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Abstract. Symmetries play an important role in fundamental physics. In gravity and field
theories, particular attention has been paid to Weyl (or conformal) symmetry. However, once
the theory contains a scalar field, conformal transformations of the metric can be considered
a subclass of a more general type of transformation, so-called disformal transformation. Here,
we investigate the implications of pure disformal symmetry in the Universe. We derive the
form of general disformal invariant tensors from which we build the most general disformal
invariant action. We argue that, in cosmology, disformal symmetry amounts to require that
the lapse function is fully replaced by a (time-like) scalar field at the level of the action. We
then show that disformal symmetry is in general an exactly equivalent formulation of general
mimetic gravity. Lastly, we go beyond mimetic gravity and find that a particular class of
invariance leads to seemingly Ostrogradski-like (with higher derivatives) Lagrangians, which
are nevertheless absent of Ostrogradski ghosts in a cosmological background, despite having
an additional degree of freedom. We also propose an application of our formalism to find
new invertible disformal transformations, where the coefficient involves higher derivatives
and curvature, further expanding the theory space of scalar-tensor theories.
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1 Introduction

Symmetries, and breaking thereof, act as a guiding principle from which one can understand
and build a fundamental theory, as in, e.g., the standard model of particle physics. Symme-
tries also play an important role in cosmology. In the very early universe (and the recent
one), the Universe experienced an almost de Sitter expansion which led to an almost scale
invariant spectrum of primordial fluctuations [1, 2]. One could argue that perhaps this is
an indication that scale symmetry is a property of quantum gravity [3-5], both at high and
low energies. It has also been noticed that the boundary of de Sitter also enjoys a conformal
symmetry which is used in the cosmological bootstrap program [6]. Conformal symmetry
is also key in the AdS/CFT correspondence. However, once the theory contains a scalar
field, as is usually the case in cosmology, one can consider more general transformations of
the metric. The so-called disformal transformations were introduced by Bekenstein [7] and
involve derivatives of a scalar field. Conformal transformations are a subclass of disformal
transformations.

Departing from the de Sitter symmetry, we may use that the Universe has a preferred
direction of time to argue that time diffeomorphism is, in fact, “broken” in cosmology [8].
One can then write down those theories which are compatible with the remaining spatial
diffeomorphism such as the Effective Field Theory (EFT) of inflation [8, 9] (see also [10, 11]
for the first works on the context of Ghost inflation), dark energy [12-16] and in general



spatially covariant gravity [17, 18]. Disformal transformations have played a key role in
building and understanding general scalar-tensor theories of gravity (such as Horndenski [19],
beyond Horndeski [20], DHOST [21], U-DHOST [22] and beyond — see [23, 24] for reviews)
as well as their related aforementioned EFTs (see, e.g., refs. [25-33] and references therein).
However, to the best of our knowledge, the role and meaning of disformal symmetry in the
Universe has not yet been explored. Here we will investigate pure disformal symmetry and
disregard global conformal factors. In this way, we shall understand the implications of
disformal symmetry without mixing of conformal symmetry.

Pure disformal symmetry in cosmology, in its most naive level, implies that a theory is
invariant under a rescaling of the time coordinate or, alternatively, the lapse function [34].
In the EFT language (or in the uniform scalar field slicing), disformal symmetry implies a
“lapse-less” action. But, this point of view is not very informative and a “lapse-less” action
sounds more worrisome, in terms of the standard Hamiltonian analysis, than it actually is.
A more insightful perspective is that pure disformal symmetry demands that “time” is fully
represented by a scalar field at the level of the action (not the metric). Thus, rescaling of
time (or the lapse) is not important because the fundamental field describing time is such
a scalar.

To convince the reader about this point, consider the (341) decomposition in which the
coordinate time t is always accompanied by the lapse function N, namely as Ndt. If the
lapse N, for some reason, were related to the time derivative of a fundamental scalar field,
say through N = ¢, we would instead have ¢dt = d¢. This is very roughly a consequence
of pure disformal symmetry but at the level of the action. In passing, we recall that a
constraint imposing N = ¢ appears in mimetic gravity [35]. As we shall show, a generic
disformal symmetric theory is general mimetic gravity [36-38] in disguise. This is, of course,
a simplified view and one can generalize the formalism to go beyond mimetic gravity.

Mimetic gravity was first introduced in [35] (see also [39-41]) as a possible candidate
to explain dark matter. Since then, it has built a long literature with applications to cos-
mology, dark energy, darkmatter, inflation and black holes (see [42] for a review). Although
mimetic gravity was first introduced via a degenerate conformal transformation, it may also
be invoked directly with a Lagrange multiplier [43, 44] and via a degenerate disformal trans-
formation [36, 45-47]. For mimetic gravity within DHOST see [38]. Mimetic gravity also
appears in noncommutative geometry [48]. For recent works on mimetic gravity from the
Hamiltonian and EFT points of view see [49, 50]. The symmetries of the mimetic gravity
action without Lagrange multiplier is discussed in [51] for conformal mimetic and in gen-
eral in [46, 52]. In particular, [46] noticed that mimetic gravity via degenerate disformal
transformations is invariant under generic disformal transformations of the auxiliary metric.
However, this does not imply that all disformal invariant actions belong to mimetic gravity.
For instance, not all conformal invariant actions correspond to mimetic gravity.

In this paper, we start from first principles and require disformal symmetry of the
action. Our formulation does not depend on any degenerate metric transformation. We
then build general disformal invariant tensors, generalizing the disformal invariant curvature
tensor constructed in [53], from which we build a disformal symmetric action. We will later
see that in general a disformal symmetric action leads to mimetic gravity. By relaxing the
disformal symmetry we can go beyond mimetic gravity. These are mimetic-like theories,
within spatially covariant gravity with a dynamical lapse [54, 55], but contain a healthy
extra degree of freedom. At the end, we propose applications of disformal invariant tensors
to higher derivative-dependent disformal transformations [33, 56—-60], leading to new theories.



This paper is organized as follows. In section 2 we present a general disformal invariant
action in both the covariant form and in the unitary gauge. We then prove that these class
of actions correspond to mimetic gravity. In section 3 we allow for more general actions by
considering a relaxed disformal symmetry. In section 4 we study the cosmology of the system
including linear perturbations. In section 5 we show that, by adding higher curvature terms
allowed by the disformal symmetry, the mimetic-like degree of freedom can be rendered
healthy. We conclude our work and discuss future directions in section 6. Details of the
formulas can be found in the appendices.

2 Invariance under generic disformal transformation

Let us consider that our gravity theory contains a scalar field ¢. A pure disformal transfor-
mation is defined by [7]

Guv — Guv + D(xu)au¢au¢ ) (2'1)

where we have disregarded a global conformal factor, which would eventually connect with
conformal invariance, and we allowed a general form of the disformal factor D. It is often
assumed that D = D(¢, X) but we will require generic invariance.

From now on, we shall focus on a cosmological situation, where the scalar field is time-
like and offers a preferred foliation of the space-time, i.e. a slicing of uniform ¢. The same
follows for a space-like scalar field with care of the proper signs. The orthogonal vector to
such foliation is given by

_ o with X = —¢"0,¢0,¢, (2.2)

n, =
I \/)7

and the metric in such 3 + 1 decomposition reads
uv = huu —nyNny, (23)

where h,, is the intrinsic metric of the spatial 3 dimensional hypersurface. In the uniform-¢
slicing, the transformation (2.1) is readily understood as a rescaling of the orthogonal vector,
namely

n, —v1—DXn,. (2.4)

Before going into the details, it is instructive to consider D = D(¢, X) and intuitively
anticipate what will follow. For D(¢, X), invariance under the disformal transformation (2.1)
can be recast as invariance under rescaling of the orthogonal vector (2.4) up to field redef-
initions. One way to do this is to require invariance of the orthogonal vector itself, which
implies 1 — DX = F(¢) in (2.4). The function F'(¢) can be absorbed into a field redefinition
of ¢. We then have two possibilities: either there is a constraint imposing X = f(¢) (e.g.
see [61]) or D = d(¢)/X. The first case corresponds to general mimetic gravity [35, 3§]
which we discuss in section 2.3. The second allows for a healthy Ostrogradski “ghost” [62] or,
more precisely, a healthy additional degree of freedom. We postpone the second case until
section 3. We will prove these arguments explicitly at the action level.

We now proceed to construct general actions invariant under generic disformal trans-
formations. We will work in the covariant formulation as well as in the unitary gauge. The



notation “unitary gauge”, as often used in the EFT language, essentially corresponds to the
uniform-¢ slicing, i.e. ¢ = 0 in cosmological perturbation theory, plus the additional fixing
of ¢ =t by using time reparametrisation invariance or, in other words, by fixing the lapse
function. However, in disformal symmetric theories the lapse is absent in the action and, to
be consistent, we will keep track of qb in most of our discussions. We will later see that the
additional fixing of ¢ =t is compatible with disformal symmetry. As we shall see, although
the calculations are simpler in the unitary gauge, the covariant formulation provides crucial
insight in the case of mimetic gravity.

2.1 Covariant formulation

Let us start by writing a general form of the action that has disformal symmetry. We will
do so using basic building blocks: disformal invariant tensors. Let us respectively call V, B,
and D,g,,, the disformal invariant volume element, the disformal invariant second derivative
of the scalar field ¢ and the disformal invariant curvature tensor. In addition, we need a
disformal invariant “metric” or projector, call it P*”. The action then reads

Seenn = [ dav{eo(9) + ()8 + ()PP Dagy
+ c3(9)B* + ca(@)P“P? BosBu, + ... |, (2.5)

where ¢; are functions of the field only (which is automatically disformal invariant) and the
. refer to higher order contractions. The disformal invariant tensors in terms of ¢ and X
are given by

V=v-9X, (2.6)
1
PHY = gh" + ?V“qW”qb, (2.7)

1 1
B = 5 (vuvm - VX Vo~ 53

VagbVO‘XV“(éVl,qﬁ) , (2.8)

p P 4
Daspw = Rapur = 5 ViV (abV5) Ve — 35 V100V ViuX V010 — 5 Viad Vg X V[0V, X
2V, 9VHX

where (anti)-symmetrization is normalised. In the action (2.5) we have defined
B=pPE,, (2.10)

One can check that these objects are disformal invariant using the formulas provided in
appendix A. There is also the disformal invariant contravariant vector given by

1
N =—VF¢. 2.11
<V (2.11)
However, contractions of N'* with P, (2.7) and B, (2.8) trivially vanish and the non-
vanishing contraction with Dyg, (2.9), that is PNPNYDys,,, can be written in terms
of the contractions appearing in the action (2.5), after integration by parts. There is also
the trivial disformal invariant contraction N#V,¢ = —1 which corresponds to the term



¢p in (2.5). In the same appendix we provide the explicit expression of the contractions
appearing in (2.5). Note that in (2.6) we are implicitly assuming that X > 0. One could also
treat the case X < 0 by appropriately choosing the signs. But, in this disformal invariant
formulation, X = 0 is ill-defined. This is first indication that the system will not cross X =0
and we will likely have a constraint imposing at least X > 0. That being said, one could also
build a disformal invariant action only in the exact case where X = 0. We leave this case for
future study.

For easier comparison with scalar-tensor theories of gravity, such as DHOST [15], we
also write down (2.5) in terms of ¢, X and the Ricci scalar R. After some integration by
parts in (2.5), we obtain

Sgen,D = /d4x\/ —gX {C() + (Cl — 2X027¢)D1 + coDo + c3D3 4+ c4 Dy + .. } , (212)

where we dropped the explicit ¢ dependence in ¢;, the subscript “, ¢” refers to derivative
w.r.t. ¢ and we defined

1 1
— - 122
D= <D¢ 5 VXV ¢> , (2.13)
1
Dy=R++ ((O9)? - v,.v,6V"V"0) , (2.14)
D3 = D7, (2.15)
1 L1 1
Di= 5 (V“V,,qﬁV“V b+ 5 ViX VX + (qu5V“X)2) . (2.16)

We find that the action (2.12) up to quadratic and cubic orders is a particular case of
DHOST [15]. We write our theory explicitly in terms of DHOST coefficients in appendix B.
Note, however, that generic disformal symmetry allows for higher order operators beyond
cubic order in the action, which do not belong to DHOST.

If we further require that disformal symmetry is also preserved in any matter sector
(scalar, vectors, fermions, etc.), all matter fields must minimally couple to an effective metric
which has a well-defined inverse. The only possibility is given by

'glljll/atter = PP«V - v#¢vv¢a gﬁll;tter = PMV - NMNV ’ (217)

which as we shall shortly see it is nothing but the degenerate metric leading to mimetic
gravity (2.30). In addition to (2.30), matter fields can additionally couple to P*” and N*
without spoiling the disformal symmetry. And, in particular, extra scalar fields, can couple
to P and N* without explicit mention to (2.17), if no higher derivatives are present in
the action. We now proceed to show that one can reach the same construction from the
unitary gauge.

2.2 Unitary gauge

It is also useful to consider the construction of the disformal invariant theories in the spatial
covariant gravity using the unitary gauge. Using the standard ADM decomposition

ds? = —N2dt? + hyj (N'dt + da' ) (N9dt + da’ ) | (2.18)



the disformal transformation corresponds to
hij — hij,  N¥ = NF N = ND("), (2.19)

where we defined D?(z#) = 1+ D(z*)$?/N?. Thus, disformal symmetry corresponds to
invariance under generic rescaling of the lapse function. We can now start from spatial
covariant gravity and construct the invariant action as

Sgen.D = /d% dt Vhe (co — %E + coR[h] + ;f;’;EijEij + %EQ + .. ) : (2.20)
where E;; is the rescaled extrinsic curvature
1 /.

and R[h| the three dimensional intrinsic curvature and the dots signalize again higher order
corrections. The ¢; = ¢;(t) are generic functions of time. The introduction of é as a generic
function of time is for later convenience and can be absorbed by redefining ¢;. The invariance
of (2.20) under the disformal transformation is trivial since the action does not depend on
the lapse function. It should be noted that a priory we could also introduce terms which
break the spatial covariance like N¥N,. However, for simplicity, we will focus on spatial
covariant gravity models. It is straightforward to check that both approaches are equivalent.
By restoring the full covariance using that n, = 0,¢/ VX, we find that

\/E(b =~ V7 Q‘ﬁ_lE‘uy & _BNV and R[h] = PMVPOC/BIDMQV,B ) (222)

where 2 means equality only in the unitary gauge. With the prescription (2.22) we recover
the action (2.12) from (2.20).

Before going into the next section, it is instructive to look at the Hamiltonian of (2.20),
with ¢; = 0, but treat the scalar field ¢ as an independent fundamental field to understand
its role in the disformal symmetry in the case of homogeneous slicing ¢ = ¢(t). To simplify
the calculations we split h;; into

hij = GQWTU’ 5 (223)

where e5¥ = det h, Y% Tij = 0and det T = 1 (see e.g. [63]). We also introduce for convenience
a Lagrange multiplier A\(¢—x) in (2.20). With these new variables the total Hamiltonian reads

H = x(myp + Hn) + NH;, (2.24)

where 7y is the conjugate momenta to ¢ and Hy and H; are the standard Hamiltonian
and momentum constraints, i.e. as if we had N instead of ¢. Concretely, Hy and H; are
respectively given by

1 .. 72
=W | Zqlm 4+ — % ) Wy — %o (R[Y] + 2D, U DFY 2.25
Hy =e <037r sz+12(03+304)> eYeg—e cz( [Y] + 2Dy ) , ( )
1 .
H; = mg D; ¥ — gpim — 27y Dyt | (2.26)



where 7 and 7y are respectively the conjugate momenta of T;; and ¥. Looking at the
total Hamiltonian (2.24), we see that x is related to the time reparametrization invariance,
which is usually the role of the lapse function N. Noting that x = ¢, we see that disformal
symmetry imposes ¢ to play the role of the lapse.

Taking the variation with respect to x we find the new Hamiltonian constraint, that is

7T¢+HN:0. (2.27)
In the case where all ¢; are constant, variation with respect to ¢ leads to
7y =0, (2.28)

which implies that Hy = constant. In a Friedmann-Lemaitre-Robertson-Walker (FLRW)
background metric this “integration” constant plays the same role as mimetic dark matter,
i.e. as a dust fluid with energy density decaying as a~3. Note that something similar occurs in
projectable Hofava-Lifshitz gravity [64]. In the case where ¢; depends on ¢, we obtain instead
OHnN .
g+ ——¢=0. 2.29

** 58 (2.29)
Unfortunately, in this general case it seems difficult to find a general solution without speci-
fying the functional form of ¢;(¢).

2.3 Connection to mimetic gravity

We proceed to show that all generic disformal invariant actions are equivalent to general
mimetic gravity and viceversa. For simplicity, let us start with the latter. To see the equiva-
lence, let us write (2.17) in terms of the metric and the scalar field. This corresponds to the
degenerate disformal transformation given by [45]

1
guu = Guv + <X - 1) VM¢VV¢ (230)

After a brief algebra, one finds that the metric g, (2.30) is invariant under generic disformal
transformations (2.1) of g,,,. Thus, any (non disformal invariant) action or quantity expressed
in terms of g,, through the degenerate g,, (2.30) must become invariant under disformal
transformations of g,,. It is also interesting to understand the meaning of (2.30) in the
uniform-¢ slicing with the orthogonal vector n,. What the transformation (2.30) is doing is
canceling the term n,n, in the 3 +1 decomposition of g,, (2.3) and replacing it by V,¢V, ¢
in the 3 + 1 decomposition of g,,, namely g,, = h,, — V6V, ¢. Since both h,, and V¢
are disformal invariant, the metric g, is disformal invariant.

Let us now show that disformal invariant actions are mimetic gravity with explicit
calculations. Using (2.30) we find that

V=v-g Puv = G + VY9, N =gV, ¢, (2.31)
B, = @u?yqb, Duopuw = Raglw — 2@a€[u¢vy]@5¢. (2.32)

In this way, we can write any generic disformal symmetric model in terms of the degenerate
metric (2.30). Since the inverse is also true, we conclude that generic disformal symmetric
actions are an equivalent formulation of general mimetic gravity. At quadratic and cubic
order this falls into mimetic DHOST [38]. Note that any additional term that breaks the



disformal symmetry, e.g. matter fields, would take us out of mimetic gravity. To preserve the
disformal symmetry, matter fields must minimally couple to g, as we discussed in section 2.1.
We will, nevertheless, show later that by relaxing the disformal symmetry we can go beyond
mimetic gravity.

Before generalizing our results, let us show that the action (2.5) can also be expressed
with the typical Lagrange multiplier and constraint of general mimetic gravity [38, 43, 49].
We first use that the general Lagrangian (2.12) can be expressed in terms of g,,, that is
L(9w, ) = L(gu(guv, @), @). Therefore the action can be written as

- X
Sgen.D = /d4$ L(gul/(gm/a Qb)a Qb) + \/ng,ul/ <guy - g,uu + 1X2 ¢u¢u> . (2'33)

Adding the Lagrange multiplier term does not change the equations of motion since solving
for g, fixes A, = 0. Following [46] we can split

)\/LV = S\/Ll/ + )\v'u,(évV(b? (234)

with S\ch“ = 0, and we obtain

Sgen.D = /d4$L(§w/a d)) + \/jg (5‘;11/ (gwj - g,uz/) - A (X - 1)) : (2'35)

The action does not depend anymore on g"” so that we can integrate it out and we are left
with an action given by

Senp = [ A0 L(Guus 6) ~ VZIAE - 1). (2.36)

Now the action is clearly general mimetic gravity with the mimetic constraint, where e.g.
L(g,w, @) up to cubic order is a DHOST theory. We emphasize however that L(g., ¢) could
be any general non-disformal invariant action outside DHOST. In the most general case, this
is called extended mimetic gravity in [37].

3 Invariance under special disformal transformations

Disformal symmetry (2.1) with a general factor D(z#) leads to mimetic gravity. However, we
have advanced in section 2 that there is a special disformal transformation which also leads
to invariance under rescaling of the slicing. The special disformal transformation reads

d(¢)

Guv — Guv + TVuﬁbvu(ls . (3.1)

Such metric transformation renders the transformation of the kinetic term of X as a mere
field redefinition, explicitly

X
X——-. 3.2
) 2
However, such rescaling by a function of ¢ only occurs for X and /—g. This means that in
addition to the generic disformal invariant quantities defined in (2.6)—(2.9), we can only add

Vo dVeX
X

1

A= Tax

1
(VMX + Vugﬁ) - —ﬁPM VV,/X . (33)



Other terms including higher derivatives of ¢ lead to derivatives of X after the transforma-
tion (3.1) and when looking for disformal invariant tensors we go back to (2.6)—(2.9). Thus,
A, is the only new addition. In the action we can add terms such as P*” A, A, , namely

Sepecd = Sgon + [ d'aV{di(G) PP A+ .} (3.4)

where Sgen.p is the disformal symmetric action for generic D (2.12) and the ... now include
contractions of the generic disformal invariant tensors with A,,.

If we relax further the condition of disformal invariance to d = constant in (3.1) then
the term V,X /X is invariant by itself. In that case we have that the action has additional
terms given by

Sconst.d = Sspec.D + /d4mV {fO(¢)T+ . } ) (35)
where we defined
1 1
= — H = — I
T = 5NV, X = 5 VHoV,X (3.6)

and the ... include other products of 7 with the other tensors (2.6)—(2.9) and (3.3). Let us
discuss each case, i.e. the action (3.4) and (3.5), separately below.
3.1 Invariance under time-dependent rescaling of the lapse

In order to understand the transformation it is helpful to consider it again in the unitary
gauge in which case the disformal transformation of the form (3.1) correspond to

N — d(t)N . (3.7)
The invariant vector A, (3.3) corresponds to the acceleration vector
D,N
(Au)p =au = ]!if . (3.8)

Due to the new operator breaking the generic invariance, the action (3.4) up to quadratic
order does not belong anymore to the mimetic gravity class, as the whole action cannot
be written in terms of g. It is also not anymore inside DHOST but instead pertains to
U-DHOST [22] (see appendix B for a short recap of (U)-DHOST). The theory has three
degrees of freedom for a homogeneous scalar field ¢ = ¢(t) and outside this foliation there
is an additional instantaneous mode. However, as discussed in [22, 65], the additional mode
can be removed by imposing proper spatial boundary conditions.

In general, the number of A, will be even for each operator due to the orthogonality
of A,N* = 0. We would need to consider covariant derivatives of the other tensor like
A, PV, B. Therefore, without higher derivatives for linear perturbations around a homo-
geneous background like FLRW such operators can be neglected since they vanish identically.
At the background level this follows directly from requiring a homogeneous background and
at linear order we obtain terms like

§@ =82+ / &z dt fIoENO;SN (3.9)
where f¥ purely depends on the background quantities. Deriving the equations of motion for
SN leads to f¥ 0;0;6 N = 0 and, therefore, by imposing proper boundary conditions we can
set JN = 0. Therefore, for homogeneous backgrounds at the linear level the perturbations
are equivalent to the mimetic gravity model.



3.2 Invariance under a constant rescaling of the lapse

In the case where d(¢) = const the new term (3.6) in the unitary gauge can be expressed as

1(d. (o ¢
R

In the unitary gauge it is easy to see that it will lead to an additional degree of freedom due
to the time derivative of the lapse function. In the covariant formulation we can check that
introducing these terms will break the degeneracy conditions of DHOST and U-DHOST.
The additional degree of freedom is what it is commonly called the Ostrogradsky ghost.
However, in covariant theories the analysis of Ostrogradsky ghost instabilities is a bit more
subtle since the theory has a first class Hamiltonian constraint [62]. In the next two sections,
we discuss that for linear perturbations around FLRW the perturbations can be stable despite
the presence of the Ostrogradsky ghost.

4 Cosmology and cosmological perturbations

Let us discuss the general case of linear perturbations around FLRW. We consider the action

up to the quadratic order given by

Seonstant.d = / 'z V[eo + caP P Doy, + €38 + By BY + di Ay A + fiT? — [rTB|.
(4.1)

For simplicity, we will assume that the coefficients ¢;, di and f; are constant and f; = 0.
We will discuss the impact of a kinetic coupling between both degrees of freedom in the next
section. We did not include terms linear in B or T since for constant coefficients they are
total derivatives.

4.1 Background level

Let us first consider the background level, where the line element reads
ds? = —N2dt* + a?0;;dz"da? . (4.2)
The Lagrangian of (4.1) for (4.2) is then given by

(e3+3cs) .0, N1
H
g2 N2 + *N

L=a%N |co+3 @ +7m(d—qN), (4.3)
where we have introduced the new variable ¢ = qﬁ/N , T is the associated canonical conjugate
momenta to ¢ and H = a/a is the Hubble parameter. The other momenta are given by

pq  2f1 . Pa  6(c3+ 3ca)

3 = W(], ﬁ = qNa H and PN = O7 (44)

where the last is a primary constraint and =~ denotes weak equality on the constrained

hypersurface. The total Hamiltonian from (4.3) is given by
p2a’ Paq°

12a3(c3 + 3c4)  4a3fr

Hr = NgqHy +uipy = Ng —adco+ 7| + uipy - (4.5)
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The conservation of the primary constraint leads to the first class Hamiltonian constraint as
expected due to the time reparametrization invariance

H' =qHy~0, (4.6)

which leads to ¢ = 0 or Hy = 0. The former is trivial, so let us focus on the latter case.
The Hamiltonian constraint contains as expected a term linear in the momentum due to the
higher derivative term. Despite the presence of a linear term in the momentum, it can be
shown that the system is stable if ¢3 + 3c4 > 0, fi > 0 and ¢y < 0 [62]. The main reason is
that 7 is the momentum of the parametrized time ¢.

To explicitly show that the system is stable, we fix the time reparametrization invariance
from the start by choosing ¢ = 1. In other words, since we always have ¢dt in the action we
can set ¢ =t without loss of generality. In that case the scalar fixed Lagrangian is given by

NQ
Ly = a’ co + 3(cs —|—3C4)H2—|—flm , (4.7)

where the subscript “sf” refers to “scalar fixed”. From (4.7) we find that

2 .2 2 2
Do py IV 3
= — 4.8
I T 12a3(cs + 3ca) | dadf; O (48)

Hy

which is obviously stable for an appropriate choice of ¢; so that the Hamiltonian is bounded
from below. This is not in contradiction with the Ostrogradski ghost theorem because of the
presence of a first class Hamiltonian constraint. In passing, we note that the background
equations of motion in the case where f; = 0 lead to ¢ = 0 and, therefore, ¢ = constant,
which is consistent with our choice ¢ = 1. This is what happens in mimetic gravity if ¢ is
the cosmic time, i.e. if N =1 then ¢ = 1.

4.2 Linear level

For the linear perturbations we use the unitary gauge (that is uniform-¢ and qS = 1) where
the metric components read

hij = a2eX ( ) . N=Ny+6N, N.=0p. (4.9)
ij

From now on we will abuse notation and we drop the subscript zero for the background part
of the lapse function. Let us consider first tensor perturbations. In that case, the second
order action is given by

1 : k2
_ Z/di’v-gohf,cﬁqﬁ l;?;hf]— Cos hQ] . (4.10)

We see that (4.10) takes the usual form, but with ¢ instead of N, as if we used the constraint
N = ¢ in general mimetic gravity. Second, variation with respect to the non-dynamical shift
B yields

(03+C4) 5 le(SfN—(03+304)C (4.11)
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We will assume for the moment that c3 # —c4, and come back to it later. Plugging £ back
into the second order action for scalar perturbations yields, after simplifications,

2c (03—|—3C4) : k2 SN2 k2 cs+es+ f1 N2\ §N?
5(2):/d3k;dt3372 g 24 (g = N
¢ c3+cy ¢ CQa2< Th eI L2 fi (c3+c4) N2?2) NZ

2e3fiN2 6N 2e3fiN ON .6N
B (03+C4)N2<W+ (cs+cq)N (CN_CN>] ) (4.12)

It is interesting to note that we can tune the extra degree of freedom to be stable (no gradient
or ghost instability) by choosing f1 > 0 and d; < 0. However, the first two terms in the first
line of (4.12) remains the same as the mimetic degree of freedom, which is in general unstable.
If we choose ¢y < 0 then the gradient term for the tensor modes (4.10) has the wrong sign.
This is a known problem of general mimetic gravity (see for instance [37, 38, 66—-69]) and,
therefore, it is not connected to the additional degree of freedom due to the dynamical lapse.
We also note that the mixing terms in the second line are only relevant for tachyonic like
instabilities and are not linked to gradient or ghost instabilities [70]. We also note that the
case cg = 0 corresponds to no spatial Ricci scalar in the action and leads to non-propagating
¢ and h;;. From now on we always consider ¢y > 0.

Let us consider the special case ¢c3 = —c4 in more detail in which the mimetic fluid
behaves exactly as dust with vanishing sound speed, that is as mimetic dark matter. Consid-
ering first d; = f1 = 0, ¢4 = —c3 = ¢ = 1/2 we have the original mimetic matter model in
which case it has been shown that the model suffers under a ghost or tachyon instability [49].!
Including the dynamical lapse function, i.e. di, f1 # 0, the momentum constraint (4.11) fixes

ON 2C4N :
- = —C. 4.13
NN (4.13)

Substituting it back into the action leads to higher order time derivatives in the action
resulting in a Ostrograski ghost instability

2

4¢3N? . c ' M ¢
S (e3 = —cy) = /d3k dt a® [ f14N2 ¢+ f12]4W <—3fl(CON2 +18ciN?H? +3f1N?) +4C4d1¢12) ¢

K,
+20507| (4.14)

This is similar to the case of mimetic gravity plus an additional normal matter fluid [37, 38].
However, in that case the instability is still directly linked to the dust itself [49]. Due to the
same structure of the action we expect that the analysis of [49] also applies to our model and
we will not consider it further.

5 Higher curvature term

We have seen that the special disformal symmetry (3.1) with a constant coefficient, in a
perturbed FLRW universe, leads to a healthy extra degree of freedom. Unfortunately, due

'Despite the presence of c2k?¢? in the second order action the equation of motion do not have any scale
dependency (vanishing sound speed) due to C = 0 coming from the momentum constraint. Therefore, it is
not possible to distinguish between the ghost or tachyon instability since they are related via a canonical
transformation.
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to the mimetic-like nature of the action, we found that at the lowest order in the disformal
invariant operators the second order action perturbations is accompanied by some kind of
instability. If the mimetic-like degree of freedom behaves like dust there is a tachyonic or ghost
instability and if it has a non-vanishing sound speed there is a ghost or gradient instability.
Nevertheless, it has been shown that in order to obtain stable linear perturbations one could
add higher curvature terms, i.e. couplings of the form ER[h] [67-69] (but see e.g. [71] for other
potential solutions involving additional scalar fields). In our disformal symmetric formulation
we are allowed to include higher order operators by contractions of disformal invariant tensors.
At the covariant level the relevant terms are

DuvasP"B"? .  DyvagP"P"’B,  DuwasP"*P’T, DuwasP"* N NPB,  DpasP " N'NOT .
(5.1)
However, these terms normally add even more degrees of freedom since they contain time
derivatives of the extrinsic curvature [50, 72]. In fact, there are two components of the
extrinsic curvature which acquire time derivatives, namely
X3 X3
DDy (hij . D¢D¢> 5, 652
Dy¢Dk¢ Dy¢D*¢

That being said, the first term vanishes trivially in the unitary gauge and we can impose
additional degeneracy conditions to get rid of the second one, which leads to a generalized
class of U-DHOST. In our case, we are interested in the three different operators:

gR[h], b;.sziJ‘[h] and  TR[h], (5:3)

where the last term is only valid for the relaxed disformal transformation N — d x N with
d = const. Therefore, there are two additional degeneracy conditions between the covariant
operators to remove the time derivatives of the extrinsic curvature in the unitary gauge. Let
us emphasize that the higher curvature terms are only needed to stabilize the mimetic-like
degree of freedom.

5.1 Stable model

Let us show that by including the coupling between E and R[h| we get stable linear per-
turbations. To simplify the calculations we will only consider the quadratic terms and the
cubic terms which impact the gradient terms for the scalar sector. In the unitary gauge this
corresponds to

Soonsid = / a3z dt Vhé [co + coR[A] + %EUE” 1 %E2 + 2 ER[L] + S Ry[WEY + dyasa’
o o ¢ o
do

) da . . FE

+ f.aja]E + jaZaJEij + f1T2 + fg*T—l- ngR[h] . (54)
¢ ¢ ¢

For simplicity, we take ¢ = ¢ from now on. Note that if we are only interested in the linear

perturbations around FLRW we can absorb the effect of d3 by redefining do and, similarly, cg

into ¢o and c¢5. Therefore, we will set cg = d3 = 0 in what follows without loss of generality.
We proceed to derive the equations for the background and linear perturbations.
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First, at the background level we find

3(2e3f1 4 6caf1 — 3f3)H? + 6 f1 foHHy + 2f1(co + leN)
403f1 + 12C4f1 — 3f2
3(c3 +3cq) foH? + 4(c3 + 3ca) fLrHHN + fa(co + leN)
403f1 + 12C4f1 — 3f2

H=—

(5.5)

Hy = -3

(5.6)

where we defined Hy = N /N. For linear perturbations of tensor modes, we find that the
second order action reads

k
S = /d3kdta (Cgh — (co + 3csH + f3Hy) 2h3j>. (5.7)

We see that to have stable perturbations we must require
c3>0 and co+3csH + fsHy > 0. (5.8)

Let us turn now to the scalar sector, where we again find two degrees of freedom.
Variation of (5.4) with respect to the shift 8 leads to

2 2
2N(03 + C4) k ﬁ (3f2H + (2f1 + fz)HN)(SN 4Ncsy kQC f25N — 2(63 + 304)NC (59)

This time, however, after using the solution for 3, the resulting second order action contains
a quadratic kinetic mixing between ¢ and § N proportional to fs. To diagonalize the kinetic
terms we introduce

fo ON ON

and o =

= — —. 5.10
v C+203—|—604N N ( )

After some partial integrations the second order action for scalar perturbations takes the form
= /d3kdt a® (K193 + Koy + B(th1tha — 1) — v, Gigthi) (5.11)

where we defined

2¢3(c3 + 3cq) 4f1(c3 + 3cq) — 3f22

o K= 7 5.12
1 Iy 2 4(c3 + 3cy) (512
cs fo k2 3
B ( Gk % 3p,H 4 2fHy) | 5.13
(03 + 4 f3> (c3+ca) (352 Jutt) o
Gy s L o (c3 +3ca)esH + (e5 + ca) (o + f3HN) . (5.14)
cs+caa c3+cy a
2 £2 k4 k2 3foH +2f1Hy)?
Gay = C5/2 +Chs | BRH £ 2/ HN)” (5.15)
(e3+ca)(ez3+3ca)?a 4(cs + ca)
2c2 fo k* k2
Gy — — 5 o CQ A 5.16
2T TGt en)(es + 3e U122 10
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For completeness, we also show the explicit expressions for C2, and C%,, which are respectively
given by

C3h =~ 2(cs + 04)%03 +3c4)2 [2(03 + ca)(cs +3ca)’dy + foHy (fafa(cs +ca) —4es fi(cs +3ca))
o caff(es + ex) + 2H (e + 3ex) (e + ca) (3(es + 3ea)da + fofis) — 3¢5 f3)] (5.17)
2o 2¢3 fo(c3 +cq4) + (3 +3ca)(2(c3 + ca) f3 — 5es f2) H +2(fa f3(cz + ca) — 2¢5 f1(c3 +3ca) ) Hy
12 = .

2(03 + C4)(63 + 304)
(5.18)

By looking at (5.11), we find that no ghost conditions are given by K7 > 0 and K3 > 0
which can be fulfilled by choosing proper parameters for ¢; and f;. The coefficient B again
does not impact the ghost instability due to the antisymmetric structure [70]. As it is clear
from (5.11), the gradient matrix G;; is not diagonal in general due to the mixing term
proportional to f and f3. Furthermore, it contains terms up to the order k* due to the term
proportional to ¢5 as occurs in general mimetic gravity with higher order corrections.

We can find the stability conditions for the gradient part as follows [70]. We first derive
the coupled equations of motion for ¥; and 3. We then focus on the limit & > aH and
neglect any time dependence of the coefficients in (5.11). And, we derive dispersion relation
in the high momenta limit by first using the ansatz 1, s ~ e~** and requiring that the
system is degenerate. The determinant of the coupled system vanishes when

K1K2w4 — wz(GHKg + K1Goag + B2) — G%Q + G11Go9 ~ 0. (5.19)

Noting that —G%, + G11G22 = O(kS) we see that there are two solutions at leading order in
the high k limit, namely w = C,1k?/a? and w = Cok/a. After some algebra, we find

Efi — csfafs + (c3+ ca) f3
c3(4f1(cs + 3ca) — 3f3)
c2(dy + 3doH)
(cf1 — csfafs + (c3+ ca) fE)N2

C% =8 (5.20)

C2y = — (5.21)

By choosing proper coefficients both C?; and C2, can be positive definite. As an example,
the stability conditions can be fulfilled for ¢; > 0, fi(c3 + 3c4) > 3f3, fofs < 0 and d; < 0
(assuming an expanding spacetime, namely H > 0). We conclude that by adding the coupling
between the extrinsic and intrinsic curvature ER[h] we can obtain stable linear perturbations
(no ghost or ultraviolet gradient instabilities) despite the presence of the additional degree
of freedom due to the higher derivative terms.

6 Conclusions

We investigated the meaning and implications of pure disformal symmetry in the Universe.
We built general disformal invariant tensors involving first and second derivatives of a scalar
field as well as the curvature tensor, given by equations (2.6)—(2.9). We showed that requiring
generic disformal invariance of the action (2.12), that is invariance under a pure disformal
transformation with an arbitrary coeflicient, is equivalent to a lapse-less EFT-like action in
the unitary gauge (2.20). Up to cubic order, disformal symmetric theories can be mapped
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DHOST and U-DHOST (see appendix B). But, disformal symmetry is more general as it
allows one to write higher order operators outside of (U-)DHOST.

We then proved that the generic disformal symmetric action (2.12) is an equivalent
formulation to general mimetic gravity [35, 37, 38]. This means that, in general, all disformal
symmetric theories are equivalent to general mimetic gravity and viceversa. In contrast,
not all conformal invariant models are related to mimetic gravity. To understand the role
of ¢ in disformal symmetric theories we have computed the Hamiltonian in the uniform-¢
slicing (2.20). This showed that the role of the lapse as time reparametrization parameter
has been replaced by the time derivative of the scalar field, without the need of invoking
any constraint as usually done in mimetic gravity. Thus, in disformal symmetric theories,
one may say that the lapse function has been completely replaced by a fundamental scalar
field. We also find that the Hamiltonian constraint of disformal symmetric theories leads
to standard Hamiltonian constraint (i.e. if we still had the lapse in the action) which does
not vanish but it is proportional to the momentum of the scalar field. In the simplest case,
the standard Hamiltonian constraint is equal to a constant which leads to a (mimetic) dark
matter degree of freedom, in a FLRW background.

We then relaxed the generic disformal symmetry to the case of field-dependent-only
or constant disformal coefficients. This enlarged the number of terms allowed in the action,
respectively (3.4) and (3.5). In the case of constant disformal coefficient, the special disformal
symmetric action (3.5) contains a new degree of freedom associated to the time derivative
of the lapse. The resulting theory enters in a subclass of spatially covariant gravity with
dynamical lapse [54, 55]. And, in general, such extra degree of freedom is expected to be
an Ostrogradski ghost. However, by analyzing linear cosmological perturbations we showed
that the system is stable, except for the usual instability associated to the mimetic degree of
freedom [37, 38, 66-69]. We then showed that by including higher curvature terms allowed
by the special disformal symmetry one can render the system stable.

Our work can be extended in several ways. First, we restricted our analysis for simplicity
to the quadratic terms in the covariant action 2.1. However, one could do a general analysis
including higher order operators as in [37]. Second, it would be interesting to generalize the
pure disformal symmetry to general disformal symmetry including the conformal factor. We
expect that in this case the form of the resulting theory will be more constrained by the
additional requirement of conformal symmetry. Whether this case also belongs to mimetic
gravity is not straightforward to us. It would also be interesting to study the implications
of disformal symmetry in vector-tensor theories of gravity, also known as generalized Proca
theories [73-79]. One possibility is that this case is related to mimetic gravity in a vector-
tensor theory as in [40, 80].

Lastly, the disformal invariant tensors we provided have applications beyond disformal
invariant actions. In particular, we propose an alternative way to build disformal transfor-
mations with higher derivatives to those studied in [33, 56, 60]. By allowing the disformal
factor D to depend on disformal invariant tensors, namely

Guv = Guv + D(,N¥, P B, Dynap)V Vi, (6.1)
the metric transformation is trivially invertible and, after performing the transformation, it
will lead to new theories. However, one should also take into account the matter coupling as,

e.g., it may lead to ghosts in the generalized disformal transformations of [57-59]. As another
example, disformal invariant tensors might help in constructing the notion of disformally flat
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spacetimes, as in [53] and possible singularity-free frames for black hole spacetimes. These
interesting directions are beyond the scope of this paper and we leave them for future work.
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A Disformal transformation formulas and invariant tensors

In this appendix we provide the general formulas for pure disformal transformation that are
used in the main text. We always use normalized (anti)symmetrization.
First, we define the metric transformation. A pure disformal transformation is given by

G = Guv + D00, . (A1)
The inverse metric reads
GHY — v D IS vil
g =9 —mv oV:e, (A.2)
where we defined X = —¢"9,¢0,¢. We now give the transformation rules.

We have that X transforms as

X

The transformation of the second order derivative term, i.e. ?Mﬁyqﬁ, can be expressed as

ﬁuﬁuﬁﬁ = vuvu¢ - ’C;);yvz\ﬁi)a (A4)
where
A D A Lo, Lo
K, = mv ¢ ViV + V6V, In D + §V ¢V ,DV, 0V, 0 | — §V DV ¢V, ¢.
(A.5)
With the formula above, we find that
R 1 1 o
V.V, = 1-Dx (V“VZ@ + XV, oV D + §VQ¢V DVHQSVZAZ)) . (A.6)

After a longer computation, one can also show that

X
RQBNV = RQBMV +2 VQV[M(ﬁvu]Vﬁ¢ - mV[a(ﬁVmDV[uqﬁVU]D + ZV[Q¢V5]V[MDV,,]¢

1-DX
D

2V, VDV 6V 5 V[, 0V, 6 — 2

T Dx Via®VgViudVy D + VWVwV[anD) :

(A7)

1
17DX<
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After contraction with g"” we find that

_ D 1
R=R- ((D¢)2 — V.V, ¢V ¢ + VHIn D (vux + Vu¢Dqﬁ>>
1-DX 2
1 D
v V. ¢oVY¢V, In D+ XV, InD + V, X + 206V :
+\/1—DX (\/1—DX( M(b ¢ n + pill + 1% + ¢ ud)))

(A.8)

To see the impact of the disformal transformation it is useful to consider it in the
unitary gauge ¢ = ¢(t) or n, = —0d,¢/vX. Using the standard ADM decomposition the
purely disformal transformation only impacts the lapse function

N =N®(t,N)= N\/l - ]%;D(t,N) (A.9)

and the spatial metric and the shift vector remain unchanged fzij = h;j and Nk = Nk,

A.1 Disformal invariant tensors

With the transformation rules shown above we find the basic disformal invariant tensors.

Disformal volume element:

V=yv—-gX. (A.10)
Disformal projector:
1 4 v 1 " 14
,le = Guv + YvugbeCb and PH = g¢M + }V’ oV (All)
Disformal upper first derivative:
NH =lvf‘¢. (A.12)
X
Disformal second derivative:
1 1 1 o
B, Ef (VMVV(;ﬁ — }V(HXVZ,)qﬁ — ﬁvaw XV,@V,,(]&) . (A.13)

Disformal curvature tensor:

p P 4
Dapur = Rappy = 1 VuVia®V e Vvt = 515 Via@Va VX V¢ — 55 Viad Vg XV, 0V, X
2V, 9VHX

X3 V[aqbV@]v[ugf)vy}gb. (A.14)

Example of contractions. Here we give the simplest expressions after contraction of the
above disformal tensors. First, we have that

_ !

P By = <D¢ - ;(vuxv%) . (A.15)
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It can also be shown that

1 1 1
PP B B, = ¥ (V,uvwa“V'/(ﬁ + oy VX VIX + =5 (Vo ViX )2) . (A16)

Lastly, the two possible contractions involving the curvature yields
2

o v 1
PP Do = R+ Noq

5 (@02 = 9,9,09090) = ov# (o (09,0 + 59X )

VX
(A.17)

and

2 1 1 1
PUNPNYDop = (PP Bu,)? — PP BagBy, — = ——=VH < <D¢VM¢ + 2VMX>>

37X \ X372
11 1 11 1
I v/ A AN _ - _ - wof _—
3\Fv \% ( 3/2vu¢vy¢> 3fvuv (\ﬁ) (A.18)

Note that in equations (A.17) and (A.18) we can do integration by parts in the action and the
total derivatives can be written as being proportional to P**B,,,. In principle it is possible to
keep contracting such tensors indefinitely, e.g. (P*” B, )", and the resulting quantity remains
trivially disformal invariant.

B (U)-DHOST

In this appendix we compare our formulation to the general U-DHOST. Let us consider a
scalar-tensor theory up to quadratic order in second derivatives

S = / A4z /=g[P + QD + fR + CP# 4,650 (B.1)
where

1
CH07 = a1 g"Pg7 + g g + Sas (067 9" + P67 g) + aagg 07 + as e @07
(B.2)

and «;, P, @ and f are function of ¢ and X. In general, these theories have four degrees of
freedom (2 tensor and 2 scalar) due to the higher derivative terms. However, as discussed
in [21, 29], the additional degree of freedom can be eliminated by requiring degeneracy
conditions between the free functions. The three conditions are given by
Do(X) = ~4(a — a1)| = X f(2a1 = Xou — 4fx) = 22— 8X2f}], (B.3)
Dy (X) = 4ay (X2a1 (o1 +3ag) — 2% +4X fag) +4X?f(a1 + o)y — 88X}

—4ai(f+4X fx +6Xaz)ai — 16(f +5X fx)aras —4X (3f — 4X fx)og o

— X2 fas —32fx(f +2X fx)aa +16f fxar —8f(f — X fx)az +48ff%, (B.4)
Dy(X) =4 (2f2 —4X fog — X?aq (a1 + 3a2)) a5+ 403 + 4200 + Xaz +4fx)a? +3X 2102

+4X fo3 +8(f + X fx)aras+32fxaras + 163 (o1 4+ 2a2) + 16 f fxas.  (B.5)
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If Dy = D1 = Dy = 0 the higher time derivative terms are canceled and the theory contains
just three degrees of freedom. Mimetic gravity can be understood as a subclass of DHOST
since it only has three degrees of freedom despite the presence of higher derivative terms and
it indeed fulfills the above degeneracy conditions [38].

The previous degeneracy conditions apply for any form of the scalar field ¢. However,
if the scalar field has a uniform slicing ¢ = ¢(t) terms proportional to the scalar gradient
D;¢ vanish identically. Therefore, in the unitary gauge the DHOST class can be enlarged to
the U-DHOST class [22] and the degeneracy conditions are now given by

1
011::%1—?, 042:%2%-%, a3:2)£2—4'];(x—|—20'1€1+2<30'+X)1€2,
Ix f 2 o} Ix 1 5 20 1\2
a4:a+2y—2ﬁ+fﬁl, a5:X—2)(2+/i1<X+3O' +X>+/€2(30'+X) N
(B.6)
where o, k;, and « are functions of X and ¢.
One can check that the special disformal symmetric model (4.1) corresponds to
P = \/)?(C(] + 1,6 + 2X627¢¢) , (B?)
Q= —4cr VX, (B.8)
f=aoVvXx (B.9)
C2 C4
C2 C3
c3
az = N}?ﬁ, (B.12)
Cq4 d1
di e | f1

In the case where d; = f; = 0 then we go to the generic disformal symmetric action (2.12).
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