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Abstract. Symmetries play an important role in fundamental physics. In gravity and field
theories, particular attention has been paid to Weyl (or conformal) symmetry. However, once
the theory contains a scalar field, conformal transformations of the metric can be considered
a subclass of a more general type of transformation, so-called disformal transformation. Here,
we investigate the implications of pure disformal symmetry in the Universe. We derive the
form of general disformal invariant tensors from which we build the most general disformal
invariant action. We argue that, in cosmology, disformal symmetry amounts to require that
the lapse function is fully replaced by a (time-like) scalar field at the level of the action. We
then show that disformal symmetry is in general an exactly equivalent formulation of general
mimetic gravity. Lastly, we go beyond mimetic gravity and find that a particular class of
invariance leads to seemingly Ostrogradski-like (with higher derivatives) Lagrangians, which
are nevertheless absent of Ostrogradski ghosts in a cosmological background, despite having
an additional degree of freedom. We also propose an application of our formalism to find
new invertible disformal transformations, where the coefficient involves higher derivatives
and curvature, further expanding the theory space of scalar-tensor theories.
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1 Introduction

Symmetries, and breaking thereof, act as a guiding principle from which one can understand
and build a fundamental theory, as in, e.g., the standard model of particle physics. Symme-
tries also play an important role in cosmology. In the very early universe (and the recent
one), the Universe experienced an almost de Sitter expansion which led to an almost scale
invariant spectrum of primordial fluctuations [1, 2]. One could argue that perhaps this is
an indication that scale symmetry is a property of quantum gravity [3–5], both at high and
low energies. It has also been noticed that the boundary of de Sitter also enjoys a conformal
symmetry which is used in the cosmological bootstrap program [6]. Conformal symmetry
is also key in the AdS/CFT correspondence. However, once the theory contains a scalar
field, as is usually the case in cosmology, one can consider more general transformations of
the metric. The so-called disformal transformations were introduced by Bekenstein [7] and
involve derivatives of a scalar field. Conformal transformations are a subclass of disformal
transformations.

Departing from the de Sitter symmetry, we may use that the Universe has a preferred
direction of time to argue that time diffeomorphism is, in fact, “broken” in cosmology [8].
One can then write down those theories which are compatible with the remaining spatial
diffeomorphism such as the Effective Field Theory (EFT) of inflation [8, 9] (see also [10, 11]
for the first works on the context of Ghost inflation), dark energy [12–16] and in general
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spatially covariant gravity [17, 18]. Disformal transformations have played a key role in
building and understanding general scalar-tensor theories of gravity (such as Horndenski [19],
beyond Horndeski [20], DHOST [21], U-DHOST [22] and beyond — see [23, 24] for reviews)
as well as their related aforementioned EFTs (see, e.g., refs. [25–33] and references therein).
However, to the best of our knowledge, the role and meaning of disformal symmetry in the
Universe has not yet been explored. Here we will investigate pure disformal symmetry and
disregard global conformal factors. In this way, we shall understand the implications of
disformal symmetry without mixing of conformal symmetry.

Pure disformal symmetry in cosmology, in its most naive level, implies that a theory is
invariant under a rescaling of the time coordinate or, alternatively, the lapse function [34].
In the EFT language (or in the uniform scalar field slicing), disformal symmetry implies a
“lapse-less” action. But, this point of view is not very informative and a “lapse-less” action
sounds more worrisome, in terms of the standard Hamiltonian analysis, than it actually is.
A more insightful perspective is that pure disformal symmetry demands that “time” is fully
represented by a scalar field at the level of the action (not the metric). Thus, rescaling of
time (or the lapse) is not important because the fundamental field describing time is such
a scalar.

To convince the reader about this point, consider the (3+1) decomposition in which the
coordinate time t is always accompanied by the lapse function N , namely as Ndt. If the
lapse N , for some reason, were related to the time derivative of a fundamental scalar field,
say through N = φ̇, we would instead have φ̇dt = dφ. This is very roughly a consequence
of pure disformal symmetry but at the level of the action. In passing, we recall that a
constraint imposing N = φ̇ appears in mimetic gravity [35]. As we shall show, a generic
disformal symmetric theory is general mimetic gravity [36–38] in disguise. This is, of course,
a simplified view and one can generalize the formalism to go beyond mimetic gravity.

Mimetic gravity was first introduced in [35] (see also [39–41]) as a possible candidate
to explain dark matter. Since then, it has built a long literature with applications to cos-
mology, dark energy, darkmatter, inflation and black holes (see [42] for a review). Although
mimetic gravity was first introduced via a degenerate conformal transformation, it may also
be invoked directly with a Lagrange multiplier [43, 44] and via a degenerate disformal trans-
formation [36, 45–47]. For mimetic gravity within DHOST see [38]. Mimetic gravity also
appears in noncommutative geometry [48]. For recent works on mimetic gravity from the
Hamiltonian and EFT points of view see [49, 50]. The symmetries of the mimetic gravity
action without Lagrange multiplier is discussed in [51] for conformal mimetic and in gen-
eral in [46, 52]. In particular, [46] noticed that mimetic gravity via degenerate disformal
transformations is invariant under generic disformal transformations of the auxiliary metric.
However, this does not imply that all disformal invariant actions belong to mimetic gravity.
For instance, not all conformal invariant actions correspond to mimetic gravity.

In this paper, we start from first principles and require disformal symmetry of the
action. Our formulation does not depend on any degenerate metric transformation. We
then build general disformal invariant tensors, generalizing the disformal invariant curvature
tensor constructed in [53], from which we build a disformal symmetric action. We will later
see that in general a disformal symmetric action leads to mimetic gravity. By relaxing the
disformal symmetry we can go beyond mimetic gravity. These are mimetic-like theories,
within spatially covariant gravity with a dynamical lapse [54, 55], but contain a healthy
extra degree of freedom. At the end, we propose applications of disformal invariant tensors
to higher derivative-dependent disformal transformations [33, 56–60], leading to new theories.
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This paper is organized as follows. In section 2 we present a general disformal invariant
action in both the covariant form and in the unitary gauge. We then prove that these class
of actions correspond to mimetic gravity. In section 3 we allow for more general actions by
considering a relaxed disformal symmetry. In section 4 we study the cosmology of the system
including linear perturbations. In section 5 we show that, by adding higher curvature terms
allowed by the disformal symmetry, the mimetic-like degree of freedom can be rendered
healthy. We conclude our work and discuss future directions in section 6. Details of the
formulas can be found in the appendices.

2 Invariance under generic disformal transformation

Let us consider that our gravity theory contains a scalar field φ. A pure disformal transfor-
mation is defined by [7]

gµν → gµν +D(xµ)∂µφ∂νφ , (2.1)

where we have disregarded a global conformal factor, which would eventually connect with
conformal invariance, and we allowed a general form of the disformal factor D. It is often
assumed that D = D(φ,X) but we will require generic invariance.

From now on, we shall focus on a cosmological situation, where the scalar field is time-
like and offers a preferred foliation of the space-time, i.e. a slicing of uniform φ. The same
follows for a space-like scalar field with care of the proper signs. The orthogonal vector to
such foliation is given by

nµ = ∂µφ√
X

with X = −gµν∂µφ∂νφ , (2.2)

and the metric in such 3 + 1 decomposition reads

gµν = hµν − nµnν , (2.3)

where hµν is the intrinsic metric of the spatial 3 dimensional hypersurface. In the uniform-φ
slicing, the transformation (2.1) is readily understood as a rescaling of the orthogonal vector,
namely

nµ →
√

1−DXnµ . (2.4)

Before going into the details, it is instructive to consider D = D(φ,X) and intuitively
anticipate what will follow. For D(φ,X), invariance under the disformal transformation (2.1)
can be recast as invariance under rescaling of the orthogonal vector (2.4) up to field redef-
initions. One way to do this is to require invariance of the orthogonal vector itself, which
implies 1−DX = F (φ) in (2.4). The function F (φ) can be absorbed into a field redefinition
of φ. We then have two possibilities: either there is a constraint imposing X = f(φ) (e.g.
see [61]) or D = d(φ)/X. The first case corresponds to general mimetic gravity [35, 38]
which we discuss in section 2.3. The second allows for a healthy Ostrogradski “ghost” [62] or,
more precisely, a healthy additional degree of freedom. We postpone the second case until
section 3. We will prove these arguments explicitly at the action level.

We now proceed to construct general actions invariant under generic disformal trans-
formations. We will work in the covariant formulation as well as in the unitary gauge. The
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notation “unitary gauge”, as often used in the EFT language, essentially corresponds to the
uniform-φ slicing, i.e. δφ = 0 in cosmological perturbation theory, plus the additional fixing
of φ = t by using time reparametrisation invariance or, in other words, by fixing the lapse
function. However, in disformal symmetric theories the lapse is absent in the action and, to
be consistent, we will keep track of φ̇ in most of our discussions. We will later see that the
additional fixing of φ = t is compatible with disformal symmetry. As we shall see, although
the calculations are simpler in the unitary gauge, the covariant formulation provides crucial
insight in the case of mimetic gravity.

2.1 Covariant formulation

Let us start by writing a general form of the action that has disformal symmetry. We will
do so using basic building blocks: disformal invariant tensors. Let us respectively call V, Bµν
and Dαβµν the disformal invariant volume element, the disformal invariant second derivative
of the scalar field φ and the disformal invariant curvature tensor. In addition, we need a
disformal invariant “metric” or projector, call it Pµν . The action then reads

Sgen.D =
∫
d4xV

{
c0(φ) + c1(φ)B + c2(φ)PαµPβνDαβµν

+ c3(φ)B2 + c4(φ)PαµPβνBαβBµν + . . .
}
, (2.5)

where ci are functions of the field only (which is automatically disformal invariant) and the
. . . refer to higher order contractions. The disformal invariant tensors in terms of φ and X
are given by

V =
√
−gX , (2.6)

Pµν = gµν + 1
X
∇µφ∇νφ , (2.7)

Bµν = 1
X

(
∇µ∇νφ−

1
X
∇(µX∇ν)φ−

1
2X2∇αφ∇

αX∇µφ∇νφ
)
, (2.8)

Dαβµν = Rαβµν −
2
X
∇µ∇[αφ∇β]∇νφ−

2
X2∇[αφ∇β]∇[µX∇ν]φ−

4
X3∇[αφ∇β]X∇[µφ∇ν]X

− 2∇µφ∇µX
X3 ∇[αφ∇β]∇[µφ∇ν]φ , (2.9)

where (anti)-symmetrization is normalised. In the action (2.5) we have defined

B ≡ PµνBµν . (2.10)

One can check that these objects are disformal invariant using the formulas provided in
appendix A. There is also the disformal invariant contravariant vector given by

N µ = 1
X
∇µφ . (2.11)

However, contractions of N µ with Pµν (2.7) and Bµν (2.8) trivially vanish and the non-
vanishing contraction with Dαβµν (2.9), that is PαµN βN νDαβµν , can be written in terms
of the contractions appearing in the action (2.5), after integration by parts. There is also
the trivial disformal invariant contraction N µ∇µφ = −1 which corresponds to the term
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c0 in (2.5). In the same appendix we provide the explicit expression of the contractions
appearing in (2.5). Note that in (2.6) we are implicitly assuming that X > 0. One could also
treat the case X < 0 by appropriately choosing the signs. But, in this disformal invariant
formulation, X = 0 is ill-defined. This is first indication that the system will not cross X = 0
and we will likely have a constraint imposing at least X > 0. That being said, one could also
build a disformal invariant action only in the exact case where X = 0. We leave this case for
future study.

For easier comparison with scalar-tensor theories of gravity, such as DHOST [15], we
also write down (2.5) in terms of φ, X and the Ricci scalar R. After some integration by
parts in (2.5), we obtain

Sgen.D =
∫
d4x

√
−gX {c0 + (c1 − 2Xc2,φ)D1 + c2D2 + c3D3 + c4D4 + . . .} , (2.12)

where we dropped the explicit φ dependence in ci, the subscript “, φ” refers to derivative
w.r.t. φ and we defined

D1 = 1
X

(
�φ− 1

2X∇µX∇
µφ

)
, (2.13)

D2 = R+ 1
X

(
(�φ)2 −∇µ∇νφ∇µ∇νφ

)
, (2.14)

D3 = D2
1 , (2.15)

D4 = 1
X2

(
∇µ∇νφ∇µ∇νφ+ 1

2X∇µX∇
µX + 1

4X2 (∇µφ∇µX)2
)
. (2.16)

We find that the action (2.12) up to quadratic and cubic orders is a particular case of
DHOST [15]. We write our theory explicitly in terms of DHOST coefficients in appendix B.
Note, however, that generic disformal symmetry allows for higher order operators beyond
cubic order in the action, which do not belong to DHOST.

If we further require that disformal symmetry is also preserved in any matter sector
(scalar, vectors, fermions, etc.), all matter fields must minimally couple to an effective metric
which has a well-defined inverse. The only possibility is given by

gmatter
µν = Pµν −∇µφ∇νφ, gµνmatter = Pµν −N µN ν , (2.17)

which as we shall shortly see it is nothing but the degenerate metric leading to mimetic
gravity (2.30). In addition to (2.30), matter fields can additionally couple to Pµν and N µ

without spoiling the disformal symmetry. And, in particular, extra scalar fields, can couple
to Pµν and N µ without explicit mention to (2.17), if no higher derivatives are present in
the action. We now proceed to show that one can reach the same construction from the
unitary gauge.

2.2 Unitary gauge

It is also useful to consider the construction of the disformal invariant theories in the spatial
covariant gravity using the unitary gauge. Using the standard ADM decomposition

ds2 = −N2dt2 + hij
(
N idt+ dxi

) (
N jdt+ dxj

)
, (2.18)
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the disformal transformation corresponds to

hij → hij , Nk → Nk, N → ND̃(xµ) , (2.19)

where we defined D̃2(xµ) = 1 +D(xµ)φ̇2/N2. Thus, disformal symmetry corresponds to
invariance under generic rescaling of the lapse function. We can now start from spatial
covariant gravity and construct the invariant action as

Sgen.D =
∫

d3x dt
√
hφ̇

(
c0 −

c1

φ̇
E + c2R[h] + c3

φ̇2EijE
ij + c4

φ̇2E
2 + . . .

)
, (2.20)

where Eij is the rescaled extrinsic curvature

Eij = NKij = 1
2
(
ḣij − 2D(iNj)

)
, (2.21)

and R[h] the three dimensional intrinsic curvature and the dots signalize again higher order
corrections. The ci = ci(t) are generic functions of time. The introduction of φ̇ as a generic
function of time is for later convenience and can be absorbed by redefining ci. The invariance
of (2.20) under the disformal transformation is trivial since the action does not depend on
the lapse function. It should be noted that a priory we could also introduce terms which
break the spatial covariance like NkNk. However, for simplicity, we will focus on spatial
covariant gravity models. It is straightforward to check that both approaches are equivalent.
By restoring the full covariance using that nµ = ∂µφ/

√
X, we find that

√
hφ̇ ∼= V, φ̇−1Eµν ∼= −Bµν and R[h] ∼= PµνPαβDµανβ , (2.22)

where ∼= means equality only in the unitary gauge. With the prescription (2.22) we recover
the action (2.12) from (2.20).

Before going into the next section, it is instructive to look at the Hamiltonian of (2.20),
with c1 = 0, but treat the scalar field φ as an independent fundamental field to understand
its role in the disformal symmetry in the case of homogeneous slicing φ = φ(t). To simplify
the calculations we split hij into

hij = e2ΨΥij , (2.23)

where e6Ψ = deth, ΥijΥ̇ij = 0 and det Υ = 1 (see e.g. [63]). We also introduce for convenience
a Lagrange multiplier λ(φ̇−χ) in (2.20). With these new variables the total Hamiltonian reads

H = χ(πφ +HN ) +N iHi , (2.24)

where πφ is the conjugate momenta to φ and HN and Hi are the standard Hamiltonian
and momentum constraints, i.e. as if we had N instead of φ̇. Concretely, HN and Hi are
respectively given by

HN = e−3Ψ
(

1
c3
πijπij + π2

Ψ
12(c3 + 3c4)

)
− e3Ψc0 − eΨc2

(
R[Υ] + 2DkΨDkΨ

)
, (2.25)

Hi = πΨDiΨ−
1
3DiπΨ − 2ΥijDkπ

kj , (2.26)
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where πij and πΨ are respectively the conjugate momenta of Υij and Ψ. Looking at the
total Hamiltonian (2.24), we see that χ is related to the time reparametrization invariance,
which is usually the role of the lapse function N . Noting that χ = φ̇, we see that disformal
symmetry imposes φ̇ to play the role of the lapse.

Taking the variation with respect to χ we find the new Hamiltonian constraint, that is

πφ +HN = 0 . (2.27)

In the case where all ci are constant, variation with respect to φ leads to

π̇φ = 0 , (2.28)

which implies that HN = constant. In a Friedmann-Lemaître-Robertson-Walker (FLRW)
background metric this “integration” constant plays the same role as mimetic dark matter,
i.e. as a dust fluid with energy density decaying as a−3. Note that something similar occurs in
projectable Hořava-Lifshitz gravity [64]. In the case where ci depends on φ, we obtain instead

π̇φ + ∂HN
∂φ

φ̇ = 0 . (2.29)

Unfortunately, in this general case it seems difficult to find a general solution without speci-
fying the functional form of ci(φ).

2.3 Connection to mimetic gravity
We proceed to show that all generic disformal invariant actions are equivalent to general
mimetic gravity and viceversa. For simplicity, let us start with the latter. To see the equiva-
lence, let us write (2.17) in terms of the metric and the scalar field. This corresponds to the
degenerate disformal transformation given by [45]

ḡµν = gµν +
( 1
X
− 1

)
∇µφ∇νφ . (2.30)

After a brief algebra, one finds that the metric ḡµν (2.30) is invariant under generic disformal
transformations (2.1) of gµν . Thus, any (non disformal invariant) action or quantity expressed
in terms of gµν through the degenerate ḡµν (2.30) must become invariant under disformal
transformations of gµν . It is also interesting to understand the meaning of (2.30) in the
uniform-φ slicing with the orthogonal vector nµ. What the transformation (2.30) is doing is
canceling the term nµnν in the 3 + 1 decomposition of gµν (2.3) and replacing it by ∇µφ∇νφ
in the 3 + 1 decomposition of ḡµν , namely ḡµν = hµν − ∇µφ∇νφ. Since both hµν and ∇µφ
are disformal invariant, the metric ḡµν is disformal invariant.

Let us now show that disformal invariant actions are mimetic gravity with explicit
calculations. Using (2.30) we find that

V =
√
−ḡ, Pµν = ḡµν + ∇̄µφ∇̄νφ, N ν = ḡµν∇̄νφ, (2.31)

Bµν = ∇̄µ∇̄νφ, Dαβµν = R̄αβµν − 2∇̄α∇̄[µφ∇ν]∇̄βφ . (2.32)

In this way, we can write any generic disformal symmetric model in terms of the degenerate
metric (2.30). Since the inverse is also true, we conclude that generic disformal symmetric
actions are an equivalent formulation of general mimetic gravity. At quadratic and cubic
order this falls into mimetic DHOST [38]. Note that any additional term that breaks the
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disformal symmetry, e.g. matter fields, would take us out of mimetic gravity. To preserve the
disformal symmetry, matter fields must minimally couple to ḡ, as we discussed in section 2.1.
We will, nevertheless, show later that by relaxing the disformal symmetry we can go beyond
mimetic gravity.

Before generalizing our results, let us show that the action (2.5) can also be expressed
with the typical Lagrange multiplier and constraint of general mimetic gravity [38, 43, 49].
We first use that the general Lagrangian (2.12) can be expressed in terms of ḡµν , that is
L(gµν , φ) = L(ḡµν(gµν , φ), φ). Therefore the action can be written as

Sgen.D =
∫

d4xL(ḡµν(gµν , φ), φ) +
√
−ḡλµν

(
ḡµν − gµν + 1−X

X2 φµφν
)
. (2.33)

Adding the Lagrange multiplier term does not change the equations of motion since solving
for ḡµν fixes λµν = 0. Following [46] we can split

λµν = λ̃µν + λ∇µφ∇νφ , (2.34)

with λ̃µνφµ = 0, and we obtain

Sgen.D =
∫

d4xL(ḡµν , φ) +
√
−ḡ

(
λ̃µν (ḡµν − gµν)− λ

(
X̄ − 1

))
. (2.35)

The action does not depend anymore on gµν so that we can integrate it out and we are left
with an action given by

Sgen.D =
∫

d4xL(ḡµν , φ)−
√
−ḡλ(X̄ − 1) . (2.36)

Now the action is clearly general mimetic gravity with the mimetic constraint, where e.g.
L(ḡµν , φ) up to cubic order is a DHOST theory. We emphasize however that L(ḡµν , φ) could
be any general non-disformal invariant action outside DHOST. In the most general case, this
is called extended mimetic gravity in [37].

3 Invariance under special disformal transformations

Disformal symmetry (2.1) with a general factor D(xµ) leads to mimetic gravity. However, we
have advanced in section 2 that there is a special disformal transformation which also leads
to invariance under rescaling of the slicing. The special disformal transformation reads

gµν → gµν + d(φ)
X
∇µφ∇νφ . (3.1)

Such metric transformation renders the transformation of the kinetic term of X as a mere
field redefinition, explicitly

X → X

1− d(φ) . (3.2)

However, such rescaling by a function of φ only occurs for X and
√
−g. This means that in

addition to the generic disformal invariant quantities defined in (2.6)–(2.9), we can only add

Aµ = − 1
2X

(
∇µX + ∇αφ∇

αX

X
∇µφ

)
= − 1

2XPµ
ν∇νX . (3.3)
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Other terms including higher derivatives of φ lead to derivatives of X after the transforma-
tion (3.1) and when looking for disformal invariant tensors we go back to (2.6)–(2.9). Thus,
Aµ is the only new addition. In the action we can add terms such as PµνAµAν , namely

Sspec.D = Sgen.D +
∫
d4xV {d1(φ)PµνAµAν + . . .} , (3.4)

where Sgen.D is the disformal symmetric action for generic D (2.12) and the . . . now include
contractions of the generic disformal invariant tensors with Aµ.

If we relax further the condition of disformal invariance to d = constant in (3.1) then
the term ∇µX/X is invariant by itself. In that case we have that the action has additional
terms given by

Sconst.d = Sspec.D +
∫
d4xV {f0(φ)T + . . .} , (3.5)

where we defined

T = 1
2XN

µ∇µX = 1
2X2∇

µφ∇µX , (3.6)

and the . . . include other products of T with the other tensors (2.6)–(2.9) and (3.3). Let us
discuss each case, i.e. the action (3.4) and (3.5), separately below.

3.1 Invariance under time-dependent rescaling of the lapse
In order to understand the transformation it is helpful to consider it again in the unitary
gauge in which case the disformal transformation of the form (3.1) correspond to

N → d(t)N . (3.7)

The invariant vector Aµ (3.3) corresponds to the acceleration vector

(Au)µ = aµ = DµN

N
. (3.8)

Due to the new operator breaking the generic invariance, the action (3.4) up to quadratic
order does not belong anymore to the mimetic gravity class, as the whole action cannot
be written in terms of ḡ. It is also not anymore inside DHOST but instead pertains to
U-DHOST [22] (see appendix B for a short recap of (U)-DHOST). The theory has three
degrees of freedom for a homogeneous scalar field φ = φ(t) and outside this foliation there
is an additional instantaneous mode. However, as discussed in [22, 65], the additional mode
can be removed by imposing proper spatial boundary conditions.

In general, the number of Aµ will be even for each operator due to the orthogonality
of AµN µ = 0. We would need to consider covariant derivatives of the other tensor like
AµPµν∇νB. Therefore, without higher derivatives for linear perturbations around a homo-
geneous background like FLRW such operators can be neglected since they vanish identically.
At the background level this follows directly from requiring a homogeneous background and
at linear order we obtain terms like

S
(2)
spec.D = S

(2)
gen.D +

∫
d3x dt f̄ ij∂iδN∂jδN , (3.9)

where f̄ ij purely depends on the background quantities. Deriving the equations of motion for
δN leads to f̄ ij∂i∂jδN = 0 and, therefore, by imposing proper boundary conditions we can
set δN = 0. Therefore, for homogeneous backgrounds at the linear level the perturbations
are equivalent to the mimetic gravity model.
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3.2 Invariance under a constant rescaling of the lapse
In the case where d(φ) = const the new term (3.6) in the unitary gauge can be expressed as

T = − 1
φ̇

{
d
dt ln

(
φ̇

N

)
−NkDk ln

(
φ̇

N

)}
. (3.10)

In the unitary gauge it is easy to see that it will lead to an additional degree of freedom due
to the time derivative of the lapse function. In the covariant formulation we can check that
introducing these terms will break the degeneracy conditions of DHOST and U-DHOST.
The additional degree of freedom is what it is commonly called the Ostrogradsky ghost.
However, in covariant theories the analysis of Ostrogradsky ghost instabilities is a bit more
subtle since the theory has a first class Hamiltonian constraint [62]. In the next two sections,
we discuss that for linear perturbations around FLRW the perturbations can be stable despite
the presence of the Ostrogradsky ghost.

4 Cosmology and cosmological perturbations

Let us discuss the general case of linear perturbations around FLRW. We consider the action
up to the quadratic order given by

Sconstant.d =
∫

d4xV
[
c0 + c2PµαPνβDαβµν + c3B2 + c4BµνBµν + d1AµAµ + f1T 2 − f2T B

]
.

(4.1)

For simplicity, we will assume that the coefficients ci, d1 and fj are constant and f2 = 0.
We will discuss the impact of a kinetic coupling between both degrees of freedom in the next
section. We did not include terms linear in B or T since for constant coefficients they are
total derivatives.

4.1 Background level
Let us first consider the background level, where the line element reads

ds2 = −N2dt2 + a2δijdxidxj . (4.2)

The Lagrangian of (4.1) for (4.2) is then given by

L = a3qN

[
c0 + 3(c3 + 3c4)

q2N2 H2 + f1
q4N2 q̇

2
]

+ π(φ̇− qN) , (4.3)

where we have introduced the new variable q = φ̇/N , π is the associated canonical conjugate
momenta to φ and H = ȧ/a is the Hubble parameter. The other momenta are given by

pq
a3 = 2f1

q3N
q̇,

pa
a3 = 6(c3 + 3c4)

qNa
H and pN ≈ 0 , (4.4)

where the last is a primary constraint and ≈ denotes weak equality on the constrained
hypersurface. The total Hamiltonian from (4.3) is given by

HT = NqH0 + u1pN = Nq

[
p2
aa

2

12a3(c3 + 3c4) +
p2
qq

2

4a3f1
− a3c0 + π

]
+ u1pN . (4.5)
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The conservation of the primary constraint leads to the first class Hamiltonian constraint as
expected due to the time reparametrization invariance

H ′ = qH0 ≈ 0 , (4.6)

which leads to q ≈ 0 or H0 ≈ 0. The former is trivial, so let us focus on the latter case.
The Hamiltonian constraint contains as expected a term linear in the momentum due to the
higher derivative term. Despite the presence of a linear term in the momentum, it can be
shown that the system is stable if c3 + 3c4 > 0, f1 > 0 and c0 < 0 [62]. The main reason is
that π is the momentum of the parametrized time φ.

To explicitly show that the system is stable, we fix the time reparametrization invariance
from the start by choosing φ̇ = 1. In other words, since we always have φ̇dt in the action we
can set φ = t without loss of generality. In that case the scalar fixed Lagrangian is given by

Lsf = a3
[
c0 + 3(c3 + 3c4)H2 + f1

Ṅ2

N2

]
, (4.7)

where the subscript “sf” refers to “scalar fixed”. From (4.7) we find that

Hgf = p2
aa

2

12a3(c3 + 3c4) + p2
NN

2

4a3f1
− a3c0 , (4.8)

which is obviously stable for an appropriate choice of ci so that the Hamiltonian is bounded
from below. This is not in contradiction with the Ostrogradski ghost theorem because of the
presence of a first class Hamiltonian constraint. In passing, we note that the background
equations of motion in the case where f1 = 0 lead to φ̈ = 0 and, therefore, φ̇ = constant,
which is consistent with our choice φ̇ = 1. This is what happens in mimetic gravity if t is
the cosmic time, i.e. if N = 1 then φ̇ = 1.

4.2 Linear level

For the linear perturbations we use the unitary gauge (that is uniform-φ and φ̇ = 1) where
the metric components read

hij = a2e2ζ
(
eh
)
ij
, N = N0 + δN, Nk = ∂kβ . (4.9)

From now on we will abuse notation and we drop the subscript zero for the background part
of the lapse function. Let us consider first tensor perturbations. In that case, the second
order action is given by

S
(2)
T = 1

4

∫
d3k dt a3φ̇

[
c3

φ̇2 ḣ
2
ij − c2

k2

a2h
2
ij

]
. (4.10)

We see that (4.10) takes the usual form, but with φ̇ instead of N , as if we used the constraint
N = φ̇ in general mimetic gravity. Second, variation with respect to the non-dynamical shift
β yields

(c3 + c4)k
2

a2β = f1
Ṅ

N

δN

N
− (c3 + 3c4)ζ̇ . (4.11)
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We will assume for the moment that c3 6= −c4, and come back to it later. Plugging β back
into the second order action for scalar perturbations yields, after simplifications,

S(2) =
∫

d3k dt a3
[

2c3(c3 + 3c4)
c3 + c4

ζ̇2 + 2c2
k2

a2 ζ
2 + f1

δṄ2

N2 +
(
d1
k2

a2 − f1
c3 + c4 + f1

(c3 + c4)
Ṅ2

N2

)
δN2

N2

− 2c3f1Ṅ
2

(c3 + c4)N2 ζ
δN

N
+ 2c3f1Ṅ

(c3 + c4)N

(
ζ
δṄ

N
− ζ̇ δN

N

)]
. (4.12)

It is interesting to note that we can tune the extra degree of freedom to be stable (no gradient
or ghost instability) by choosing f1 > 0 and d1 < 0. However, the first two terms in the first
line of (4.12) remains the same as the mimetic degree of freedom, which is in general unstable.
If we choose c2 < 0 then the gradient term for the tensor modes (4.10) has the wrong sign.
This is a known problem of general mimetic gravity (see for instance [37, 38, 66–69]) and,
therefore, it is not connected to the additional degree of freedom due to the dynamical lapse.
We also note that the mixing terms in the second line are only relevant for tachyonic like
instabilities and are not linked to gradient or ghost instabilities [70]. We also note that the
case c2 = 0 corresponds to no spatial Ricci scalar in the action and leads to non-propagating
ζ and hij . From now on we always consider c2 > 0.

Let us consider the special case c3 = −c4 in more detail in which the mimetic fluid
behaves exactly as dust with vanishing sound speed, that is as mimetic dark matter. Consid-
ering first d1 = f1 = 0, c4 = −c3 = c2 = 1/2 we have the original mimetic matter model in
which case it has been shown that the model suffers under a ghost or tachyon instability [49].1
Including the dynamical lapse function, i.e. d1, f1 6= 0, the momentum constraint (4.11) fixes

δN

N
= 2c4N

f1Ṅ
ζ̇ . (4.13)

Substituting it back into the action leads to higher order time derivatives in the action
resulting in a Ostrograski ghost instability

S(2)(c3 = −c4) =
∫

d3k dt a3
[

4c2
4N

2

f1Ṅ2
ζ̈2 + c4

f2
1 Ṅ

2

(
−3f1(c0N

2 + 18c4N
2H2 + 3f1Ṅ

2) + 4c4d1
k2

a2

)
ζ̇2

+ 2c2
k2

a2 ζ
2
]
. (4.14)

This is similar to the case of mimetic gravity plus an additional normal matter fluid [37, 38].
However, in that case the instability is still directly linked to the dust itself [49]. Due to the
same structure of the action we expect that the analysis of [49] also applies to our model and
we will not consider it further.

5 Higher curvature term

We have seen that the special disformal symmetry (3.1) with a constant coefficient, in a
perturbed FLRW universe, leads to a healthy extra degree of freedom. Unfortunately, due

1Despite the presence of c2k
2ζ2 in the second order action the equation of motion do not have any scale

dependency (vanishing sound speed) due to ζ̇ = 0 coming from the momentum constraint. Therefore, it is
not possible to distinguish between the ghost or tachyon instability since they are related via a canonical
transformation.
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to the mimetic-like nature of the action, we found that at the lowest order in the disformal
invariant operators the second order action perturbations is accompanied by some kind of
instability. If the mimetic-like degree of freedom behaves like dust there is a tachyonic or ghost
instability and if it has a non-vanishing sound speed there is a ghost or gradient instability.
Nevertheless, it has been shown that in order to obtain stable linear perturbations one could
add higher curvature terms, i.e. couplings of the form ER[h] [67–69] (but see e.g. [71] for other
potential solutions involving additional scalar fields). In our disformal symmetric formulation
we are allowed to include higher order operators by contractions of disformal invariant tensors.
At the covariant level the relevant terms are

DµναβPµαBνβ , DµναβPµαPνβB, DµναβPµαPνβT , DµναβPµαN νN βB, DµναβPµαN νN βT .
(5.1)

However, these terms normally add even more degrees of freedom since they contain time
derivatives of the extrinsic curvature [50, 72]. In fact, there are two components of the
extrinsic curvature which acquire time derivatives, namely

DiφDjφ

DkφDkφ
Eij ,

(
hij − DiφDjφ

DkφDkφ

)
Eij . (5.2)

That being said, the first term vanishes trivially in the unitary gauge and we can impose
additional degeneracy conditions to get rid of the second one, which leads to a generalized
class of U-DHOST. In our case, we are interested in the three different operators:

E

φ̇
R[h], Eij

φ̇
Rij [h] and T R[h] , (5.3)

where the last term is only valid for the relaxed disformal transformation N → d ×N with
d = const. Therefore, there are two additional degeneracy conditions between the covariant
operators to remove the time derivatives of the extrinsic curvature in the unitary gauge. Let
us emphasize that the higher curvature terms are only needed to stabilize the mimetic-like
degree of freedom.

5.1 Stable model

Let us show that by including the coupling between E and R[h] we get stable linear per-
turbations. To simplify the calculations we will only consider the quadratic terms and the
cubic terms which impact the gradient terms for the scalar sector. In the unitary gauge this
corresponds to

Sconst.d =
∫

d3x dt
√
hφ̇

[
c0 + c2R[h] + c3

φ̇2EijE
ij + c4

φ̇2E
2 + c5

φ̇
ER[h] + c6

φ̇
Rij [h]Eij + d1aia

i

+ d2

φ̇
aja

jE + d3

φ̇
aiajEij + f1T 2 + f2

E

φ̇
T + f3T R[h]

]
. (5.4)

For simplicity, we take φ = t from now on. Note that if we are only interested in the linear
perturbations around FLRW we can absorb the effect of d3 by redefining d2 and, similarly, c6
into c2 and c5. Therefore, we will set c6 = d3 = 0 in what follows without loss of generality.
We proceed to derive the equations for the background and linear perturbations.
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First, at the background level we find

Ḣ = −3(2c3f1 + 6c4f1 − 3f2
2 )H2 + 6f1f2HHN + 2f1(c0 + f1H

2
N )

4c3f1 + 12c4f1 − 3f2
2

, (5.5)

ḢN = −33(c3 + 3c4)f2H
2 + 4(c3 + 3c4)f1HHN + f2(c0 + f1H

2
N )

4c3f1 + 12c4f1 − 3f2
2

, (5.6)

where we defined HN = Ṅ/N . For linear perturbations of tensor modes, we find that the
second order action reads

S
(2)
T = 1

4

∫
d3kdt a3

(
c3ḣ

2
ij − (c2 + 3c5H + f3HN )k

2

a2h
2
ij

)
. (5.7)

We see that to have stable perturbations we must require

c3 > 0 and c2 + 3c5H + f3HN > 0 . (5.8)

Let us turn now to the scalar sector, where we again find two degrees of freedom.
Variation of (5.4) with respect to the shift β leads to

2N(c3 + c4)k
2

a2β =(3f2H + (2f1 + f2)HN )δN − 4Nc5
k2

a2 ζ − f2δṄ − 2(c3 + 3c4)Nζ̇ . (5.9)

This time, however, after using the solution for β, the resulting second order action contains
a quadratic kinetic mixing between ζ̇ and δṄ proportional to f2. To diagonalize the kinetic
terms we introduce

ψ1 = ζ + f2
2c3 + 6c4

δN

N
and ψ2 = δN

N
. (5.10)

After some partial integrations the second order action for scalar perturbations takes the form

S(2) =
∫

d3kdt a3
(
K1ψ̇

2
1 +K2ψ̇

2
2 +B(ψ̇1ψ2 − ψ1ψ̇2)− ψjGijψi

)
, (5.11)

where we defined

K1 = 2c3(c3 + 3c4)
c3 + c4

, K2 = 4f1(c3 + 3c4)− 3f2
2

4(c3 + 3c4) , (5.12)

B =
(

c5f2
c3 + c4

− 2f3

)
k2

a2 −
c3

(c3 + c4) (3f2H + 2f1HN ) , (5.13)

G11 = 4c5
c3 + c4

k4

a4 − 2(c3 + 3c4)c5H + (c3 + c4)(c2 + f3HN )
c3 + c4

k2

a2 , (5.14)

G22 = c2
5f

2
2

(c3 + c4)(c3 + 3c4)2
k4

a4 + C2
22
k2

a2 + (3f2H + 2f1HN )2

4(c3 + c4) , (5.15)

G12 = − 2c2
5f2

(c3 + c4)(c3 + 3c4)
k4

a4 + C2
12
k2

a2 . (5.16)
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For completeness, we also show the explicit expressions for C2
22 and C2

12, which are respectively
given by

C2
22 = − 1

2(c3 + c4)(c3 + 3c4)2

[
2(c3 + c4)(c3 + 3c4)2d1 + f2HN (f2f3(c3 + c4)− 4c5f1(c3 + 3c4))

+ c2f
2
2 (c3 + c4) + 2H(c3 + 3c4)((c3 + c4)(3(c3 + 3c4)d2 + f2f3)− 3c5f

2
2 )
]
, (5.17)

C2
12 = 2c2f2(c3 + c4) + (c3 + 3c4)(2(c3 + c4)f3− 5c5f2)H + 2(f2f3(c3 + c4)− 2c5f1(c3 + 3c4))HN

2(c3 + c4)(c3 + 3c4) .

(5.18)

By looking at (5.11), we find that no ghost conditions are given by K1 > 0 and K2 > 0
which can be fulfilled by choosing proper parameters for ci and fi. The coefficient B again
does not impact the ghost instability due to the antisymmetric structure [70]. As it is clear
from (5.11), the gradient matrix Gij is not diagonal in general due to the mixing term
proportional to f2 and f3. Furthermore, it contains terms up to the order k4 due to the term
proportional to c5 as occurs in general mimetic gravity with higher order corrections.

We can find the stability conditions for the gradient part as follows [70]. We first derive
the coupled equations of motion for ψ1 and ψ2. We then focus on the limit k � aH and
neglect any time dependence of the coefficients in (5.11). And, we derive dispersion relation
in the high momenta limit by first using the ansatz ψ1, ψ2 ∼ e−iωt and requiring that the
system is degenerate. The determinant of the coupled system vanishes when

K1K2ω
4 − ω2(G11K2 +K1G22 +B2)−G2

12 +G11G22 ' 0 . (5.19)

Noting that −G2
12 +G11G22 = O(k6) we see that there are two solutions at leading order in

the high k limit, namely ω = Cω1k
2/a2 and ω = Cω2k/a. After some algebra, we find

C2
ω1 = 8c

2
5f1 − c5f2f3 + (c3 + c4)f2

3
c3(4f1(c3 + 3c4)− 3f2

2 )
, (5.20)

C2
ω2 = − c2

5(d1 + 3d2H)
(c2

5f1 − c5f2f3 + (c3 + c4)f2
3 )N2 . (5.21)

By choosing proper coefficients both C2
ω1 and C2

ω2 can be positive definite. As an example,
the stability conditions can be fulfilled for ci > 0, f1(c3 + 3c4) > 3f2

2 , f2f3 < 0 and di < 0
(assuming an expanding spacetime, namelyH > 0). We conclude that by adding the coupling
between the extrinsic and intrinsic curvature ER[h] we can obtain stable linear perturbations
(no ghost or ultraviolet gradient instabilities) despite the presence of the additional degree
of freedom due to the higher derivative terms.

6 Conclusions

We investigated the meaning and implications of pure disformal symmetry in the Universe.
We built general disformal invariant tensors involving first and second derivatives of a scalar
field as well as the curvature tensor, given by equations (2.6)–(2.9). We showed that requiring
generic disformal invariance of the action (2.12), that is invariance under a pure disformal
transformation with an arbitrary coefficient, is equivalent to a lapse-less EFT-like action in
the unitary gauge (2.20). Up to cubic order, disformal symmetric theories can be mapped
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DHOST and U-DHOST (see appendix B). But, disformal symmetry is more general as it
allows one to write higher order operators outside of (U-)DHOST.

We then proved that the generic disformal symmetric action (2.12) is an equivalent
formulation to general mimetic gravity [35, 37, 38]. This means that, in general, all disformal
symmetric theories are equivalent to general mimetic gravity and viceversa. In contrast,
not all conformal invariant models are related to mimetic gravity. To understand the role
of φ in disformal symmetric theories we have computed the Hamiltonian in the uniform-φ
slicing (2.20). This showed that the role of the lapse as time reparametrization parameter
has been replaced by the time derivative of the scalar field, without the need of invoking
any constraint as usually done in mimetic gravity. Thus, in disformal symmetric theories,
one may say that the lapse function has been completely replaced by a fundamental scalar
field. We also find that the Hamiltonian constraint of disformal symmetric theories leads
to standard Hamiltonian constraint (i.e. if we still had the lapse in the action) which does
not vanish but it is proportional to the momentum of the scalar field. In the simplest case,
the standard Hamiltonian constraint is equal to a constant which leads to a (mimetic) dark
matter degree of freedom, in a FLRW background.

We then relaxed the generic disformal symmetry to the case of field-dependent-only
or constant disformal coefficients. This enlarged the number of terms allowed in the action,
respectively (3.4) and (3.5). In the case of constant disformal coefficient, the special disformal
symmetric action (3.5) contains a new degree of freedom associated to the time derivative
of the lapse. The resulting theory enters in a subclass of spatially covariant gravity with
dynamical lapse [54, 55]. And, in general, such extra degree of freedom is expected to be
an Ostrogradski ghost. However, by analyzing linear cosmological perturbations we showed
that the system is stable, except for the usual instability associated to the mimetic degree of
freedom [37, 38, 66–69]. We then showed that by including higher curvature terms allowed
by the special disformal symmetry one can render the system stable.

Our work can be extended in several ways. First, we restricted our analysis for simplicity
to the quadratic terms in the covariant action 2.1. However, one could do a general analysis
including higher order operators as in [37]. Second, it would be interesting to generalize the
pure disformal symmetry to general disformal symmetry including the conformal factor. We
expect that in this case the form of the resulting theory will be more constrained by the
additional requirement of conformal symmetry. Whether this case also belongs to mimetic
gravity is not straightforward to us. It would also be interesting to study the implications
of disformal symmetry in vector-tensor theories of gravity, also known as generalized Proca
theories [73–79]. One possibility is that this case is related to mimetic gravity in a vector-
tensor theory as in [40, 80].

Lastly, the disformal invariant tensors we provided have applications beyond disformal
invariant actions. In particular, we propose an alternative way to build disformal transfor-
mations with higher derivatives to those studied in [33, 56, 60]. By allowing the disformal
factor D to depend on disformal invariant tensors, namely

ḡµν = gµν +D(φ,N µ,Pµν ,Bµν ,Dµναβ)∇µφ∇νφ , (6.1)

the metric transformation is trivially invertible and, after performing the transformation, it
will lead to new theories. However, one should also take into account the matter coupling as,
e.g., it may lead to ghosts in the generalized disformal transformations of [57–59]. As another
example, disformal invariant tensors might help in constructing the notion of disformally flat
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spacetimes, as in [53] and possible singularity-free frames for black hole spacetimes. These
interesting directions are beyond the scope of this paper and we leave them for future work.
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A Disformal transformation formulas and invariant tensors

In this appendix we provide the general formulas for pure disformal transformation that are
used in the main text. We always use normalized (anti)symmetrization.

First, we define the metric transformation. A pure disformal transformation is given by

ḡµν = gµν +D∂µφ∂νφ . (A.1)

The inverse metric reads

ḡµν = gµν − D

1−DX∇
µφ∇µφ , (A.2)

where we defined X = −gµν∂µφ∂νφ. We now give the transformation rules.
We have that X̄ transforms as

X̄ = X

1−DX . (A.3)

The transformation of the second order derivative term, i.e. ∇̄µ∇̄νφ, can be expressed as

∇̄µ∇̄νφ = ∇µ∇νφ−Kλµν∇λφ , (A.4)

where

Kλµν = D

1−DX∇
λφ

(
∇µ∇νφ+∇(µφ∇ν) lnD + 1

2∇
ρφ∇ρD∇µφ∇νφ

)
− 1

2∇
λD∇µφ∇νφ .

(A.5)

With the formula above, we find that

∇̄µ∇̄νφ = 1
1−DX

(
∇µ∇νφ+X∇(µφ∇ν)D + 1

2∇αφ∇
αD∇µφ∇νφ

)
. (A.6)

After a longer computation, one can also show that

R̄αβµν = Rαβµν + 2 D

1−DX∇α∇[µφ∇ν]∇βφ−
X

1−DX∇[αφ∇β]D∇[µφ∇ν]D+ 2∇[αφ∇β]∇[µD∇ν]φ

− 2 D

1−DX∇eφ∇
eD∇[αφ∇β]∇[µφ∇ν]φ− 2 1

1−DX
(
∇[αφ∇β]∇[µφ∇ν]D+∇[µφ∇ν]∇[αφ∇β]D

)
.

(A.7)
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After contraction with ḡµν we find that

R̄ = R− D

1−DX

(
(�φ)2 −∇µ∇νφ∇µ∇νφ+∇µ lnD

(1
2∇µX +∇µφ�φ

))
+ 1√

1−DX
∇µ

(
D√

1−DX
(∇µφ∇νφ∇ν lnD +X∇µ lnD +∇µX + 2�φ∇µφ)

)
.

(A.8)

To see the impact of the disformal transformation it is useful to consider it in the
unitary gauge φ = φ(t) or nµ = −∂µφ/

√
X. Using the standard ADM decomposition the

purely disformal transformation only impacts the lapse function

Ñ = NΦ(t,N) ≡ N

√
1 + φ̇2

N2D(t,N) (A.9)

and the spatial metric and the shift vector remain unchanged h̃ij = hij and Ñk = Nk.

A.1 Disformal invariant tensors

With the transformation rules shown above we find the basic disformal invariant tensors.

Disformal volume element:

V =
√
−g X . (A.10)

Disformal projector:

Pµν = gµν + 1
X
∇µφ∇νφ and Pµν = gµν + 1

X
∇µφ∇νφ . (A.11)

Disformal upper first derivative:

N µ = 1
X
∇µφ . (A.12)

Disformal second derivative:

Bµν ≡
1
X

(
∇µ∇νφ−

1
X
∇(µX∇ν)φ−

1
2X2∇αφ∇

αX∇µφ∇νφ
)
. (A.13)

Disformal curvature tensor:

Dαβµν ≡ Rαβµν −
2
X
∇µ∇[αφ∇β]∇νφ−

2
X2∇[αφ∇β]∇[µX∇ν]φ−

4
X3∇[αφ∇β]X∇[µφ∇ν]X

− 2∇µφ∇µX
X3 ∇[αφ∇β]∇[µφ∇ν]φ . (A.14)

Example of contractions. Here we give the simplest expressions after contraction of the
above disformal tensors. First, we have that

Pµν Bµν = 1
X

(
�φ− 1

2X∇µX∇
µφ

)
. (A.15)
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It can also be shown that

PαµPβνBαβBµν = 1
X2

(
∇µ∇νφ∇µ∇νφ+ 1

2X∇µX∇
µX + 1

4X2 (∇µφ∇µX)2
)
. (A.16)

Lastly, the two possible contractions involving the curvature yields

PαµPβνDαβµν = R+ 1
X

(
(�φ)2 −∇µ∇νφ∇µ∇νφ

)
− 2√

X
∇µ

( 1√
X

(
�φ∇µφ+ 1

2∇µX
))

,

(A.17)

and

PαµN βN νDαβµν = (PµνBµν)2 − PαµPβνBαβBµν −
2
3

1√
X
∇µ

( 1
X3/2

(
�φ∇µφ+ 1

2∇µX
))

− 1
3

1√
X
∇µ∇ν

( 1
X3/2∇µφ∇νφ

)
− 1

3
1√
X
∇µ∇µ

( 1√
X

)
. (A.18)

Note that in equations (A.17) and (A.18) we can do integration by parts in the action and the
total derivatives can be written as being proportional to PµνBµν . In principle it is possible to
keep contracting such tensors indefinitely, e.g. (Pµν Bµν)n, and the resulting quantity remains
trivially disformal invariant.

B (U)-DHOST

In this appendix we compare our formulation to the general U-DHOST. Let us consider a
scalar-tensor theory up to quadratic order in second derivatives

S =
∫

d4x
√
−g
[
P +Q�φ+ fR+ Cµν,ρσφµνφρσ

]
(B.1)

where

Cµν,ρσ = α1g
µ(ρgσ)ν + α2g

µνgρσ + 1
2α3 (φµφνgρσ + φρφσgµν) + α4φ

(µgν)(ρφσ) + α5φ
µφνφρφσ

(B.2)

and αi, P , Q and f are function of φ and X. In general, these theories have four degrees of
freedom (2 tensor and 2 scalar) due to the higher derivative terms. However, as discussed
in [21, 29], the additional degree of freedom can be eliminated by requiring degeneracy
conditions between the free functions. The three conditions are given by

D0(X) = −4(α2−α1)
[
−Xf(2α1−Xα4− 4fX)− 2f2− 8X2f2

X

]
, (B.3)

D1(X) = 4α4
(
X2α1(α1 + 3α2)− 2f2 + 4Xfα2

)
+ 4X2f(α1 +α2)α5− 8Xα3

1

− 4α2
1(f + 4XfX + 6Xα2)α2

1− 16(f + 5XfX)α1α2− 4X(3f − 4XfX)α1α3

−X2fα3− 32fX(f + 2XfX)α2 + 16ffXα1− 8f(f −XfX)α3 + 48ff2
X , (B.4)

D2(X) = 4
(
2f2− 4Xfα2−X2α1(α1 + 3α2)

)
α5 + 4α3

1 + 4(2α2 +Xα3 + 4fX)α2
1 + 3X2α1α

2
3

+ 4Xfα2
3 + 8(f +XfX)α1α3 + 32fXα1α2 + 16f2

X(α1 + 2α2) + 16ffXα3 . (B.5)
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If D0 = D1 = D2 = 0 the higher time derivative terms are canceled and the theory contains
just three degrees of freedom. Mimetic gravity can be understood as a subclass of DHOST
since it only has three degrees of freedom despite the presence of higher derivative terms and
it indeed fulfills the above degeneracy conditions [38].

The previous degeneracy conditions apply for any form of the scalar field φ. However,
if the scalar field has a uniform slicing φ = φ(t) terms proportional to the scalar gradient
Diφ vanish identically. Therefore, in the unitary gauge the DHOST class can be enlarged to
the U-DHOST class [22] and the degeneracy conditions are now given by

α1 = κ1−
f

X
, α2 = κ2 + f

X
, α3 = 2 f

X2 − 4fX
X

+ 2σκ1 + 2
(

3σ+ 1
X

)
κ2,

α4 = α+ 2fX
X
− 2 f

X2 + 2
X
κ1, α5 = α

X
− 2 fX

X2 +κ1

( 1
X

+ 3σ2 + 2σ
X

)
+κ2

(
3σ+ 1

X

)2
,

(B.6)
where σ, κi, and α are functions of X and φ.

One can check that the special disformal symmetric model (4.1) corresponds to

P =
√
X (c0 + c1,φ + 2Xc2,φφ) , (B.7)

Q = −4c2,φ
√
X , (B.8)

f = c2
√
X (B.9)

α1 =
√
X

(
−c2
X

+ c4
X2

)
, (B.10)

α2 =
√
X

(
c2
X

+ c3
X2

)
, (B.11)

α3 = 2
√
X
c3
X3 , (B.12)

α4 =
√
X

(
2 c4
X3 + d1

X2

)
, (B.13)

α5 =
√
X

(
d1
X3 + c4

X4 + f1
X4

)
. (B.14)

In the case where d1 = f1 = 0 then we go to the generic disformal symmetric action (2.12).
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