting Ay € Uy and us € V4 be local

coordinates on

@Pl X @P*l — (U+ X V+)U(U+ X V_)U(U_ X V+)U(U_ X V_), (IV5)

7 7 ~ -

::\Ijvl Z?ICVQ 22“,/V3 =Wy
where UL (respectively, V) are the canonical patches covering CP* (respectively, CP!),

we thus may take

~

on Wy,

~

(Iad7 )‘-1-7 s 77?> eia)
(Iad7>\+7:u’—7n?79ia> on W27
( )

(IV.6)

on Ws,

~

(22N, e, s, 0™) on Wi.

ad a o
€ 7>\—7/~L+77h79

In the sequel, we shall collectively denote them by (z®%, Aa)s ,u(a),nf“, 0") on the patch
W, = €112 x W, c Fol2,
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Next we need coordinates on £°°. By our above construction, £°/% is an open subset
. . : 33 .
of I.°I6 and as such it can be viewed as a degree two hypersurface in P3P x P in fact,

£5|6

and P2 is the dual supertwistor space

= 156 0 (P31 x P2®). Here, P31 represents the supertwistor space as given in (I.37)

Ocpi(1) ® C* @ Op; (1) @ C* — CP;. (IV.7)

As before, we denote the cover of P31 by 4 = {U,,U_} and moreover, that of P by
20 = {V,,V_}. Then the product P31 x P33 s covered by four patches according to

Ux BV = {Uy x Vi, Uy x Vo, U x VU x V_}, (IV.8)

and we may set

4
£95 = (W, with 2 = @xD)NLT and W = (W}, (Iv.9)

a=1
Let now (2, 22, ;%) (respectively, (ws, w3, 6%.)) be local coordinates on P31 (respectively,
on Pf'g), that is, we take

2§ = = zy = 3 and = T on U,,
T T T
L - 0 (IV.10)
2% , 2 =L and n; - on Uu_,
Ly Ly Ly
and
& w? 3 P2 ; 0’
wq —, wy = — and v, = — on Vi,
P1 P1 P1
. e (IV.11)
. w .
w? —, w? = n and 0" — on V_.
P2 P2 P2
The induced coordinates on £°/¢ are then given by
« 1 & «
(2(1)>Z?1)>77i( )’w(l aw?l 9(1 )|£5\6 = (Z+ +a772 ,'LU+,’LU+, )|£5\6 on W1>
ey 2 & ey i
(Z(2)7Z?2)77]i( )7w(2 JU?Q 9(2 Mese = (24, Z—I—?ni ;w w? 00)| s on Wi, (IV.12)
ey 3 & ey '
(2 3),2?3),771( ),w(g ,wf’g 9(3 Nesis = (2%, 22,07, w,ws, 00) | pse - on W,
«a 4 & o _
(2(4)>Z?4)>77§ ),w(4) ?4 9(4))|c5\6 = (22,22, w0, w?, 00)] o on Wiy,

which are transformed on nonempty intersections W, N W, in an obvious way which is
obtained from the transformation laws on P38 and P |3, respectively. Of course, these

coordinates are not independent as they are subject to (cf. Eq. (IV.2))

( )pgl) ( )Wéa) + 297:[1)7]7;((1) = 0, (]:Vl?))
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where w((j}) = wéz) =7}, w((jl?’) 7T(4) = 7, and pa = p( ) = o, p((f) = p((f) = p,, together
with (1) = '(1,22), (m5) = “(z%,1) and (p}) = '(L,wl), (p5) = (w?,1). Note that
there is no summation over a.

Altogether, we therefore obtain the following double fibration
612

w/ \712 (IV.14)

516 42

together with the two holomorphic projections

o ( fe7e )\(a ’lua ’nl ’eza) N (281) _ (xad _eia ))\(a Z(a _ )\(a)’
wh) :( 6 0o WD wlh = ey, = A Ol = 0 ple), (IV.15)
T - ( od )‘(a 7:ua 7771 ’HZO&) = (xaavnia792a>;
cf. also our discussion presented in §1.3, §1.12 and §1.18. In these equations, we have used
the notation AS) = )\g) =\, )\S’) = )‘244) = )\, and u&l) = u&) = puy, ,ug) = ,U/((X4) = Ug -
In fact, Eqs. (IV.15) illustrate Prop. 1.4.: a fixed point p € L% corresponds to a super
null line Cp° c €412 and furthermore, a fixed point (z,n,60) € C4'2 corresponds to a

holomorphic embedding of Y, 9 = L£°. To see that €,/ is null, we solve

Z&) _ (xad_eia a))\(a) ’UJ?;) _ (xad_i_eia a)lugz)’

@ , _ (IV.16)
0 = A, by = el
for a generic p € £°15,
Z’ad _ i’ad + 5,uaa o'za + 5i)\da éia + Eiluaa ﬁ?,
T E TN T ST T (1V.17)
77? = 77;1"‘5@ ?a)? 0" = Hla_'_gllu?a)v
where €, &; and &' are arbitrary. Here, (& O“’,ﬁf‘,ﬁm) denotes a particular solution to

(IV.16). This shows that C},'G is null. Hence, £°% is the space of all super null lines in
iz,

§IV.2 Remark. Though we are mainly interested in A/ = 3, let us again stick to generic
values of V. In Secs. I.1 and L.3, we have seen that the supertwistor space PV is an
open subset in CP3V describing small deformations of the Riemann sphere CP! inside
CP3W . In fact, a similar argument can be given for £°*V. Let us consider the following

sequence of embeddings:

Yy & LIV o, p3IV « p3WV, (IV.18)
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Then we have an exact sequence
00— N — Ny — @ Npsonv — 0, (IV.19)

where Ny is the normal sheaf of Y in P3V x P2 and Ny sn that of L%V in P3V x P2V,

In particular, we have
Ny = priP*™ @ pry IV,
QO*N]LSDN = Oy(l, 1).
Here, pry are again the two projections from ¥ = CP! x CP}! to the first and second
factors and Oy (1,1) is the sheaf of sections of the divisor line bundle of the diagonal

CP' C Y. Thus, N denotes the normal sheaf of Y in LV, In fact, £*V is a rank 3|2\

holomorphic vector bundle over Y and moreover, N 2 £%*V Hence,
0 — LV = priPV @pr PV 0y(1,1) — 0. (IV.20)
The sequence (IV.20) induces a long exact cohomology sequence

0 — H(Y,L'™) — H(Y,Ny) & H(Y,0y(1,1)) —

(IV.21)
— HYY, LMY — HYY,Ny) — HYY,0y(1,1)) — ---

As before, we let 74 and p, be homogeneous coordinates on Y. An element of H°(Y, Ny)
is described by a 4|2N-tuple (2%, w®, n;,0"), where 2% and w® are even homogeneous
bidegree (1, 0) respectively, bidegree (0, 1) polynomials in (7, po) while 7; and 6" are odd
polynomials of bidegree (1,0) and (0, 1), respectively. The map

Kk H(Y,Ny) — H°(Y,Oy(1,1))

is then given by
ko (2% w0, 00) — 2%ps — w4 20 (IV.22)

Clearly, this mapping is surjective. Hence, the sequence (IV.21) splits to give a short

exact sequence

0 — HY, LMY — H(Y,Ny) — H(Y,0¢(1,1)) — 0. (IV.23)
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Using Kiinneth’s formula!, one readily verifies that

HO(Y, Oy (m,n)) = ¢mtbntl

(IV.24)
H'(Y,Oy(m,n)) = 0
for m,n > 0. By virtue of (IV.23), we therefore find
HO(Y, LoV = ¢V, (IV.25)

Similarly, one may show that H'(Y, L%*V) =0 (cf. Eqs (IV.24)).

§1V.3 Penrose-Ward transform. After having presented the setup, we shall now come
to the description of N' = 3 SYM theory. For this, we consider the double fibration (IV.14)
together with a rank r holomorphic vector bundle & — £°/% which is characterized by the
transition functions f = {fus} and its pull-back 7i€ to the supermanifold F%1'2. We
denote again the pulled-back transition functions by the same letter f. By definition of
a pull-back, the transition functions f are constant along m; : FO'2 — £56. The relative
tangent sheaf .7 := (Q(F?I6) /71 QL (L506))* is of rank 1|6 and freely generated by

_ o & i \& i (@) _  a
D(a) = /,L(a) (a)aad, D(a) = )\(a)Dd and D == :u(a)DiOé’ (IV26)

where 0,4 := 0/02*% and
Dé = 8,11 + eiaﬁad and Di, = aia + nidaada (IV27>

with &% := 9/dn® and 9;, := 9/00". Hence, the transition functions of ;& are annihi-
lated by the vector fields (IV.26). Clearly, they are also annihilated by 0.

Next we want to assume that the vector bundle & — £°¢ is smoothly trivial and in
addition C*'-trivial, i.e., holomorphically trivial when restricted to any submanifold?
Yine — L6 Together, these conditions imply that there exist some ¢ = {¥,} €
C"(20, &), which define trivializations of i€, such that f = {f,} can be decomposed as

fav = g (IV.28)

'Recall the following fact. Let & be a holomorphic vector bundle over X; for i = 1,2. Furthermore,

denote the two projections from X = X; x Xo to X; by pr; and consider the bundle £ = pri&; @ pr5&s.

Kiinneth’s formula then says:

HY(X,€) = @ HP(X1,6&) @ HY(X,,E).
pta=Fk

2See also Prop. L.4.
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and
O, = 0. (IV.29)

In particular, ¥, depends holomorphically on A\, and j,. Applying the vector fields (IV.26)
to (IV.28), we realize that by virtue of an extension of Liouville’s theorem to CP! x CP}

the expressions

YaDty' = 4Dty !, YaDigts' = tDigyt. Dv;t = DIV

must be at most linear in A,y and ji(,). Therefore, we may introduce a relative connection
one-form Az € T'(F12 QL (F12) @ End 7;€) such that

DAzl = Aw = VoDt = pinAAcs

D' Az, = Ay = baDigvs' = NpAe, (IV.30)
DisAzly, = AY = v, Dy = ply Ao,

and hence .
1y AMa) (Oac + Aaa)Va =
((Di + ALtba =
fi(ay(Dia + Aia)tha =
Ortha =
The compatibility conditions for the linear system (IV.31

(IV.31)

c o o ©

read as

~—

{vidvvé‘)} = 07
{Vita: Vip)} = 0, (IV.32)
{Via, VI} =261V = 0,

where we have introduced
Vg = D; —+ Ag, vz’a = Dm + .Am and Vad = &m + Aad- (IV33)

Eqgs. (IV.32) are the constraint equations of N' =3 SYM theory.
Next let us discuss how to obtain the functions v, in (IV.31) from a given gauge

potential. Formally, a solution is given by

Yo = Pexp (— [g A). (IV.34)
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Here, “P” denotes the path-ordering symbol and
A = E*Aye + ESAL + B A, (IV.35)
where the basis (E°%, E¢, E*) is dual to (a4, D%, Dia). It is explicitly given by

E* = da®* + ptde’ + 0 dn, EY = dpf  and B = d6™.  (IV.36)

(2

The contour ¥ is a any real curve within a superlight-ray C'¢ from a point (&, 7, é) to a
point (z,n,0), with
SCOCC.Y(S) = fc.m + 5(5H?a)A?a) —Egik?a)emf 5ZM‘(xa)'77?)a (IV.37)
0 (s) = 0y +seiNy,  07(s) = 0+ suiy,
for s € [0, 1]; the choice of the contour plays no role, since the curvature is zero when
restricted to the superlight-ray. Furthermore, (g, ¢;,¢") are some free parameters.
Before discussing the superfield expansions of the above gauge potentials, let us say
a few words about reality conditions. So far, we have entirely worked in a complex
setting. However, we eventually want to discuss real N' = 3 SYM theory on Minkowski
space. In order to achieve this, we need to extend our in §1.20 introduced antiholomorphic

involution 7y, to 7€ — FOI12 that is, we have to require
1 ) )

fly = fa,  fli=fu  and  fly = fo (IV.38)

on appropriate intersections. In these equations, we have used the shorthand notation
£ = [fa(mas(--))]!. Upon imposing (IV.38), we find

O = ort, Wb =t and ) = ! (IV.39)

and hence,
(A = Ay = A
(ALY = —Al = AL (IV.40)
i (Aia) = —Ag = A,
as desired. In this case, the gauge group GL(r,C) is reduced to the unitary group U(r)
and as we have seen in §I1.5, the additional requirement det(f) = 1 yields SU(r).



IV.1 N = 3 super Yang-Mills theory 93

§IV.4 Remark. If f = {f;} is independent of say i, then one may assume without
loss of generality that fio = f3s = 1, and fi3 = fou = fy_ (29N, A, nfAL) [235]. All
other transition functions are obtained from those by virtue of the cocycle conditions.
In this case, the linear system (IV.31) reduces to that of self-dual SYM theory given in
(I1.16). Hence, by assuming that all transition function are independent of 1), one ends
up with self-dual SYM theory. Similarly, by imposing independence of A(,), one eventually

obtains the anti-self-dual SYM equations.

8IV.5 Field expansions, field equations and action functional. Let us now show
that the constraint equations (IV.32) imply the equations of motion of ' = 3 SYM theory
(and vice versa). The analysis is, however, basically the same as the one given in §I1.6,
for instance. Therefore, we shall be rather brief and merely quote results. More details

about the derivation can be found in Harnad et al. [109, 110, 111].
Egs. (IV.32) can be formally solved according to

(ViV} = 26,5605,

{viaavjﬁ} = 2€aﬁ€ijkwk, (IV41)
{Vie, VI} = 26!V 44

It follows then from Bianchi identities that the odd spinor superfields are given by

¢a = %viawiv
’l/)d = lV;VVZa
° ) (IV.42)
Xia = _Eeaﬁ[vada Vlﬁ]a
Xo = —567Vaa, Vi,
As before, one imposes the transversal gauge condition
AL + 00 A, = 0 (IV.43)

to remove superfluous gauge degrees of freedom associated with the odd coordinates. This

time, the recursion operator takes the form

7 = VL +0Vie = 080, 4 0. (IV.44)
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With the help of Bianchi identities one may prove the following recursion relations:

DA = —€apl’xi5+ edﬁ-nfxfl,
(14 D)A, = 2,651 W + 20 Ao,
1+ 2)A,, = 2€a5€ijk9jﬁwk + an‘Aad,
IW; = 10s + et xE,

DW= 04 + P N, (IV.45)

J

Dy = eaﬁeijkOiﬁ[Wj,Wk] + 209V 0 W,

Dibs = €ap€7" 0] W5, W] + 20V s W,
@Xi = —2€ijknfvade + 29iﬁfaﬁ + eagﬁjﬁ(éj- [Wk, Wk] — Q[Wj, WZ]),

«

Dxia = =207V aaWF + 200 fo5 + sl (87 Wi, WH] — 2]W7, W),

where again f,s (respectively, f,;) represents the self-dual (respectively, anti-self-dual)
part of the field strength. Note that these equations resemble the supersymmetry trans-
formations, but nevertheless they should not be confused with them. Now one can start to
iterate these equations to obtain all the superfields order by order in the odd coordinates.

Using formulas similar to Eqgs. (I1.33) and (I1.34), one eventually finds:

AL = s i W+ 0 Ao + 2egge T nl —
4 ia, B0 | 2 jo, B2 2 iapiB2
— —Ed'e 77‘Xa+‘€a'9 U'Xa——Eaﬁe f Xia +
e e e : (1V 46)
Ain = eap€iji*WF + 102 Aus + geageijké’]ﬁé’mw,y +

4 L2 o 9 ..o 9 . B0
+ 3€apt’ i X ja — Seapt? 0 Xip — Segmini X + -

Upon substituting these expansions into the constraint equations (IV.41), we obtain the
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equations of motion of N' =3 SYM theory

o o

Eaﬁvaa@% + [iza?ﬁ/z] =0,

Cdﬁ.%adﬂzﬁ' LW = 0,

Eaﬁ%aa?ﬁ + [?o(iaa ﬁ/k]eijk - [taju V?/j] = 0,

Edﬁ.%ad%jﬁ' [V WHeige — [0 W] = 0,

O+ [IW, W51, W] = JIWE, W, W) + 369 (0, ) — heine™ (36, X5} = 0,

OW7 + [[Wa, WL, W — L[[W,, W, W)+ LN py} — L P Iy Xps) = 0,

4

€OV as fay + €Voaf 50+ X5 Xus ) + {0y 03} + W, Vg Wil + W, Vs W = 0,
(IvV.47)
where we have defined
O = 3¢V Vg5 (IV.48)

It can now be shown by induction and with the help of the recursion operator & that
Egs. (IV.47) are in one-to-one correspondence with the constraint equations (IV.41). For
details, see [109, 110, 111].

Finally, it remains to give an appropriate action functional producing the equations
of motion (IV.47). A straightforward calculation reveals that they can be obtained by
varying

o o

S = / Az tr { Fasf®? + Fagf + XV aaxd + 2WOW, + WX, 00} +
+ W Xie ¥} + Sesn{Xh, XYW + %éﬂ"f{iid,iﬁ}wk — (IV.49)
- [Wiv Wj][ij WZ] + %[W“ WZ] [Wj’ W]]} .

§IV.6 HCS theory on £°%, Using the Dolbeault approach to holomorphic vector bun-
dles, we gave the twistor interpretation of Siegel’s action functional of N' = 4 self-dual
SYM theory in §IL1.7. It turned out to be the action functional of hCS theory on super-
twistor space P3*. The existence of an appropriate action principle on P3* was due to
the formal Calabi-Yau property of the latter. As we have seen, also superambitwistor
space L6 is a formal Calabi-Yau supermanifold. Thus, there is a globally well-defined

nowhere vanishing holomorphic volume form. On the patch W, C £ it is given by

Al — (—)Le] d®2(0) A Pw(ayd* 1y d*0(a) IV 50
e = 5= T @ o @ L op @ (IV.50)
€ 2y Pa’ — W T, + 29(@772-
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where € is any contour encircling £5/6 «— P38 x PP and d?z(q) = dz(la) A dzfa) A dzf’a),
etc. The problem which prevents us from writing down an action functional like (I1.59)
is the “wrong” dimensionality of superambitwistor space: the holomorphic volume form
(IV.26) is a form of type (5|6, 0) while the Chern-Simons form is of type (0, 3|0), as one is
again interested in a subsupermanifold Y C £°/% determined by 772-(“) =0= G_éa). Thus, in
total one obtains a form of type (5|6, 3|0) which, of course, cannot be integrated over ).

In order to circumvent this problem, Mason et al. [177] (cf. also Ref. [176]) proposed
to instead consider a real codimension 2|0 CR supermanifold® in superambitwistor space.
Their construction is based on an Euclidean signature as for Minkowski signature the
CR supermanifold under consideration will no longer be smooth but have singularities.
In this setting it is, however, possible to use the holomorphic volume form (IV.50) to
give an action functional for phCS theory (see also our discussion given in Sec. II1.2)
reproducing the action functional of N' = 3 SYM theory. Though their construction
works for an Euclidean setting, it remains an open question to find an appropriate twistor
interpretation of (IV.49) in the case of Minkowski signature.

8IV.7 Summary. Let us now summarize:

Theorem IV.1. There is a one-to-one correspondence between gauge equivalence classes
of local solutions to the N' =3 SYM equations on four-dimensional Minkowsk: space and
equivalence classes of holomorphic vector bundles € over superambitwistor space L% which

are smoothly trivial and holomorphically trivial on any submanifold (CP' x CPL), .9 —

ol

If we let HL,, (£ &) be the moduli space of hCS theory on £ for vector bundles

£ smoothly equivalent to £, we may equivalently write
Hio (£7°,8) = MG, (IV.51)

where M{553 denotes the moduli space of ' = 3 SYM theory. The latter is obtained
from the solution space by quotiening with respect to the group of gauge transformations.
8IV.8 Remark. In Chap. III, we have described the dimensional reduction of the su-
pertwistor space and obtained the mini-supertwistor space. In this setting, we established
a correspondence between hBF theory on mini-supertwistor space and a supersymmet-

ric Bogomolny model in three dimensions. As for this model, which was obtained by a

3For a definition of a CR supermanifold, see Sec. IIL.1.
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dimensional reduction of A/ = 4 self-dual SYM theory, one can establish a twistor corre-
spondence for the full N' = 6 (respectively, N' = 8) SYM theory in three dimensions by

using a dimensional reduction of £°°. In fact, one can establish:

Fol12

o
L300

\ Fol12

SN

416 312

42
(IV.52)

The details about this correspondence, the construction of the field equations, etc. can
be found in [220, 221].

IV.2 THICKENINGS AND N < 3 SUPER YANG-MILLS THEORY

For the sake of completeness, we shall now briefly talk about SYM theories with less
supersymmetry, that is, for N’ < 3. In order to discuss them, we first need the notion of
formal neighborhoods. This will then allow us to provide a twistor formulation of these
theories. However, we stress in advance that we will not prove any of the subsequent

statements but rather quote results.

8IV.9 Formal neighborhoods. Let X be a complex supermanifold and Y a
sub(super)manifold.  Furthermore, let Z be the ideal subsheaf of all holomorphic

functions in Ox which vanish on Y. Then we have a short exact sequence of sheaves
0 - 7Z — Ox — Ox/T — 0 (IV.53)

on X. The sheaf Ox/Z can then be identified with Oy . Generally speaking, there is an

isomorphism

Oxly & Ox/I®IZ/T*0T*)TP®--- (IV.54)

given by the Taylor expansion of a germ of f at any point of Y. Note that Z/Z? can be
identified with the conormal sheaf of Y in X.

Next we define

oW .= Oy /" (IV.55)
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Then (Y, ng )} is called the k-th formal neighborhood of ¥ in X. Note that (’)§f ) can be

expanded according to
oY ~ oy TeT/PeT? /TP @ - &I/, (IV.56)

Putting it differently, the k-th formal neighborhood contains formal Taylor expansions in
the normal sheaf direction up to order k.
§IV.10 Manin’s theorem for N' < 3 SYM theory. Let us consider the double fibra-

tion
IFGMJ\/'

w/ \712 (IV.57)
]L5\2/\/' M4\4/\/'

as introduced in §1.13. Then we may state the following theorem [169]:

Theorem IV.2. Let U be an open subset of MU such that any null line intersects U
i a simply connected set. Then there is a one-to-one correspondence between equivalence
classes of U-trivial holomorphic vector bundles which admit an extension to a (3 — N')-th

formal neighborhood of L5V in P3W x PN and gauge equivalence classes of solutions
to the N -extended SYM equations on U.

Details about the proof can be found in [169]. Furthermore, related aspects such as

superfield expansions, etc., are discussed in Refs. [93, 111].



CHAPTER V

HIDDEN SYMMETRIES IN SELF-DUAL SUPER

YANG-MILLS THEORY

The purpose of this chapter is the discussion of hidden infinite-dimensional symmetry
algebras in NV -extended self-dual SYM theory. The main tools we shall be using are built

upon the twistor correspondence, which we established in Chap. II.

Since Pohlmeyer’s work [196], it has been known that self-dual YM theory possess
infinitely many hidden nonlocal symmetries and hence infinitely many conserved nonlocal
charges. As was shown in [70, 71, 72, 241, 82, 76], these symmetries are affine extensions of
internal symmetries with an underlying Kac-Moody structure. For a review on that mat-
ter, we refer also to [83]. Furthermore, in [200] affine extensions of conformal symmetries
have been found. As a result, certain Kac-Moody-Virasoro-type algebras associated with
space-time symmetries were obtained. A systematic investigation of symmetries based on
twistor theory and on Cech and Dolbeault cohomology methods was performed in [202]
(see also Refs. [203, 127] and the book [174]). Therein, all symmetries of the self-dual

YM equations were derived.

One of the goals of this chapter is a generalization of the above symmetries to the
self-dual SYM equations. The subsequent discussion is based on [266, 267]. In particular,
we will consider perturbations of transition functions of holomorphic vector bundles over
supertwistor space. Using the Penrose-Ward transform, we relate these perturbations to
symmetries of M -extended self-dual SYM theory. After some general words on hidden
symmetry algebras, we exemplify our discussion by constructing Kac-Moody symmetries
which come from affine extensions of internal symmetries. Furthermore, we also consider
affine extensions of the superconformal algebra resulting in super Kac-Moody-Virasoro-

type symmetries. Moreover, by focussing on certain Abelian subalgebras of the affinely
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extended superconformal algebra, we introduce supermanifolds which we call generalized
supertwistor spaces. These spaces then allow us to introduce so-called hierarchies which
describe sets of graded Abelian symmetries. This generalizes the results known for self-
dual YM theory [172, 237, 173, 4, 174, 129]. We remark that such symmetries of the latter
theory are intimately connected with one-loop maximally helicity violating amplitudes
24, 67, 68, 217, 106].

V.1 HOLOMORPHICITY AND SYMMETRIES

As indicated, the key idea for studying symmetries within the supertwistor framework is,
for a given Stein covering i = {U,} of supertwistor space P3NV to consider infinitesimal
deformations of the transition functions f = {f,,} € H' (P, §) of some smoothly trivial
rank 7 holomorphic vector bundle £ over P**V which in addition is C*?V- (respectively,
R42N_) trivial.! Recall that $ = GL(r, Opsiv). Generically, an infinitesimal deformation

looks as
fe= = f+of — fao = fao = fab+0fap: (V.1)

Clearly, such perturbations have to obey certain criteria:

e They must be holomorphic and moreover preserve the cocycle conditions, that is,
fr=Afy) € H'(PW,.9).

e They must preserve the holomorphic triviality on any (DPmlRm s PN,

e In case one is interested in real YM fields, they must in addition respect the reality

conditions induced by the antiholomorphic involution 75 introduced in §1.19.

The first point is not really a restriction. Remember that in Chaps. I and II we have

733\]\/

seen that there exists a two-set Stein covering of . Therefore, no cocycle conditions

appear when working with this covering.? The second point deserves some discussion.
Besides H'(P*W, §), consider the Abelian group (by addition) H'(P3W, Lie §)), where

Lie ) := gl(r, Opsn). This group parametrizes infinitesimal deformations of the trivial

'In §I11.21, we have already used the idea of infinitesimal deformations for the construction of solutions
to the equations of motion of the supersymmetrized Bogomolny model. Here, we are going to formalize

the things used in that paragraph.
2In priniciple, there are transformations which can change the cover. Then one needs to consider the

common refinement. For details, see [202]. In the sequel, we shall only be interested in deformations

which preserve the chosen cover.



V.1 Holomorphicity and symmetries 101

bundle &.* Furthermore, dimg H' (P, Lie$)) = oo, that is, in an arbitrarily small
neighborhood of the trivial bundle & there exists an infinite number of holomorphically
nontrivial bundles €. If we let H'(CP;,,, LieH¢p ) be the restriction of the coho-

mology group H'(P3W Lie$) to CP) , < P for some fixed (xg,n) € C1*V, then
HY(CP!

e 1€ epy ,) parametrizes infinitesimal deformations of & restricted to CP}

Ry
However,

H'(CP,, , LieHop ) = 0
which follows from the vanishing of H'(CP', Ogp1). This in turn implies that small
enough deformations do not change the trivializability of £ over (DP;}W7 «— P3NV In fact,
this is a version of the Kodaira-Spencer-Nirenberg theorem [137]. Therefore, point two
from the above list is likewise no restriction on the allowed perturbations. Altogether,
any infinitesimal holomorphic deformation is allowed. The only restriction one has to
implement is point three from the above list. If not otherwise stated, we shall always
assume that our deformations are compatible with the reality conditions.

§V.1 Kac-Moody symmetries. Let us consider the nonholomorphic fibration P3% —
R*?V given by (I1.42). Choose again the canonical cover $ = {U,U_} of the supertwistor
space. Given a smoothly and R*?V-trivial rank r holomorphic vector bundle & — P3V,
we define an action of the one-cochain group C*(4, $)) on Z1 (4, §) by

h: feo = h+—f+—h:}w (V.2)

where h = {h, ,h .} € CY(U, ) and [ = {f,_} € Z' (4, $). Obviously, the group
CY(81,9) acts transitively on Z'(4, $), since for an arbitrary Cech one-cocycle f €
ZY(U, ) one can find an h € C*(U, §) such that f_ =h, h-} and f . =h_h;"'. The
stabilizer of the trivial Cech one-cocycle, given by f = {1,}, is the subgroup

CAL$) = {he C'(8,H) | he = h 4} (V.3)
implying that Z'(4, ) can be identified with the coset
7N, 9) = CHU, $H)/CAL, $H). (V.4)
Then the moduli space H 1(793W ,$) is given by a double coset space

HY(PW . 6) = CO%U, H\CHEL H)/CLLL, H), (V.5)

3Note that infinitesimal deformations of an arbitrary holomorphic vector bundle & — X are
parametrized by H'(X,End€).
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where the zero-cochain group acts according to
h: foe = hyfy BT (V.6)

with b = {h,,h_} € C°(U, 9).

Let us now study infinitesimal deformations of the transition function f = {f,_}.
Recalling the definition & = GL(r, Spsiv), we introduce the subsheaves f C & and
LieP C Lie & consisting of those G L(r, C)-valued, respectively, gl(r, C)-valued smooth
functions which are holomorphic in AL. We have a natural infinitesimal action of the
group C'(44, $) on the space Z'(4, $H) which is induced by the linearization of (V.2).
That is, we get

Ofs— = Ohyfro — f1-0h_, (V.7)

where 6h = {dhy_,0h_,} € CY(U,Lie§) and f = {f,_} € Z}(4, $). Then we introduce

a gl(r, C)-valued function

G = e (OffiW = V(6 fo vt (V.8)

where ¢ = {1, ,1_} € CO(,B) and f,_ = ", as before. From Eq. (V.7) it is then

immediate that
O = —p_s.

Moreover, ¢, _ is annihilated by the vector field 05, . Thus, it defines an element ¢ =
{¢p, } € Z'(U, LieR). However, any one-cocycle with values in the sheaf Lie’] is a
one-coboundary since H'(P?*W Lie) 22 0. This is an immediate consequence of the

vanishing of H'(CP!, O¢p1) and of the acyclicity of the sheaf Spsn. Therefore, we have
Oy = Oy — 9, (V_9)
where ¢ = {¢,,¢_} € C°(4, LieP). Linearizing f, ="', we obtain
0fy- = f+—¢:15¢— —¢;15¢+f+—
and hence by virtue of Egs. (V.8) and (V.9) we find
0y = —@ithy. (V.10)

In summary, given some 6h = {06h, _,0h_,} € C'(4, Lie§)) one derives via (V.7)—(V.9)

the perturbations 0¢.. Moreover, we point out that finding such ¢, means to solve
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the infinitesimal variant of the Riemann-Hilbert problem. Obviously, the splitting (V.9),
(V.10) and hence solutions to the Riemann-Hilbert problem are not unique, as we certainly
have the freedom to consider a new qg shifted by functions wy, <;~Si = ¢4+ + w4, such that
wy = w_ on the intersection U, NU_, that is, w € Z°(4, LieP) = HO(PW | LieP).

Furthermore, infinitesimal variations of the linear system (I11.49) yield

SAE = S VEYT 4 VESYT,

, .y y (V.11)
OAL = 0P Vivs + e Vioys'.
Substituting (V.10) into these equations, we arrive at
SAT = VEig. and  0AL = Vig.. (V.12)
Here, we have introduced the definitions
Vi = Vi+AE  and VL = VI+ AL (V.13)

Note that (V.13) acts adjointly in (V.12). Therefore, (V.12) together with (V.9) imply
that
Vip, =0 and Vig, = 0. (V.14)

One may easily check that the choice ¢o = 11 x+1", where x = {x4, x_} € C°(4, Lie §),
implies 64,4 = 0 and A% = 0, respectively. Hence, such ¢ define trivial perturbations.

On the other hand, infinitesimal gauge transformations of the form
6Aws = VEw and  0A, = Viw,

where w is some smooth su(r)-valued function on R**V imply (for irreducible gauge

potentials) that

¢i = Ww.
Hence, such ¢ do not depend on A.. In particular, we have ¢, = 0 and hence 6 f, _ = 0.
Finally, we obtain the formulas
I Vi, o Vi,
0Ane = =— ¢ d\, —=—= d 0AL = — ¢ dA . V.15
A ori ]{g LDV A = on 7{5 TN (V-15)

where the contour ¢ = {\; € CP'||\,| = 1} encircles A, = 0. We see that generically

the outcome of the transformation 0.4 is a highly nonlocal expression depending on A,
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i.e., we may write A = F[A,0A,..], where F' is a functional whose explicit form is
determined by ¢

Summarizing, to any infinitesimal deformation, f +— f+df, of the transition function
f we have associated a symmetry transformation A — A + §A, that is, solutions to
the linearized N -extended self-dual SYM equations. In fact, we have obtained a one-
to-one correspondence between equivalence classes of deformations of holomorphic vector
bundles over supertwistor space which are subject to certain triviality conditions and
gauge equivalence classes of solutions to the linearized field equations of A -extended
SYM theory. Putting it differently, our above discussion represents the “infinitesimal”
version of Thm. I1.2.
§V.2 Virasoro-type symmetries. Above we have introduced Kac-Moody symmetries
which were generated by the algebra C1(4, Lie ). In this paragraph we focus on sym-
metries, which are related to the group of local biholomorphisms of supertwistor space
P3N We shall only be interested in this subgroup of the diffeomorphism group of P3W
as generic local diffeomorphisms would change the complex structure of the supertwistor
space. However, this in turn would induce a change of the conformal structure and a
metric on R**V as was demonstrated in the purely even setting by Penrose [191] and
Atiyah et al. [21]. As we want to discuss symmetries of the self-dual SYM equations
on R*, we need to consider those diffeomorphisms which preserve the complex structure,
that is, biholomorphisms. Let us denote the group of local biholomorphisms by Hpsjx .
Furthermore, we are again choosing the canonical cover 4 = {U,,U_} of P together
with the coordinates (Z1) = (2¢, 23, nF). On the intersection U, NU_, they are related

by transition functions ¢ = {t{ _},
zh = th_(Z7). (V.16)

To Hpsn one associates the algebra CO(U, TP3WV) of zero-cochains on P with values
in the tangent sheaf TP of supertwistor space. In order to define an appropriate
action of CO(U, TP3W), let us first consider the algebra O (8, TP3*) whose elements are

collections of vector fields

X = {xoox—+) = Ao xLLor ), (V.17)

where we have abbreviated 97 := 9/0ZL. In particular, y,_ and y_, are elements of

the algebra TP3N e, v of holomorphic vector fields on the intersection Uy NU_. Thus,
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CHU, TPV can be decomposed according to
CH U, TPW) = TPW) e @ TP |y, (V.18)

Kodaira-Spencer deformation theory [137] then tells us that the algebra C*(Ll, TP3V)

acts on the transition functions tZ

' _ according to

St =t ort (V.19)
which can equivalently be rewritten as
Sty = St _0f = 4o — x4 (V.20)
Consider a subalgebra
CAlL TPH) = {x € CHUTP™) | xso = x4} (V.21)
of the algebra C*(U, TP*V). Then the space
2N, TPW) = {x € CHUTPW) [ xom = —x 1} (V.22)
is given by the quotient
ZH U, TP = oy, TPy ek (U, TPVY). (V.23)

We stress that the transformations (V.19) change the complex structure of P3WV if v, _ #
X+ — X—, where {x.,x_} € CO(U, TP*W). Therefore,

HY (PP, TPW) = 21, TPN) /OO, TP*Y) (V.24)

is the tangent space (at a chosen complex structure) of the moduli space of deformations
of the complex structure on P3W.
According to (V.20), we may define an action of the algebra C*(U, TP3*) on the

transition functions f = {f,_} of holomorphic vector bundles over supertwistor space by

0f— = Xo—(fr) = x4 (f4-)- (V.25)

However, as we have just seen, such transformations may change the complex structure
on P3W. Therefore, we let the algebra CO(U, TP3V) act ont = {tL_} and f = {f,_} via

COUTPV) 3 {xex-} = {xs — x—x- — x4} € CHELTPWY) (V.26)
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together with Egs. (V.20) and (V.25), i.e.,

Oli— = X+ — X-—
0fr— = x+(f+-) — x-(f+-)

These transformations do preserve the complex structure on supertwistor space.

(V.27)

After this digression, we may now follow the lines presented in §V.1 to arrive at the
formulas (V.15) for symmetries. We shall not repeat the argumentation at this point.
We refer to symmetries obtained in this way as Virasoro-type symmetries since they are
associated with the group of local biholomorphisms.

§V.3 All symmetries. With the help of Cech cohomology and the Penrose-Ward trans-
form, we have shown how Kac-Moody and Virasoro-type symmetries in M -extended self-
dual SYM theory arise. In the next paragraph, we will make the symmetry algebras more
transparent by proving a theorem relating certain deformation algebras on the twistor side
to symmetry algebras on the self-dual SYM side. Furthermore, in Sec. V.2 we then give
explicit examples of symmetry transformations and corresponding symmetry algebras.
Before dealing with these issues, however, let us summarize our preceding discussion. In
fact, above we have given all possible continuous symmetry transformations acting on the
solution space of the equations of motion of self-dual SYM theory. If we let 34 = {U,, U_}
be the canonical cover of the supertwistor space P, § = GL(r, Opsiv) and Hpsx be
the group of local biholomorphisms of P3 associated with the algebra C°(, TP3V), we

may state the following result:

Theorem V.1. The full group of continuous (symmetry) transformations acting on the
space ZY (4, ) of smoothly and RY¥*N -trivial holomorphic vector bundles & — PV of
rank v 1s a semidirect product

HPS\N X Cl (ﬂ, 5’:))

By wvirtue of the Penrose-Ward transform, one obtains a corresponding group action on

the solution space of N -extended self-dual SYM theory in four dimensions.

A proof of this theorem (for A/ = 0) can be found in Ref. [202]. The argumentation for
N > 0 goes along similar lines.

8V.4 General symmetry algebras. So far, we have worked within a quite abstract
scheme. Let us now present a more concrete relationship between certain deformation

algebras and hidden symmetry algebras [267]. Suppose we are given some indexed set
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{01} of infinitesimal variations &;f of the transition function f = {f,_} of our holo-
morphic vector bundle £ over supertwistor space. Suppose further that the d;s satisfy a

deformation algebra of the form
01,0,y = f1,"0k, (V.28)
where generically fr,% € C'(4, Opsn), with
fr = == f,
and |-, -} denotes the supercommutator.

Theorem V.2. Given a deformation algebra of the form (V.28) with constant fr,~ € C,
the corresponding symmetry algebra on the gauge theory side has exactly the same form

modulo possible gauge transformations.

Putting it differently, the linearized Penrose-Ward transform is, besides being an isomor-
phism between the tangent spaces of the moduli spaces H%o,l(P?’W ,€) and M/S\If)YM (see

also Thm. I1.2.), a Lie algebra homomorphism. Let us now prove the theorem.

Proof: Let & — P3N be a smoothly and R4?V_trivial holomorphic vector bundle of rank
7. Recall that the transition function f = {fi_} € H'(PW, §) can be split according to

f+— = ¢;17,Z)—, with TIZ) = {¢+7¢—} € Co(u7 "B) Consider
[01,82) = ()PPl 07 [57,6,},

where e/ and ¢’ are the infinitesimal parameters of the transformations §; and ds, respectively.

By virtue of (V.12), we may write
[51,52]A:|: = (51(A:|: + 52Ai) — Ay — 52(A:|: + 51A:|:) + 09 A4,

where Ay stands symbolically for both components AX = AEAps and A = X2 Ags. Then one

easily checks that

[61,09]Ax = ViXiio, with Si1e = 6161 — S0 + [¢L, 93],

where Vi represents any of the covariant derivatives given in (V.13). Note that we use the
notation ¢ = e/ ¢,; and similarly for 2. Hence, Y119 = (—)PP7el 0/ ¥4 ;. Next one considers

the commutator

[61,00]f4— = O1(fo— +02fy—) = O1fy —0a(fy— +01fso) + 02 fr.
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Using definition (V.8) and the resulting splitting (V.9) for the deformations d; 2 f1_, one obtains

after some tedious but straightforward algebraic manipulations

[01,82) f4— = 7' (S412 — Bo12)th,

where Y419 has been introduced above. By assumption, it must also be equal to

[61,02]f+— = 03fr—, with 83 = o’ f1,50k,

ie.,
[01,02]f4— = ¥'(¢% — ¢ ),

where ¢3 = elo’ f; 7 ¢4 k. By comparing this equation with the previously obtained result for

[01,d2] f+—, we may conclude that

Yy = ¢ +wd = ol (fri b +wry)

since by assumption f;;% € C. Here, w? (respectively, wry) belongs to HO(P?’W,Lie B). Thus,

by our above discussion, it represents an infinitesimal gauge transformation. |

Hence, any Lie-algebra type deformation algebra on the twistor side yields by virtue
of the Penrose-Ward transform a symmetry algebra on the gauge theory side being of
the same form. Furthermore, we also realize that if f;,* € CH (8, Opsin), the algebra on
the gauge theory side will generically no longer close because of the dependence of fr,%
on (z%%,n%) through (2%, z3,nF). In fact, in order to be able to compare Y15 with ¢
(which will no longer be given by e’ o’ f1,% ¢4k ) from the above proof, one has to Laurent-
expand f7; in powers of A.. The resulting coefficient functions will solely depend on
(2%, %) € R*?V'. Therefore, the space-time derivatives appearing in the transformations
(V.12) will destroy the “would be” algebra on the self-dual SYM side. As a matter of
fact, if one allows f;;® to depend only on 23 = A4, no such problems will occur. That
is, the algebra, though modified, will still close. More details about these issues can be
found in the next section when explicitly dealing with affine extensions of superconformal

symmetries.

V.2 EXPLICIT EXAMPLES OF HIDDEN SYMMETRY ALGEBRAS

By now it is clear that self-dual SYM theory possesses infinite-dimensional hidden sym-

metry algebras. To exemplify our discussion, let us now describe some explicit symmetry
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algebras. We begin with affine extensions of internal symmetries and afterwards discuss
affine extensions related to space-time symmetries. As before, we consider a smoothly
and R*?*N_trivial rank r holomorphic vector bundle € over supertwistor space, the lat-
ter being covered by U = {U,,U_}. The transition function of £ is again given by
F={fe} = {00}, with § = {14, 0} € CO(8L, ).

8V.5 Kac-Moody symmetries. The prime example is Kac-Moody symmetries asso-

ciated with internal symmetries. Let X; be any generator of the gauge group su(r) with
[Xn, X)) = fi" Xk, (V.29)

where the f;;%s are the structure constants of su(r). Then we may define the following

infinitesimal deformation
0 fre = %()\T + (=2)™)[Xy, f+-] for m € Ny. (V.30)

It is clearly a holomorphic deformation and moreover, one may readily check that it
preserves the reality condition (I1.23). Notice that by comparing with Eq. (V.7), we see
that

0 hie = 07hoy = (N7 + (=A)™)X;

define one-cochains 67'h € C(U, Lie ). For m = 0, the transformations of the compo-
nents of the gauge potential turn out to be (after properly fixing the freedom in solving
the infinitesimal Riemann-Hilbert problem; cf. Eq. (V.37))

NAws = [X1, Aua]  and  6QAL = [X;, AL (V.31)

Thus, they represent an internal symmetry transformation. Then a short calculation

reveals that
0,05 = LS 4 (—)rae ™, (V.32)

which is the analytic half of a centerless Kac-Moody algebra 511/(7"\) One can bring (V.32)

in a more familiar form as follows. Define A% := §? and Al := §}. Furthermore, let
AT =) ol (V.33)
k=0

with some (real) coefficients ¢}' to be determined. Next consider

[AT, A = fr AR, (V.34)
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that is, the (m + 1)-th generator is recursively defined by m-th one. Then
(AT AT = fr M AR, (V.35)

for all m,n > 0. In fact, this is a direct consequence of Eq. (V.32) and can be proven
by induction with the help of Jacobi identity for the generators A7'. As this is rather
straightforward, we leave the explicit verification to the interested reader.

Next we need to find — by means of the discussion of the previous section — the action
of 67" for m > 0 on the components A, and A} of the gauge potential. Consider the
function ¢’'_; as defined in (V.8). We obtain

¢T_1 = T1_¢T1
= s NI+ ()X, fro 0Tt = SO + ()™ (X, ¢ty Tt
= =3\ + (A X o + O + (=A)™) X, v o
= T+ (=A)™e% — 5 (AT + (=A)™)2 (V.36)

where in the last step we have introduced the functions ¢Y,; which are solutions of the

Riemann-Hilbert problem for m = 0,

O = X5 euit. (V.37)

As the ¢9 ;s are holomorphic and nonsingular in Ay on their respective domains, we expand

them in powers of A\, on the intersection U, NU_ according to
n 0(n
L= Yo amely (V.38)
n=0

Furthermore, Egs. (V.15) imply

m m(0 m(1 m(0
51 Aai - vai¢+§ )~ va2¢+§) = Vaigb—} )7

- . ; (V.39)
0 Apy = Va2¢+§0) = V0" + V50,

and similarly for A%.
Upon substituting the expansions (V.38) into (V.36), we find the following splitting

of ¢ ; into ¢

[asry

[e.e] m—

o= )AL A E) YA — 4 Yo AT (Vo)

n=0 n—
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Recall that solutions to the Riemann-Hilbert problem are not unique. For instance, we
could have added to ¢''; any smooth function which does not depend on .. But at the
same time we had to add the same function to ¢™;, as well. However, we have learned
that such shifts of “zero-modes” will eventually result in gauge transformations. As we are
not interested in such trivial symmetries, solution (V.40) turns out to be the appropriate
choice. Note that for m = 0, Eq. (V.40) is an identity. Expanding the functions ¢7, in

powers of A\, we obtain for m > 0

m(n (:F)meOi(}n) for n=0
min) . (VA1)

{@mel - Fmel ) — (el for m>0

N[

Note that qﬁgt(l_") = 0 for all n > 0. Combining these expressions with the transfor-
mation laws (V.39), we have thus given the action of §7* on A,s and A%, respectively.

Furthermore, by Thm. V.2. we know that the 0}'s satisty
07,05 = S @R+ () (V.42)

modulo gauge transformations. For an explicit derivation, see also Ref. [266]. Following

the discussion subsequent to (V.32), we eventually arrive at
(AT, AT = AR, (V.43)

for all m,n > 0 modulo gauge transformations. Altogether, we have thus obtained an
infinite-dimensional affine symmetry algebra in A -extended self-dual SYM theory, which

—

is the analytic half of the affine Lie algebra su(r).

8V.6 Virasoro-type symmetries. Let us now discuss affine extensions of superconfor-
mal symmetries. However, we first need some preliminaries. The superconformal group
for N' # 4 is locally isomorphic to a real form of the super matrix group SU(4|N).
In the case of maximal N' = 4 supersymmetries, the supergroup SU(4|4) is not semi-
simple and the superconformal group is considered to be a real form of the semi-simple
part PSU(4|4) € SU(4|4). The generators of the superconformal group are the trans-
lation generators P,g, Qi and @Y%, the dilatation generator D, the generators of special
conformal transformations K4, K and K¢, the rotation generators .J,5 and Jysp. the

generators Rf of the R-symmetry and the generator of the axial symmetry A. The latter
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one is absent in the case of maximal NV = 4 supersymmetries. The superconformal algebra

then takes the following form:

[Pac: Kggl = 3(€aptip + €i5ap) — 1€ap€spD,
{Qias Q4 = —20]Paay,  {K™ KJ} = —20,K°¢,
{Qua, K7} = —26](J." + 101D) — 30067 (1 — 3)A + 50R],
(R, K*] = —(0j K™ — $0;,K™),
[A, K] = —3K', [D,K"] = —3K™,
[Jaﬁ,KW = Jea0yK?,  [Paa, K] = —302Q%

(V.44)

(R}, Qral = 6Qia — 30 Qs

]
]
Qo]
[A Qia] = 3Qia; D, Qia] = 3Qia;
[Jaﬁva] = —36Qis), Qg K] = —305K7,
(Rl Ri] = 6[RI =R, [Jup. "] = —6J5)"
[D, Pag) = Pas,  [D, K] = —K°,
[Jag K] = 350y K, [aps Pyl = =365 Fs

where, as before, parentheses mean normalized symmetrization of the enclosed indices.

As is well known, there is a representation of this algebra in terms of vector fields on the

R4V

anti-chiral superspace according to

Pad - afo'n Qia - 277@ afaa Q?x = aé’n

o ad )R 7
D = —x 8aa_§7h 8(17
Ko = L 0f, + ), .
. . V.45
K = —Lla%id,, K} = (g %+ 1 07),

Jop = 15"?% 853027 Jaﬁ' = (xR €(a 8R +771 Ev(aal>

Rl = 0f0 - olugdi, A = g0k

Infinitesimal transformations of the components A, and A% of the gauge potential

under the action of the superconformal group are given by
onyAaa = Ly Aaa and Oy, AL, = Ly, AL, (V.46)

where N; = Ne49f + N&9% is any generator of the superconformal group, and Ly, is
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the Lie derivative? along the vector field N;. Explicitly, Egs. (V.46) read as

LrpAas = NiAas + Ay NPT 4 ()P ALOR N,

ad 3~ ad

. . o - (V.47)
Ly Ay = NiAg + (<) Ay N7 + AN

It is not too difficult to show that for any generator N; as given in (V.45), the transfor-
mations (V.46) together with (V.47) give a symmetry of the N -extended self-dual SYM
equations (II.17).

So far, we have given the action of the superconformal group on the components of the
gauge potential on Euclidean superspace. The linear system (I1.49) is, however, defined
on the supertwistor space PV . Therefore, the question is how to lift the action of the
superconformal group to supertwistor space but at the same time preserving the linear
system (I1.49). The answer is at hand. By our discussion given in Sec. V.1, we have to

preserve the complex structure on P?**. Recall the diffeomorphism PV =~ R4V x §2.
1R,4‘2N

[a¥)

Complex structures on the body R of are parametrized by a two-sphere S? =

SO(4)/U(2). The latter can be viewed as the complex projective line CP! parametrized
56)

by the coordinates Ay . Then a complex structure J = (7, on R*°, compatible with

(L.75) and (1.79), is given by
s = =il VENL + X0AE), (V.48)

where 7. = (1+ Aij\i)_l. Notice that in the present case the corresponding Kahler two-
form w is anti-self-dual, i.e., its components are of the form w545 = €apJ,5- If we had
chosen the NV-extended anti-self-dual SYM equations from the very beginning, the Kahler
form would have been self-dual. On the two-sphere S? which parametrizes the different
complex structures of R*°, we introduce the standard complex structure J which, for
instance, on the U, patch is given by J ,\3+ =i=-J3 Xf‘*. Thus, the complex structure
on the body R4° x 52 of supertwistor space P** can be taken as J = (7,J).

4Note that the Lie derivative is defined as in the purely even setting. In particular, Lxf = X f
and LxY := [X,Y}, where f is some local function and X,Y are local vector fields. Furthermore, one
requires that £x commutes with the contraction operator. For any differential one-form w = dZ’wy, one

may readily verify the following result:
YiLxw = (—)PXPYX(Y_w)+[Y, X} w.

Letting Y be 9; = 0/0Z%, one sets (Lxw)r := Lxwr := (—)PXP19r .Lxw. The extra sign has been chosen

for convenience.
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Having introduced a complex structure on the even part R x S2 of R4V x 52, we
need to extend the above discussion to the full supertwistor space. In order to define a
complex structure on R**V x 52 recall that only an even amount of supersymmetries is

possible, i.e., N' = 0,2 or 4. Our particular choice of the symplectic Majorana condition

induced by (I.78) allows us to introduce a complex structure on the odd part R%*V similar
to (V.48), that is,
I = —wiag'(A;;Xi + AiX?;). (V.49)

Therefore, J = (7, J,J) will be the proper choice of a complex structure® on supertwistor
space.

We can now answer the initial question: the generators N; given by (V.45) of the
superconformal group should be lifted to vector fields N; = N#49,q + N9 + N 0y, +

7

]Tf?ia;\ . on supertwistor space such that the Lie derivative of the complex structure J

along the lifted vector fields N, vanishes, i.e.,
Lz J = 0. (V.50)

Letting JdB = é—f()ﬁ&i + )\ijﬁ), we can write (V.50) explicitly as
2NLT 4 T, 00,5 N; = T, 00 N7 = 0,

T 00N}, — T.°0,5N], =

TONS — TSN =

5;» Nlde - (_)pljaﬁ.{&éﬁlﬁ.i + <_)pIJ&B8§N?i =

Y

(V.51)

Y

0
0
0
0,
whereas the equations involving J imply that the components Nl)‘i and ]Tf;\i are holomor-

phic in Ay and Ay, respectively. The final expressions for the generators (V.45) lifted to
supertwistor space P3* and obeying (V.51) are

D _ A _ i i
Pad - Pao'm Qia - Qiau Qd - %)

D = D,
Fod K“d+ixa5Zﬁ-d, Kio — K, [}Za - Kf‘+n§ZBd, (V.52)
jocﬁ = Jaﬁj jaﬁ' = Jaﬁ'_%Zaﬁ"

Rl = R, A=A

5Clearly, this choice of the complex structure does not exhaust the space of all admissible complex
structures. However, in the present case it is enough to restrict ourselves to this class of complex struc-

tures. For more details, see [266].
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where
Zyy = EAIATON, £AENTO;, . (V.53)
Now we can give the infinitesimal transformation of ¢ = {1, ,¢_} € C°(U,P) which
participates in (I11.49)

g e = Lygs = Niby, (V.54)

where Ny is any of the generators given in (V.52). It is a straightforward exercise to verify
explicitly that the linear system (I1.49) is invariant under the transformations (V.46) and
(V.54).

Having collected all necessary ingredients, we can now start with constructing affine
symmetry algebras related to superconformal symmetries. In order to keep formulas
simple, we shall in the remainder of this section work in the complexified gauge algebra,
that is, we drop the last point from the list given at the beginning of Sec. V.1. It should
be stressed, however, that the subsequent derivation can be modified for a real gauge

algebra without any problems. Let N; be any vector field of (V.52), with
N1 NJY = fr N, (V.55)

where the f;,;%s are the structure constants of the superconformal group. Then we define

the following perturbation of f = {f;_}:
STy = NPNif_  for  meN,. (V.56)

Note that the antiholomorphic A-derivative appearing in N ; drops out as f,_ is holomor-
phic. Therefore, Eq. (V.56) defines a zero-cochain y = {y.,x_} € C°(U, TP*W) given
by®

X4 = )\TNI\Tpgw and x_ = 0.

Furthermore, one may readily check that
67,05} = (frs" +ngrdf — (=)"""'mg,o1) o5t (V.57)
upon action on f, . Here, we have introduced the shorthand notation

gr = ATINPT (V.58)

6Note that for a real gauge algebra, y_ would not be zero but instead be given by x_ = 7e(x+),

where 7g represents the antiholomorphic involution (I.75) corresponding to Euclidean signature.
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Generally speaking, (V.57) can be seen as a centerless Kac-Moody-Virasoro-type algebra.
Next we need to find the action of §7* on the components A,4 and A%. The derivation

(V.36) gets modified according to

Y= o =0 = )‘T(bg-[ — >\T¢(11, (V.59)
where this time
b= —(N)v:t + (N v s o (V.60)

Clearly, the second term of this expression is A-independent, i.e., it belongs to
HO(P3WV  LieP). In fact, we have simply shifted all the “zero-modes” into ¢° ;. Recall
that such shifts are always possible and eventually result in gauge transformations. Upon
substituting (V.60) into (V.15) and using Eq. (V.38), we find”

NA; = Vaio") = V505,

(V.61)
0 Aw = —Vaid"] + Vasy = 0,

since qb?r(o) = 0. Similar expressions hold for A%. Eq. (V.59) yields, after expanding ¢,

in powers of Ay and comparing with ¢, the following coefficient functions:

0 for n=0
gbm(" and ¢T}n) = qb(l(;nﬂ). (V.62)

o)™ — 0 for n>0

Note that ¢0( " =0 for n > 0. These coefficients together with the integral formulas
(V.15) give the action of 67" on A, and A% according to

m m(0 m(1)
6] Aai = ozi¢ ) = -V 2¢+.§ )

i (V.63)
5?1 a2 — _va1¢ +Va2¢ = 07

and similarly for A%.

Next we are interested in the underlying algebraic structure. Thm. V.2. is not di-
rectly applicable, as we now have to deal with structure functions. Recall that the g;s
appearing in (V.57) are holomorphic functions on U, NU_. However, there are only minor
modifications to be made. In proving Thm. V.2., we have introduced the functions X77;.

Their difference is now given by

¥, =2, = O™ (¢m+n— e, (V.64)

"Note that 69 is a composition of a superconformal and a particular gauge transformation.
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where
Ci/X = fi4+ng 55( — (=)P"PIm g, 55 (V.65)

In order to determine X77;, one expands both sides of Eq. (V.64) in powers of Ay and
compares coefficients. We are only interested in EEL}O) and ZEL}D, as they determine the

action of [07", "} onto the components of the gauge potential. We find

Y = O OB 4 O - O K, (V.66)
211?}1) = CIJK(il)@IIJgn(O) - ¢$}Jgn(0)) + C[JK(O)¢$;;”(1) + CIJK(1)¢$IJ;H(2)7

where C,% = 2116:_1 )\iC’UK(k) has been inserted. Note that last term in the first line
represents again a gauge transformation. It has been adjusted such that ZT}L}O) = 0. By
virtue of (V.15) and (V.62), we finally arrive at

1
O 0 A = Vi Y OB et th)
I J 1 1k;1 K (V.67)

[.77717 T]L}Aai =0

and similarly for A%. In deriving this result, the explicit dependence of C;;* on m and
n has been used. Obviously, the algebra closes if and only if the coefficient functions are
independent of (%, n%) — a fact which we have already encountered at the end of Sec.
V.1. Therefore, we are left with only a subalgebra of the superconformal algebra. Indeed,
we need to exclude the generators K and K, & of special conformal transformations. Let
us consider the maximal subalgebra of the superconformal algebra which contains neither
K nor [?f‘ Furthermore, let h;;™ denote the corresponding structure constants. Then

we end up with

1
07,05} = RS0t D7 (ngPof — (<)rrmg el ) aptet, (V.68)

k=—1

where g; = Z;lg:_1 Aﬁg}k) is the expansion of g; defined in (V.58).

V.3 HIERARCHIES

In Refs. [172, 237, 173, 4, 174, 129] it was shown that a solution to the self-dual YM
equations can be embedded into an infinite-parameter family of new solutions by moving

it along commuting flows of a so-called self-dual YM hierarchy. The lowest generators
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of the latter are the generators of space-time translations. Putting it differently, the
self-dual YM hierarchy describes infinitely many Abelian symmetries of the self-dual YM
equations associated with translational symmetries. Our next topic is the generalization
of these ideas to the self-dual SYM equations. For the sake of clarity, we shall again work
in a complex setting, that is, we consider the double fibration (I1.9). If desired, reality
conditions can be imposed.

8V.7 Generalized supertwistor space. Consider the Abelian subalgebra of the su-
perconformal algebra which is spanned by the translation generators P, and @Z
supertwistor space, we may use the coordinates z¢ = 2%*\¥, 75 = A and 5" = 7 >\i
Expressing the generators P, and @fx in terms of these coordinates, we obtain

Py = @f% and Q) = %aiia (V.69)

when acting on holomorphic functions of (2,75, nF) on PV

i
aoq -, and Q:I:d1~~~dni by

. Then we may define local

holomorphic vector fields P

P(;toal G = ﬂ-(:jctl e W(;tma 07 and Q:I:O'q-"dni = 7T(:)'¢t1 e ﬂ-(:jctni 07’]—-:t’ (V70)
for m,,n; € N. Clearly, the vector fields ngal &, and @ﬁta L4, are totally symmetric
under an exchange of their dotted indices. As before, we define a perturbation of the
transition function f = {f_} of a smoothly trivial holomorphic vector bundle & — PV
which is trivial along CP;,  — P according to®

foo = PL i fr—and  fi - Qs oy (V.71)

Next one could pull back f/ = f+0f to the correspondence space and solve the correspond-
ing infinitesimal Riemann-Hilbert problem (which we have already done in the preceding
section) to construct the symmetry transformations of the components A4 and A%, of the
gauge potential. We shall, however, proceed differently and instead consider the following

dynamical system:

9 9
] O f+— - 6&@1“‘(5&77La f+_ = ﬂ-;tl e ﬂ-;tm —af"r—?

e U (V.72)
T -y |
agfll...ani G --Gimy [e %1 anl anj:

8(learly, such a deformation does not preserve the reality condition fi_(---) = [f+—(7e(--+))]T. See

also footnote 6.
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Qn;

_— &
where t*¥4ma and &

fact, the solution to (V.72) reads as

are parameters. These equations can easily be solved. In

A I T LD VIREED o ol A“.—L,anrgf“"""”ug;...Aii). (V.73)

Qmey? " Q « Aan

Note that any point of C*?*V can be obtained by a shift of the origin and hence we may

put, without loss of generality, %" and 7" to zero. Therefore, (V.73) simplifies to

fro = fyo(tedrrdmayt o xE N ek LE ) (V.74)

QAmg, 1 Qny

where now
(ol godid (lod (i

(2 3

are interpreted as coordinates on the anti-chiral superspace C*?V whereas the others are
additional moduli sometimes also referred to as “higher times”.

For finite sums in (V.74), m,,n; < 0o, the polynomials

2f = etrima T A and  pF o= £TUIAE T (V.75)

can be regarded as holomorphic sections of the bundle
N
O@pl (ml) S¥) O@pl (mg) S @ HO@pl (nz) — CPl (V76)
i=1

In the following, we shall call this space generalized supertwistor space and denote it

by PgﬁlﬁvaI .y Note that it can be understood as an open subset in the weighted
projective superspace WCP*W[my, my, 1, 1|0y, ..., np],
3N
Pml,m2|n1,...,nN -
= WCP?’W[ml,mg, L1 ng,...,nn] \ WCle[ml, ma|ny, ..., nyl.
See also our discussion presented in Sec. I11.3. Thus, WCPN [my, my, 1, 1|ny, ..., ny] is

a compactified version of pIN . Moreover, for the particular combination

mi,ma|ni,...na
mi+my— (i +- - +ny)+2 = 0,

it becomes a formal Calabi-Yau supermanifold. As we shall discuss in detail below,

(V.74) can then be interpreted as transition function of a holomorphic vector bundle £
3N

over P

mi,ma|ni,..,na°



120 Hidden symmetries in self-dual super Yang-Mills theory

8V.8 Penrose-Ward transform. Like supertwistor space, also generalized super-

twistor space is a part of a double fibration. For notational convenience, let us denote the

generalized supertwistor space by 79;1‘0{ Furthermore, H(CP?!, 3W) =~ CMIN where
M:=m;+mg+2and N :=nq +---+ny + 2N. Then we find
M+1\N
™ / \712 (V.77)
g CMIN

where the correspondence space is again a direct product fﬁ“l‘N =~ CMIN x CP'. The

M+1|N .
natural choice of coordinates on Fp | 18

(gt ome NE g, (V.78)

) ’l

Generalized supertwistor space 79;1‘0{ can be covered by two coordinate patches, U =
{U,,U_}, and equipped with local coordinates (z$, 23, 1F). On the intersection U, NU_,
they are related by

2§ = ﬁzf, 2 = %, and  n = @n[. (V.79)
Hence, the projections m; and 7 in the fibration (V.77) act as follows:
m o (@ L, Y o (28 = g dme \E a2 = A,
nE =L L), (V.80)
Ty (e NE T e (e O,

By virtue of these projections, we obtain the following proposition:

Proposition V.1. There exist the following geometric correspondences:
(i)  point p in PS’AJX — C;f,w_Q‘N_N in CMIN
(i) CP},—Pux «——  point (zgn) in CIV
Let £ be a rank 7 holomorphic vector bundle over Pm n and 77 € be the pull-back of £ to
MAIN he covering of the latter is denoted by & = {U,,U_}.
These bundles are defined by transition functions? f = {f,_} which are annihilated by

the vector fields

the correspondence space Fp

D=, = M0 ssran, y and Dig . = A0 (V.81)

Qi Cmg —1 1 +Y(&b G, —1)

9Here, we again use the same letter f for both bundles.
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as they freely generate the relative tangent sheaf (Q'(Fjp MH‘N) /Y 3W)) The deriva-

tives OF and o' ) are defined according to

oG, (Gep-++Gen

fa(dl“'dm ) Iiﬁlmﬁnlﬁ — 555&1{1 . 5§mB)’
« . . Mo V'82
5)2 61’vv,6nj . 52 651 . 5 n ( )
() R A 51 émn,;)

and can be understood as generalizations of (II1.6).
The requirement of smooth triviality of the bundle & — Pmn allows us to split the

transition function f,_ according to

foo = Wi, (V.83)

whereas CMIW_triviality ensures that there exists a ¢ = {1, _} which belongs to

P (ﬂ, B). Therefore, we may introduce a Lie-algebra valued one-form such that

At r = ANiAadtrodner = VeDas, i Vi v.84)
Zidl---anr1 = Aiwq o1 ¢iD:td1---dni,1¢j: ;
and therefore
(Dissma 1 + Ay Ve = 0, .55

(D:I:d1-~dn +A:|:a1 C‘fn 1)¢:|: == 0

We note that for m, = n; = 1 this system reduces, of course, to the old one given by

(I1.16). Moreover, we have the following symmetry properties

Aaddl.,,deA = Aaa(almam&,l) and AZ = i ; . (V.86)

Gcry -y —1 a(al-nani,l)
The compatibility conditions for (V.85) read as

R R R R _
[Do‘aal Qg — 1’D5551 6mﬁ 1]+[Daﬁ.dl"'dmafl’Dﬁdﬁ.l"'ﬁ.mﬁfl] o 0’

7 R 7 R o
[Daoa “Gin; 1’D5551 ﬁmﬁ 1] + [Dﬁ.dl"'dni—l’Dﬁdﬁ.l"'ﬁ.mﬁfl] - 07 (V87)

J i J _
{Daal “Gn;—17 Dﬁﬁl ﬁnjq} + {Dﬁ.dlmdnrl’ Ddﬁl"'ﬁ.nj—l} = 0.

Here, we have defined the first order differential operators

DR = oR 4 A
Qi Omg —1 o Amg —1) QO Qmep,—1 (V 88)
i i i '
Daal Gpy—1 T a(ddl-"dnrl) + Addl-"dnrl'
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We remark that the components
Acad.i and Aliq

coincide with the components A, and A% of the gauge potential on C**V. In the sequel,

we shall refer to (V.87) as the truncated N-extended self-dual SYM hierarchy of level

(mq, ma|nq, ..., np). The full hierarchy is then obtained by taking the limit m,, n; — oc.
From Eqs. (V.84) it follows that

1 o
Aadd1~~~d L= — N OcOzl‘“O!,Ina—l
ma= 27 A NG
i o (V.89)
Al — i d\ A*‘il"'dnrl
ddidnit oo Jo T ANAE )

where ¢ = {\, € CP'||\,| = 1}. As in the previous discussion, Eqs. (V.89) make the

Penrose-Ward transform explicit.

8V.9 Field expansions and field equations. So far, we have written down the trun-
cated self-dual SYM hierarchies (V.87) quite abstractly as compatibility conditions of a
linear system. The next step in our discussion is to construct the equations of motion
on superfield level equivalent to (V.87). To do this, we need to identify the field content.
At first sight, we expect to find as fundamental field content (in a covariant formulation)
the field content of M-extended self-dual SYM theory plus a tower of additional fields
depending on the parameters m, and n;. However, as we shortly realize, this will not
entirely be true. For n; > 1, we instead find that certain combinations of Agdl,,,%rl play
the role of potentials for a lot of the naively expected fields, such that those combinations
should be regarded as fundamental fields.

In the remainder of this paragraph, we shall for simplicity consider the case when
my =mg =:m and n; = --- = ny =: n. To simplify the subsequent formulas, let us also
introduce a shorthand index notation

Awid = Avddrodm ., and AL = A (V.90)

Gy i1
First, we point out that Eqs. (V.87) can concisely be rewritten as

[D(deAuDgBB]_'_[DfBAungB] = 0, [DéaDggg]ﬂL[DéangB] = 0,

(V.91)
{Dg, D3}y +{D}, D3} = 0,
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which translates to the following superfield definitions

R R o
[DaaA’DﬁﬁB] = €spfaipn

1 R R
(DL, D] =

(D, D3} = e W,

€X' (V.92)

Note that quite generally we have

_ R R _ 1
Focipps = (D i DﬁﬁB] - E(fadABBB - ]:BB'BadA) (V.93)
€aplaipi t €aslaipn T Fasisan
where )
R 1 _a
faigp = =3 F vaigi

faign = 3¢ Foaippn (V.94)

1
2
1
2

Footassn) = 2Faaispn — Foabsii)-

Eq. (V.93) can be simplified further to
Fosippp = €apladps t €aslacign) + Flaalin)sn)- (V.95)
Therefore, the first equation of (V.92) implies that

which are the first two of the superfield equations of motion. We point out that for the
choice A = B = (1---1) the set (V.96) represents nothing but the self-dual YM equations.
Next we consider the Bianchi identity for the triple (D”, ., Dé, D% o). We find

I R
DdfaAﬁB = D AXﬁB (V97)
From this equation we deduce another two field equations,

e’ D =0 and DR = 0. (V.98)

AXﬁB) AXﬁ) Bl

. .. . R I J . .
The Bianchi identity for (D', ;, D i Dy) implies
D Wl = DIxT .. (V.99)

Applying D% 93 to (V.99), we obtain upon (anti)symmetrization the following two equa-

tions of motion:

1 aﬁ aﬁ R R 1J af3 J _
D (ADggBW +e€ {X A’XﬁB)} = 0,

aB MR R 1J _
—e D(aa[ADﬁBB]W +{X A’XﬁB]} = 0.

(V.100)
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Furthermore, the Bianchi identity for the combination (D}, Dﬁﬂ’ , DI) shows that DiW7*

determines a superfield which is totally antisymmetric in the indices IJK, i.e.,
DIWIE = K. (V.101)

Upon acting on both sides by Dfd 4 and contracting the dotted indices, we obtain the

field equation for y1/%

aﬁDR AXéJK 6[W[1J’ Xf]] = 0. (V102)

The application of DI to XJ KL and symmetrization in ¢ and /3 leads by virtue of (V.101)

to a new superfield which is totally antisymmetric in I JKL,

JKL __. IJKL
Dl = —GLr (V.103)

Some algebraic manipulations show that
DiXEEE = Dix ™ + Digx it = —GLRE 4 3¢, 5wV WHE], (V.104)

where equation (V.101) and the definition (V.103) have been used. From this equation,

the equation of motion for the superfield Gi‘gK L can readily be derived. We obtain
a I JKL
PYDfaAGIé{{KL 4{X([1A’ Xﬁ ]} - 6[W[JK, DfﬁAWLH] - 0 (V105)

As (V.101) implies the existence of the superfield G%K L definition (V.103) determines a

new superfield wé ‘éf LM heing totally antisymmetric in IJK LM and totally symmetric in

a3, ie.,
I ~AJKLM .  IJKLM
DOCGM = Yupy (V.106)
It is easily shown that
IAJKLM _ I ~JKLM 2 b¢ NI ~JKLM

After some tedious algebra, we obtain from (V.107) the formula

KLM JK
DIGIEIN gl g (A SV sl R ) (v0g)
where definition (V.106) has been substituted. This equation in turn implies the equation
of motion for /KM
SR pIIKLM | 5r [ o JKLM]
D Awﬁ.yg [ ad’ Gﬁﬁ/ ] -

(V.109)

KLM) KLM
. 20[D (BAW[IJ X ] [W[IJ Df(ﬁA X }] =0,
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which follows after a somewhat lengthy calculation.

Now one can continue this procedure of defining superfields via the action of D and
of finding the corresponding equations of motion. Generically, the number of fields one
obtains in this way is determined by the parameter n, i.e., the most one can get is

Iy Iz
¢d11 QN =27
which is, as before, totally antisymmetric in I;---Iy, and totally symmetric in
Qg+ Qa2

Let us collect the superfield equations of motion for the M -extended self-dual truncated

SYM hierarchy:

focagy = 0 and  Faniges = 0
’DiaiXosy = 0 and  Diggixiyp = 0.
Ll Dl DLW e XD = 0,

3 D i Dias W+ oo Xy = 0, (V.110)

aﬁDR AXgJK 6[W[IJ’X£1] _ 0 .

DR GGE = Al gy - s, D) = o,
D A i s = O

where the currents J h QIN ’;Nn , are determined in an obvious manner. Clearly, the system

(V.110) contains as a subset the AV -extended self-dual SYM equations. In particular, for
the choice m = n = 1 it reduces to the latter. Altogether, we have obtained the field
content of N-extended self-dual SYM theory plus a number of additional fields together
with their superfield equations of motion.

However, as we have already indicated, this is not the end of the story. The system
(V.110), though describing the truncated hierarchy, contains a lot of redundant informa-
tion. For that reason, it should not be regarded as the fundamental system displaying
the truncated hierarchy. In fact, the use of the shorthand index notation (V.90) does not
entirely reflect all of the possible index symmetry properties of the appearing superfields.
In order to incorporate all possibilities, we instead need to write out the explicit form of
I,JK,...
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As before, let us impose the transversal gauge condition

QG Gn—1 A1
1; ‘Addr'vdnq

— 0, (V.111)

which again reduces super gauge transformations to ordinary ones. Note that in (V.111)

only A% ) contributes, since the fermionic coordinates are totally symmetric under

Gy -+ —
an exchange of their dotted indices. The condition (V.111) then allows to define the

recursion operator & according to

D = 0T Dl iy = 0T T Ol ) (V.112)
The third equation of (V.92) yields
1+ D) Alsirin) = —€ anﬁgl...6n71W?j...~ 311
(& 1) B(a'ls A1 Gp—1) B1Bn—1 (V113)

GA _ %Edﬁ_nﬁmmﬁnqwzj

[dﬁ]dl'"d”l*Q Yag i —2 Bl"'ﬁ.nfl’

which states that Aé
while Af

) does not have a zeroth order component in the n-expansion

iy -+,
.. . does. Therefore, we obtain as a fundamental superfield
aBé - én—2

: = 2A! for n> 1. (V.114)

Q- Gp—2 [ig]dlmo'zn,Q

Note that as ¢!

Gty = Cbl@...an,z) it defines for each 7 a spin § — 1 superfield of odd
parity.

The second equation of (V.92) reads explicitly as
D,

Gy G —1?

DﬁBBl“‘Bm—l] - Edﬁxdr“dn—l BB Bm-1"

The contraction with €* shows that

) _ R 7
Xégodn 1 BfrBmr Dﬁ(dlﬁ.l“‘ﬁ.mfl¢d2"'dn*1)7 (V.115)

where the symmetrization is only meant between the ¢ - - - &,,_1. Therefore, the superfield

Xdl"'dnfl BB Bm—1

the role of a potential for the former.
Next we discuss the superfield VV”1

Q1-Qp—1 Bl"'ﬁ.nfl
are really fundamental, we need some preliminaries. Consider the index set

cannot be regarded as a fundamental field — the superfield (V.114) plays

. To decide which combinations of it

alanﬂlﬂnu
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which separately is totally symmetric in éq -« -y, and 3 - - - 3,, respectively. Then we

have the useful formula
Gy BBy = (Gp-- by Bn) + Z all possible contractions
= (a1 b Bn) + (V.116)
+ A1Zd1"' Qi BBy B + -,
EJ

where the parentheses denote, as before, symmetrization of the enclosed indices and “con-
traction” means antisymmetrization in the respective index pair. The A;sfori=1,...,n
are combinatorial coefficients, whose explicit form is not needed in the sequel. The proof
of (V.116) is quite similar to the one of the Wick theorem and we thus leave it to the
interested reader.

The third equation of (V.92) is explicitly given by

€. 5 “
B Gy BBt

O

After contraction with €¥* we obtain

W = —D’ : (V.117)

Q1-Gp—1 B1Bn-1 a1 BB @2 An-1’

where the definition (V.114) has been inserted. Contracting this equation with 6‘5”51, we
get
S = —{4i ’ }. (V.118)

Q1Gn—1 B1Bn—1 Q2 Qn=17 T 5.3, 1

Thus, we conclude that VV”1 is a composite field and hence not a fun-

G162 [étn—151] B2+ Bn—1
damental one. Using formula (V.116), we may schematically write

w9 = WY )T Z all possible contractions. (V.119)

Q1O 61"'67171 (dl"'dnfl 61"'67171

The contraction terms in (V.119), however, solely consist of composite expressions due to
(V.118). Therefore, only the superfield

W = W (V.120)

(1 -+Gn—1 B1-+-Bn-1) (é1-+-Gon—1 B1-+-Bn-1)
is fundamental. For each combination [ij] it represents an even superfield with spin n — 1.

Next we need to consider the superfield defined in (V.101),

Gén-bn—1P1Bn—191Yn-1 QA1 Qn—1"" BBy 1 A1 An_1
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By extending the formula (V.116) to the index triple
G v G B1 B A A

and by utilizing the symmetry properties of x* r , one can show, by

Géer b1 B Bro1 A1 An—1
virtue of the above arguments, that only the combination

ik _ gk
X(d‘dl"'dnfl BrPr-191An-1) X(o‘zdl---an,l BiBr11 A1) (V121>

ijk
OF X tin 1 1415
an odd superfield with spin %n —1.

remains as a fundamental superfield. It defines for each [ijk]

Repeating this procedure, we deduce from the definition (V.103) that

Gkl — ikl (V.122)

(6B é1-Gn—1 B1--Br11-An—181-8n_1) (6B é1--Gn—1 B1+-Br11-An—181-0p_1)

is fundamental and it represents one'® spin 2n—1 superfield which is even. All higher order
fields, such as (V.106), yield no further fundamental fields due to the antisymmetrization
of ijklm, etc. In summary, the fundamental field content of the truncated self-dual SYM

hierarchies is given by

i (i3]

Aaddl"‘dmfl7 Q-G —2) (dl"'dnflﬁ.l“‘ﬁ.nfl)’ (V 123)
XWH o Gliakl) o o i
(&b Gtn—1B1+Bn-191¥n-1)’ (@B é1-+Gn_1 B1Bn-1%1"n—-101"0n-1)’

where we assume that n > 1.1% All other naively expected fields, which for instance appear
in (V.110), are composite expressions of the above fields. Note that the field A,aa;.4,, ;

can be decomposed according to
Avdirdm = Aa(adsam_1) T €a(ar Pacoam-1)- (V.124)

Therefore, Ay4,..4,,) can be interpreted as a gauge potential while ®,4,...4,_, represents
a collection of Higgs fields.

It remains to find the superfield equations of motion for the fields (V.123). This,
however, is easily done since we have already derived (V.110). By following the lines
which led to (V.110) and by taking into account the definition (V.114), the system (V.110)

ONote that N < 4.
HFor n = 1, the field ¢’ must be replaced by x?,.

[ RERTs TP
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reduces for n > 1 to

fd(dl"'dmflﬁﬁ.l"'ﬁmfl) =0 and f(ad[dl"'dmflﬁ)ﬁ.lgl”'ﬁ.mfl} = 0,

€D i Dhisprpy ) ins = 0.
Diatar-ims gyt 1) Praeinn) = 0
Edﬁ.lDfaalmam,lW([;i],,.gnfz)
N {(bgiﬁ'zmﬁ'na’Dfﬁndl"'dvnflgbgnﬂm*yznfz)} =0
. k] (V.125)
€D asir s X(@ron )
- 6[W([;{...5'2n727Dfﬁ'zn,lal---anl,lgb?%...ggn%)] = 0,
Dt cinr O i
R LA TR SIPRPY AP I
60V sy Ditscrins W) = O

These are the superfield equations of motion for the truncated A -extended self-dual SYM
hierarchy.

Above we have derived the superfield equations of motion. What remains is to show

how the superfields (V.123) are expressed in terms of their zeroth order components

o o

Adiiroimrr O Wil L Gk (V.126)

GGy —2) (G1---can—2)’ (G1-+dign—2)’ (&1 -+-Cran—2)’

and furthermore that the field equations on C* (or on R? after reality conditions have been
imposed), i.e., those equations which are obtained from the set (V.125) by projecting onto
the zeroth order components (V.126) of the superfields (V.123), imply the compatibility
conditions (V.91). We will, however, be not too explicit in showing this equivalence, since
the argumentation goes along similar lines as those given for the A -extended self-dual

SYM equations. Here, we just want to give the outline.

In order to write down the superfield expansions, remember that we have imposed the
gauge (V.111) which led to the recursion operator & according to (V.112). Using the
formulas (V.92), (V.99), (V.101), (V.103), (V.106) and (V.115), we obtain the following



130 Hidden symmetries in self-dual super Yang-Mills theory

recursion relations:

U+ D) Aigyay = —satly W
D Aciir-im = _Edﬁ'nfﬁ.lmﬁ.nilngldl...dm71¢i52...gn71>
DOssins = 0 T WE by

-@W([gjmazn,z) = %”gﬁlmﬁ%lXZZZ,..Q%M51...5%1>

-@ngf.]..dgn,g = _771661”'6”71Gggz]llmagn,z)ﬁl---ﬁ'nfl + (V.127)
+ 34 nlﬁﬁlmﬁhnil [Wé[:,,,gwl Gegeeetin? Wiil---agn,Q)]a

.@Ggfl.]mw) = Ufflmﬁ"”wg?z]zémﬂ) I
- %%(alﬂiﬁlmﬁ."fl (4[Wg.[.i.gnfld2...dnaXilﬂl---aszz)] *

FBL i W ]

An explanation of these formulas is in order. The right hand sides of Eqs. (V.127) depend
not only on the fundamental fields (V.123) but also on composite expressions of those

fields: For instance, consider the recursion relation of the field ¢’ ,- The right hand

QG

side of this equation depends on the superfield VV”1 . However, as we learned in

Q1Gn—1 B1-Brn—1

(V.119), it can be rewritten as the fundamental field W([ij ] plus contraction

G-Gn—1 P11 Pn—1)

terms which are of the form (V.118). Similar arguments hold for the other recursion
relations. Therefore, the right hand sides of (V.127) can solely be written in terms of the
fundamental fields. However, as these formulas in terms of the fundamental fields look
[ijkllm

B cuan—2) Br-Bn-1
appearing in the last recursion relation consists only of composite expressions of the fields

rather messy, we refrain from writing them down. Note that the field ¢

(V.118). Using Egs. (V.127), one can now straightforwardly determine the superfield
expansions by a successive application of the recursion operator &, since if one knows the
expansions to n-th order in the fermionic coordinates, the recursions (V.127) yield them
to next order. But again, this procedure will lead to both unenlightening and complicated
looking expressions, so we do not present them here. Finally, the recursion operator can
be used to show the equivalence between the field equations and the constraint equations
(V.87). This can be done inductively, i.e., one first assumes that Eqs. (V.125) hold to
n-th order in the fermionic coordinates, then one applies k + 2 to (V.125), where k € Ny
is some properly chosen integer, and shows that they also hold to (n + 1)-th order. For
more details, see Ref. [266].
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8V.10 Light-cone gauge. Let us now give an alternative interpretation of the hierarchy
equations. First, we rewrite the constraint equations (I1.17) of N -extended self-dual SYM
theory in light-cone gauge. One of the interesting issues of this (non-covariant) gauge is
that all the equations for all the fields reduce to equations on a single Lie-algebra valued
superfield W.

To be explicit, assume the following expansion

on Z;l+. Here, all A-dependence has been made explicit, i.e., ¥ is defined on C*?*V. Note
that the expansion (V.128) can be obtained from some general ¢, by performing the gauge
transformation v, +— (¢$))_1w+. Upon substituting (V.128) into (I1.16), we obtain

A = 050, Ays =0 and AL = 90, A, =0 (V.129)

Plugging (V.129) into the constraint equations (I1.17), we find the following set of equa-

tions:
011095V — 051015V + [015W, 05 W] = 0,

(‘9’1(‘9&2\11 — 8a18§\11 + [8;\11, 8a2\11] = 0, (V.130)
NV + 30,0 4 {0,0,9) 0} = 0.

Let us now come back to the linear system (V.85) and the constraint equations (V.87)

of the truncated self-dual SYM hierarchy. Upon imposing light-cone gauge, that is, upon

assuming an expansion of the form
Yy = T+ T 4o (V.131)
where now W is defined on CMV_ we find

A - aaidl,”d’m71® and A

A

= o \VJ and A

20’51“‘(567171 2(5&1"'0'5”,1

= 0’
= 0.

aldg--dum—1 Q26 Qi —1

Al

1oy -+dm—1

(V.132)

Therefore, (V.87) turns into the following system:

aaic'u---amq&ﬁ?ﬁ'lmﬁmfl‘I’ - aﬁiﬁ'lmﬁmflaaial---c‘um‘I’ +

+ [aaédl"'dmfl\i]78626.1"'16.m71\1l] = 0’
d U+

)
241 -G —1

A

\Ij B aﬁlﬁlﬁmfl

+ [8%1___%71\1/,85251,,,5%1\11] = 0,
\Il T 8{61"'5717182@1"'0"7%1\11 -

+ {0} v,

R B TRty M

aidl cQip—1 aﬁzﬁl "',Bmf 1

(V.133)

ot

idn-dn1Y381fns

i = 0.
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Clearly, if 0 solely depends on space-time coordinates, i.e., T is independent of “higher
time moduli”, all the extra fields disappear and the above system reduces to (V.130).
If we define

A

(Sadl...dm\if = 0ad1...dm\11 and (SZ A = 0’ \i/ (V134)

aq-. oen Qp Gy

the system (V.133) implies

OiiG3i - U = Ousi 051,y 1@ + [0V, 8p5,.,,, W] = 0,

/\

0; 15ﬁ251 Brm— 1‘1’ ‘9;1 1561ﬁ1 Bm [831 i 5@61---57%1‘1’] =0, (V.135)
7 7 7 7 J T _
al 162ﬁ1 B 1\11 821 161ﬁ1 B 1\11 +{ 21 1\D’52ﬁ1 B \D} =0

If one differentiates these equations with respect to the space-time coordinates, one realizes
that the resulting equations coincide with the linearized versions of (V.130). Putting it
differently, some equations of the self-dual SYM hierarchy can be interpreted as equations

on symmetries for the self-dual SYM equations.

§V.11 Summary. As for N-extended self-dual SYM theory, we may now summarize

the above discussion as follows:

Theorem V.3. There 1is a one-to-one correspondence between gauge equivalence
classes of local solutions to the truncated N -extended self-dual SYM hierarchy of level
(my, malng, ..., npn) on four-dimensional space-time and equivalence classes of holomor-
which are smoothly

trivial and holomorphically trivial on any projective line CP;,  — lef/mz‘m o

phic vector bundles € over generalized supertwistor space P ‘1 m2|m o

8§V.12 Example. Let us now give an explicit example of a truncated hierarchy which
also makes contact with our discussion presented in Sec. II.3. Consider the truncated
N = 2 self-dual SYM hierarchy of level (mq, ms|ni,ny) = (1,1]2,2). Its field equations

are given by

o

fo'z,@ = 07
aﬁ aﬁvR vR ¢z (V136)
aﬁvR ZJ] {¢[z ¢j } _ 0’

and follow from (V.125). The N = 2 self-dual SYM equations, which are the first three
equations of (I1.36) (with ¢, 5 = 1,2), are by construction a “subset” of (V.136). That is,
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apply to the last equation of (V.136) the operator V?g and contract with € to obtain
EIVEVEIW G — Vol Vi) = 0
Eq. (V.115) together with

o [¢]
R oR _ 1 SR R
eaﬁvadvﬁﬁ- = 5edﬁeo‘567 V V

oy Y gé
imply
de = 07
aﬁVaaXﬁg = 07 (V137)

1 aﬁ aﬁvR VR WU] _'_Eaﬁ{;([ylw;(;ﬁ}

These equations reduce to the AN/ = 2 self-dual SYM equations when the dotted indices
of )%fm and WZQ are chosen to be one. Note that as 7, 7 run only from one to two, the last

equation of (V.136) can be rewritten in the form

o

fdﬁ' = 07
aﬁ a,@vR vR ¢2 — 0’ (V138)

SOV G — ei{d, VE G} = 0,

where we have defined an anti-self-dual differential two-form according to G &f i= €ij W[”B]
Note that these are exactly the field equations given in (I1.75). Hence, (I1.75) can be
interpreted to describe the (1,1]2,2) hierarchy of N' = 2 self-dual SYM theory. Recall
also that in this case we have an appropriate action principle leading to (V.138). It is an
interesting fact that even though it is not possible to write down an action functional of
N = 2 self-dual SYM theory (P32 is not formally Calabi-Yau), it is possible to find one

for a certain hierarchy thereof.

V.4 NONLOCAL CONSERVATION LAWS

What remains is to give the nonlocal conservation laws associated with the symmetry

transformations discussed above. In what follows, we use the ideas of [4].
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8V.13 Conserved nonlocal currents. The compatibility conditions of the linear sys-

tem (II.16) can equivalently be written as
[VEVE =0, [VEVLY =0 and {VL,Vi} = 0. (V.139)
Recall further that ¢, as given in (V.8) satisfies
Vig,. =0 and Vig,. = 0, (V.140)
where the covariant derivatives act in the adjoint representation. Then we may define

Ji =t {os 0AL} = w{o_Vie,}, (V.141)

where 0 A = V!¢, is a symmetry of (V.139) given according to (V.12). Here,“tr”
denotes the matrix trace. Notice that this expression is gauge invariant as both, ¢, _ and
dAY transform in the adjoint representation. Now it is a straightforward exercise to show
that

eVEIST = 0. (V.142)

Indeed, we have
ViJsm = tr{—[AL, o _J0A}} +tr {0,V OAL}
= tr {—[AL, 04_J0 AL} +tr {0, (V5 0AL — [JALAS] — [AL6AL]) }
= tr {oo Vi OAT} +tr {—[Af, 6. J0AT}

— VI
This allows us to associate with any symmetry transformation a conserved current ac-
cording to
o = 2im b an g (V.143)
since
0*ps = 0 (V.144)

by virtue of Eq. (V.142). In (V.143), the contour ¢ = {\, € CP'||\,;| = 1} encircles
A+ = 0. It is important to stress that (V.143) is a superfield. Moreover, Eq. (V.143) can
slightly be rewritten to get
1 _
Joao = 5= ¢ dAptr{o4_Vig,} AT,
<

27

(V.145)

1 _
= 55 (gd>\+ AV (tr {g4-0+})
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being more in spirit of Penrose’s integral formulas. Recall also that due to Eqs. (V.41)
and (V.62), certain combinations of the coefficients functions ¢>(j§m) determine the explicit
transformations 64,4 and §.4% and hence contribute to the integrals (V.143) and (V.145),
respectively.

Finally, we stress that one may also associate currents with symmetries in the following
way. Let T, _ be any gl(r, C)-valued function which is annihilated by V%, Vi and 95, ."?
Then it is not too difficult to see that ¢, Y, ¢~ satisfies

VEW, T, ™) =0 and Vi@, T, ¢~ =0, (V.146)
the the covariant derivatives act in the adjoint representation. Therefore, we may take
~ 1
jad = — d)\+ tr {w.i_T_i__'l?D:l(;A;t} )\;t, (V147)
2 Jo

which is conserved by the above reasoning.

12Gee also our discussion given in §II1.20.






Summary and discussion

In this thesis, we have reported on various aspects of supersymmetric gauge theories within
the supertwistor approach. In particular, we first gave a detailed twistor description of
N-extended self-dual SYM theory. We in addition discussed some related self-dual models
which follow from self-dual SYM theory by suitable reductions. Their twistor formulation
requires certain weighted projective superspaces as twistor manifolds. As we have shown,
all these manifolds are formally Calabi-Yau thus being naturally equipped with globally
well-defined holomorphic volume forms. This property enabled us to also present appropri-
ate action functionals for these models. Besides four-dimensional self-dual models, we also
discussed a dimensional reduction to three dimensions. As a result, we obtained certain
supersymmetric Bogomolny models. In fact, we generalized Hitchin’s twistor construc-
tion of non-Abelian monopoles to a (maximally) supersymmetric setting. In addition,
appropriate action principles on mini-supertwistor space and Cauchy-Riemann twistor
space were given and shown to be equivalent to the action functional reproducing the
field equations of the Bogomolny model. In connection to this, we were naturally led to
the notion of Cauchy-Riemann supermanifolds and to partially hCS theory. Moreover,
we discussed certain complex structure deformations on mini-supertwistor space. As a
result, we obtained a supersymmetric Bogomolny model in three space-time dimensions
with massive fermionic and scalar fields. Similar to the massless case, we also derived
appropriate action principles on the twistor manifolds in question. We furthermore de-
veloped novel solution generating techniques by studying infinitesimal deformations of
vector bundles on mini-supertwistor and Cauchy-Riemann twistor spaces, respectively.
The algorithms were then exemplified in the case where only fields with helicity £1 and
the Higgs field were nontrivial. As we argued, the corresponding Abelian configurations
give rise to the Dirac monopole-antimonopole systems. The fifth chapter of this thesis
was devoted to the studies of hidden symmetries of N -extended self-dual SYM theory.
We first gave a detailed cohomological interpretation of hidden symmetries of self-dual
SYM theory. We saw how general deformation algebras on the twistor side are mapped

to corresponding symmetry algebras in self-dual SYM theory. Kac-Moody algebras as
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affine extensions of internal symmetries were constructed. In addition, we discussed affine
extensions of space-time symmetries, that is, we obtained an affinization of the supercon-
formal algebra. The algebra in question turned out to be of Kac-Moody-Virasoro-type.
As was argued, the existence of such infinite-dimensional algebras of hidden nonlocal sym-
metries originates from the fact that the full group of continuous transformations acting
on the space of holomorphic vector bundles over supertwistor space is a semi-direct prod-
uct of the group of local holomorphic automorphisms of the supertwistor space and of
the group of one-cochains with respect to a certain covering with values in the sheaf of
holomorphic maps of supertwistor space into the gauge group. Besides symmetry alge-
bras, we constructed certain self-dual SYM hierarchies. The basis of this construction
was a generalization of twistor space. As we saw, such a hierarchy consists of an infinite
system of partial differential equations, where the self-dual SYM equations are embedded
in. As was shown, the lowest level flows of the hierarchies in question represent super-
translations. Indeed, the existence of such hierarchies allows us to embed a given solution
into an infinite-parameter family of new solutions. Moreover, a detailed derivation of the
field equations together with the corresponding superfield expansions for the truncated
hierarchies was presented.

However, there are certainly a lot of open issues and questions which deserve further

investigations:

e An obvious and challenging task is the generalization of the constructions given
in Chap. V to the full SYM theory. In Chap. IV, we saw how solutions to the
field equations of N' = 3 SYM theory are related to certain holomorphic vector
bundles over superambitwistor space £°. In principle, the algorithms relating
infinitesimal deformations of vector bundles over supertwistor space to symmetries
being developed for self-dual SYM theory in Chap. V can also be applied to full
N = 3 SYM theory. This is basically because of the vanishing of appropriate
cohomology groups. Furthermore, as a matter of fact, Thm. V.2. also applies to
the full case which is due to the structural similarity of the corresponding linear
system. Hence, once given a suitable deformation algebra (of Lie-algebra type) on
the twistor side, one automatically has a hidden symmetry algebra in full N' = 3
SYM theory.

e Besides questions associated with symmetry transformations, etc., one in addition



Summary and discussion iii

needs to write down the related conserved nonlocal currents and charges — not
only as superfields but also in components. In Chap. V, we considered particular
nonlocal conservation laws associated with any symmetry of the field equations. It is
desirable, to generalize such constructions to the full A/ = 3 theory. Presumably, the
construction of fermionic conserved currents'®, that is, currents obeying equations
of the form D*j;, = 0 = D5 will simplify the discussion, since with the help of

those one may derive conservation laws of the form 9“j,, = 0 by way of
Jag = /d69d677 0. jie + h.c.

However, to proceed further (also in view of passing to the quantum theory) and
to clarify the physical significance of such currents, one clearly needs to find their
superfield expansions. In addition, one should then compute the classical Poisson
brackets among the corresponding charges. After passing to the quantum regime, a
challenging task will be to make contact with the quantum symmetry algebras con-
sidered in [84, 85]. Moreover, it would also be interesting to see how such quantum
symmetry algebras fit into the context of twistor string theory [263] and how they
can be understood within the recently proposed twistor approach to N' =4 SYM
theory [58].

e Another issue also worthwhile to explore is the construction of hidden symmetry
algebras and hierarchies of gravity theories, in particular of conformal supergravity
(see, e.g., [98] for a review). The description of conformal supergravity in terms
of the supertwistor correspondence has been discussed in [263, 50, 9]. By applying
similar techniques as those presented in Chap. V, one will eventually obtain hidden
infinite-dimensional symmetry algebras of the conformal supergravity equations,
generalizing the results known for self-dual gravity. See Refs. [60, 236, 185, 201,
132, 151, 88, 89, for instance.

e Recall that it was conjectured by Ward [253, 254, 255] that all integrable models in
less than four space-time dimensions can be obtained from self-dual YM theory in
four dimensions. Examples are the nonlinear Schrodinger equation, the Korteweg-
de Vries equation, the sine-Gordon model, etc. In particular, they all follow from

the self-dual YM equations upon implementing suitable algebraic ansatze for the

13See, e.g., [3] for such constructions in ten-dimensional SYM theory.
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gauge potential followed by a dimensional reduction. In a similar spirit, the Ward
conjecture can be “supersymmetrically” extended in order to derive the supersym-
metric versions of the above-mentioned models. Therefore, it would be of interest to
take the N-extended self-dual SYM hierarchy presented in Chap. V and to derive
the corresponding super hierarchies of these integrable systems in less than four

dimensions.

Finally, we address additional points for further investigations being related to non-
commutative field theories. In [218], we (in collaboration with Christian Sdmann)
considered N/ = 4 SYM theory on a nonanticommutative superspace, that is, in-
stead of €™ = (O™, O,q(A*C™)) we took CF'" = (O™, Oyeq(CLfF(C™))), where
Cliff(C™) denotes the Clifford algebra of C"

{ni,n;} = hCy; for ,j=1,...,n.

Upon introducing an involution corresponding to Euclidean signature, we derived
the superfield expansions and the field equations of deformed N = 4 SYM theory
to first order in the deformation parameter A. In showing this, we proposed an
extension of the Seiberg-Witten map [223] to superspace. Our derivation was based
on the N/ = 4 formulation of the constraint system. Clearly, one may straightfor-
wardly translate our results into the N' = 3 formulation of N’ = 4 SYM theory. It
would then be of interest to establish a nonanticommutative version of the superam-
bitwistor correspondence. In particular, Eqs. (IV.16) induce a nonanticommutative
structure on superambitwistor space. In addition, generalizing the results of [177],
it should in principle be possible to derive a corresponding action functional of de-
formed N’ = 4 SYM theory which is still lacking. Moreover, splitting and dressing
methods obtained from twistor theory have successfully been applied to the con-
struction of solitons and instantons in noncommutative field theories. See, e.g.,
Refs. [152, 153, 154, 265, 120, 125, 155, 156, 87, 258]. It would also be interest-
ing to see how the solution generating techniques as considered in, e.g., Chap. III
need to be generalized to noncommutative field theories. Partial results on that
matter have already been given in [158]. In addition, the methods used in this
thesis might also shed light on the question of hidden symmetries in noncommuta-

tive/nonanticommutative field theories.
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