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Abstract
We prove in this paper, the Ax—Schanuel conjecture for all admissible variations of
mixed Hodge structures.
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Z. Gao, B. Klingler

1 Introduction

In this paper, we prove the Ax—Schanuel conjecture for all admissible, graded-
polarized, integral variation of mixed Hodge structures over a smooth complex
quasi-projective variety S.

Let (Vz, W,, F°) — S be an admissible, graded-polarized, integral variation of
mixed Hodge structures on the complex manifold S?" associated to S. Let [®]: $?" —
I'\\M be the associated complex analytic period map, where M denotes the period
domain classifying graded polarized mixed Hodge structures of the relevant type and
I is an arithmetic subgroup in the group of automorphisms of M. The classifying
space M admits a natural realization as a real semi-algebraic subset, open in the
usual topology, of a complex algebraic variety M. The Ax—Schanuel conjecture is
a functional transcendence statement comparing the algebraic structure on M" and
the algebraic structure on S, via [®] and u: M — I'\ M. Consider the commutative
diagram in the category of complex analytic spaces

S8 s AV < Ogan y Af ~ Dgan XF\MMP$'M

San

[@]

We prove the following result, conjectured in [23, Conj. 7.5] (we refer to Definition
2.5 for the definition of weak Mumford—Tate subdomains of M):

Theorem 1.1 Let Z be a complex analytic irreducible subset of S X\ M. Then
dim 2% — dim Z > dim py(2)"*, (1.1)

where Z% denotes the Zariski closure of Zin S x MY, and p (2)"* is the smallest
weak Mumford—Tate subdomain of M containing p s (2).

In the course of the proof, we also explain how to construct pa((Z)¥S. Let S’ be the
Zariski closure of pg(Z). Let N be the connected algebraic monodromy group of
(Vz, We, F)|sg — S'*. Then pr(2)™ is the N(R) TR, (N)(C)-orbit of any point
7 € pm(2), where R, (N) is the unipotent radical of N; see Remark 7.3.

The idea of functional transcendence statements related to Hodge theory first
appeared in the context of Shimura varieties, where [®] is the identity. Motivated by
Pila’s pioneer work [29] on the André—Oort conjecture for copies of moduli curves, the
Ax-Lindemann conjecture (a special case of the Ax—Schanuel conjecture) was proved
for various cases in [32, 33, 37] and ultimately for all pure Shimura varieties in [24];
this was extended to mixed Shimura varieties in [17]. After the proof of the André—
Oort conjecture [36] (see [16] for mixed Shimura varieties), and in order to attack the
more general Zilber—Pink conjecture, Theorem 1.1 was proved for copies of moduli
curves in [34] and for any pure Shimura variety in [27]; this was extended to mixed
Shimura varieties of Kuga type in [19]. In [23, Conj. 7.5] the second author suggested
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The Ax-Schanuel conjecture for variations...

that these functional transcendence statements should hold much more generally for
all admissible, graded polarizable, integral variation of mixed Hodge structures over
a smooth complex quasi-projective variety S and formulated Theorem 1.1; this was
proved in [6] if the variation of Hodge structures in question is pure.

All these works have been important ingredients in the proofs of various diophantine
results: the André—Oort conjecture for mixed Shimura varieties, results in the direction
of the more general Zilber—Pink conjecture [14], use of [27] to prove the submersivity
of the Betti map in [1], use of [6] for Shafarevich type results in [25, 26], use of [19]
to fully study the Betti rank in [18] which eventually was applied to prove a rather
uniform bound on the number of rational points on curves [13]. Hast [20] recently
proved a transcendence property of the unipotent Albanese map assuming Theorem
1.1. We expect Theorem 1.1 to have more applications in diophantine geometry, for
instance in direction of the general Hodge-theoretical atypical intersection conjecture
[23, Conj. 1.9] and its special case [23, Conj. 5.2].

The strategy for proving Theorem 1.1 is similar in spirit to previous works, in
particular [6, 19, 27]. However its implementation in the mixed non-Shimura case
contains serious new difficulties.

For readers’ convenience, we start the paper by recalling basic knowledge on vari-
ations of mixed Hodge structures and mixed Mumford—Tate domains in Sects.?2, 3,
4 and 5. Unlike for the pure or the Shimura case, references to some of the results
recalled hereby are not easy to find. We also give proofs in these sections and Appendix
1 to some results which are surely known to experts but whose proofs we cannot find in
existing references. For example, mixed Mumford—Tate domains are complex spaces
and are stable under intersection; as an upshot, the classifying space M in Theorem
1.1 can be replaced by a suitable mixed Mumford—Tate domain D. We also use mixed
Hodge data developed in [23] to prove that we are able to take quotients by normal
groups in the category of mixed Mumford—-Tate domains, and each such quotient is a
holomorphic map. All these results are fundamental to the proof of Theorem 1.1. In
fact, with these preparations, we can prove a particular case of Theorem 1.1, called
the logarithmic Ax theorem, in Sect.7.

Another formalism we do for our strategy is the fibered structure of mixed
Mumford-Tate domains. We also need to discuss the real points of mixed Mumford—
Tate domains; they correspond to mixed Hodge structures split over R. This is done
in Sect. 6.

Then we move on to prove Theorem 1.1. We start by some dévissages in Sect. 8,
and reduce to the case where the projection of Z in S is Zariski-dense in S and that
Z is an irreducible component of the intersection of its Zariski-closure with A: see
Lemma 8.1.In order to obtain a better group theoretical control of Z, we also replace the
classifying space M by its refinement D, the mixed Mumford-Tate domain associated
to the generic Mumford-Tate group P of the variation (Vz, W, F°).

The first step in the proof of Theorem 1.1 consists of proving that the inequality (1.1)
holds true if the (Q-stabilizer of Zlar (for the action of P on the second factor of
S x D), denoted by H zzar, 18 zero dimensional; see Proposition 9.1. To do so we
use o-minimal geometry (more precisely the result of [3] generalizing [4] saying that
mixed period maps are definable in some o-minimal structure, and the celebrated
Pila-Wilkie theorem [29, 3.6]) to prove a counting result Theorem 9.3.
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More precisely, take a suitable semi-algebraic fundamental set § for D — T'\D.
As in all proofs of Ax—Schanuel type transcendence results via o-minimality, we start
by constructing a definable subset ® of P(IR) which contains all integer elements
y € I' such that y (S x §) N Z # (. We wish to prove that ® contains semi-algebraic
curves with arbitrarily many integer elements; this will yield the non-triviality of H ;zar
unless (1.1) already holds true by induction. The Pila-Wilkie theorem then reduces the
question to showing that the number of elements in I' N ® of height at most 7' grows
at least polynomially in 7. The latter is precisely Theorem 9.3.

The first main new difficulty lies in the proof of this counting result. It occupies the
full Sect.9 and is quite technical. While in the pure case it follows from an explicit
description of the semi-algebraic fundamental set § for I' in terms of Siegel sets
furnished by reduction theory and from the non-positive curvature in the horizontal
direction for pure Mumford-Tate domains (see [6]), in the mixed case we have only
an implicit knowledge of §: its construction in [3] relies fundamentally on the rather
mysterious retraction of D on its subvariety Dg of real split mixed Hodge structures
furnished by the sl,-splitting of mixed Hodge structures. Instead, we use the natural
fibered structure

D=D,, > Dy_1— -— Dy (1.2)

of mixed Mumford-Tate domains associated to the weight filtration of the variation of
Hodge structures. Each step is a vector bundle. Considering the successive projections
Zy of Zto the storeys S x Dy, we proceed as follows:

— assuming that the required estimate holds for Z; we prove that we can “lift” this
estimate to Zy41: see Proposition 9.10 and Sect. 9.8. As in [19], there are two cases
to consider for this lifting process, namely the “horizontal” case Lemma 9.12 and
the “vertical” case Lemma 9.11.

— we initiate the process at the smallest integer ko such that the projection of Z to
Dy, 1s not a point. If ky = 0 the required estimate follows from [6] as Dy is a
pure Mumford—Tate domain. On the other hand there is some non-trivial work to
be done if kp > O (the unipotent case, or equivalently when the maximal pure
quotient of the variation is constant): see Sect. 9.5, more precisely Proposition 9.5.

The second step in the proof of Theorem 1.1 consists of dealing with the case
where the group H 2z is positive dimensional. In that case one wants to reduce to the
first step by working in the quotient Mumford-Tate domain D/ H ;z.. Such a quotient
exists as a Mumford-Tate domain only if the group H ;z.r is normal in the generic
Mumford-Tate group P. Following the guideline of [27], we prove in Sect. 10 that
H zzar is normal in the algebraic monodromy group of this variation of mixed Hodge
structures. While this immediately implies that H ;7. is normal in P in the pure case,
it turns out to be more subtle in the mixed case. We solve this problem in Sect. 11,
by doing an intermediate quotient (R, (P)(Q) N I\ D, applying Pila—Wilkie in the
unipotent part, and analyzing the unipotent part of the H ;za by passing to a suitable
quotient space which a priori is only a real manifold. This guideline was executed for
the universal abelian variety in [19, Sect. 6.3]. A key new input at this step compared
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with [19, Sect. 6.3], as for the lifting process of point counting from the first step
explained above, is the retraction map D — Dp from [3] obtained by the sl,-splitting.

Right before the first version of this paper was publicized, we received a preprint
[9] from Chiu independently proving the same result. Both papers use extensively
o-minimality and the Pila—Wilkie counting theorem, rely on the estimate results for
the pure case of Bakker—Tsimerman [6], use the retraction map D — Dr, and use
the idea of separating the “horizontal” and “vertical” cases for point counting as was
done in [19].

The major differences of the two papers lie in the specific treatments of the two steps
of the proof of Theorem 1.1. For the first step, we obtain the desired point counting
result by successive liftings explained in the paragraph containing (1.2), while Chiu
separate the unipotent part from the semi-simple part at the beginning. For the second
step, we work in the Mumford—Tate domain D and prove that the Q-stabilizer H zzar of
Z7ar s positive dimensional unless Z takes some particular form and that Theorem 1.1
easily holds true, and then proceed to prove the normality of H ;za in the Mumford—
Tate group P in Sect. 11 in order to do the quotient P /H zz.r. Chiu works in the weak
Mumford-Tate domain corresponding to a suitable normal subgroup N of P and does
the estimates directly on (N / H ;z.) (R), and instead of proving the normality of H ;zar
in P he reduces to the case where Z is contained in one fiber and handles this case
in [9, Sect. 8]. Apart from these, we also include a summary of basic knowledge and
results on variations of mixed Hodge structures and mixed Mumford—Tate domains in
Sects.2, 3, 4, 5 and Appendix 1, as the references to some of the results are not easy
to find in contrast to the pure or the Shimura case.

In the end, we would like to point out that our first version had a serious (Hodge-
theoretic) mistake in the previous Sect. 11 while Chiu’s proof was correct. To fix this
mistake, we had to go back to the argument of the first author’s [19, Sect. 6.3] and
use again the retraction map D — Dp, and this makes our current Sect. 11 similar to
Chiu’s treatment in [9, Sect. 8].

2 Mixed Hodge structures, classifying space, and Mumford-Tate
domains

2.1 Mixed Hodge structure

In this subsection, we recall some definitions and properties of Q-mixed Hodge struc-
tures.

Definition 2.1 Let V be a finite dimensional Q-vector space and V¢ := V ®q C its
complexification.

(i) A Q-pure Hodge structure on V of weight n is a decreasing filtration F*® (the
Hodge filtration) on V¢ such that V¢ = FPVe @ FrHl-pVe forall p € Z.

(i) A Q-mixed Hodge structure on V consists of two filtrations, an increasing fil-
tration W, on V (the weight filtration) and a decreasing filtration F* on V¢ (the
Hodge filtration) such that for each k € Z the Q-vector space Gr,ﬁv V = Wi /Wiy
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is a pure Hodge structure of weight k for the filtration on Gr,‘?/V ®q C deduced
from F°.

The numbers 2P9(V) = dimc FPGr;VM(V(C)/FPHGrg;q(VC) are called the
Hodge numbers of (V, W,, F*).

Q-mixed Hodge structures, defined in terms of two filtrations, can be equivalently
described in terms of bigradings. This is classical in the pure case, where a weight n
Q-pure Hodge structure on V is equivalently given by a direct sum decomposition
Ve = ®pyg=n V" (the Hodge decomposition) into C-vector spaces, such that the
complex conjugate V-7 coincides with V74 for all p,q € Z with p + q = n.
The relation between the Hodge filtration and the Hodge decomposition is given by
FPVe = EBP/EPVP/*”_”/. In the general mixed case Deligne [11, 1.2.8] proved the
following:

Proposition 2.2 A Q-mixed Hodge structure on 'V is the datum of a bigrading

ve= @ 17 2.1)

P.q€L

satisfying that each complex vector subspace Wy Ve = prg<k | P49 of Ve is defined
over Q and

174 = T4-7 mod EB 1. (2.2)

r<p,s<q

The Hodge filtration is then defined by FPVe = @, , 1™9.

rzp

We will use a third, more group-theoretic, point of view on Q-mixed Hodge struc-
tures. Let S = Resc/rGm,c be the Deligne torus, this is the real algebraic group such
that S(R) = C* and S(C) = C* x C*, with the action of the complex conjugation
twisted by the automorphism that interchanges the two factors. The character group
of S, denoted by X (S), identifies with Z & Z under

77 = X.(S)
(p.q) = (: €S®) =C* > 777771 € C¥).

Given a Q-vector space V a bigrading Vo = @ 4ezI?? is thus equivalent to a
homomorphism 4 : S¢ — GL(V¢). In particular we deduce from the paragraph above
that any mixed Hodge structure on V defines a homomorphism #: S¢ — GL(Vp).
In [30] Pink identified the conditions such a homomorphism has to satisfy to define a
mixed Hodge structure on V:

Proposition 2.3 [30, 1.4 and 1.5] Let V be a finite dimensional Q-vector space. A
morphismh: Sc — GL(V¢) defines a MHS on'V if and only if there exists a connected
Q-algebraic subgroup P C GL(V) such that h factors through Pc and which satisfies
the following conditions:
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(1) The composite Sc —h> Pc — (P/W_1)c is deﬁﬁed over R, where W_q denotes
the unipotent radical of P. Call this composite h.

(ii) The composite Gy, r %S —h> (P/W_1)Rr is a cocharacter of the center of
(P/W_1)Rr defined over Q.

(iii) The weight filtration on Lie P defined by Adp o h satisfies Wy Lie P = Lie P
and W_j(Lie P) = Lie W_j.

Ifh € M letusdefine the Mumford—Tate group MT (h) of the Q-mixed Hodge structure
(M, h) as the smallest Q-subgroup of GL(V) whose complexification contains 4 (Sc).
One easily checks that the groups P satisfying the conditions of Proposition 2.3 are
precisely the ones containing MT (4).

We finish this subsection by recalling the definition of polarizations.

Definition 2.4 Let (V, W,, F*) be a Q-mixed Hodge structure. A (graded) polariza-
tion is a collection of non-degenerate (—1)*-symmetric bilinear forms

Or:Gr) (V)®Gr) (V) - Q

such that

(1) Qr(FP Gr,‘;v Ve, F k’PHGrZV V) = 0 for each k (first Riemann bilinear relation);
(i) the Hermitian form on GrZV(V)C given by Qr(Cu, v) is positive-definite, where
C is the Weil operator (C|;p.g = i?~4 for all p, q).

One easily checks that the Mumford—Tate group of a polarizable pure Q-Hodge struc-
ture is reductive.

2.2 Classifying space

In this subsection, we discuss the classifying space of all )-mixed Hodge structures
with given weight filtration, graded polarization and Hodge numbers.

Let V be afinite dimensional Q-vector space, endowed with the following additional
data:

(i) a finite increasing filtration W, of V;
(i1) a collection of non-degenerate (— l)k -symmetric bilinear forms

Or: Gr (V)@Gr (V) - Q ;

(iii) a partition {h#-4}, ,c7 of dim V¢ into non-negative integers.

Given these data, one forms the classifying space M parametrizing Q-mixed Hodge
structures (V, W,, F'®) with the following properties:

(1) the (p, g)-constituent V79 := Gr? Gr,‘;VJrq Ve has complex dimension h?7-9;
2) Qk(FpGrZV Ve, Fk—p+l GrZV V) = 0foreach k (first Riemann bilinear relation);

3) (V, W,, F*) is graded-polarized by Q.
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Let us summarize the construction and basic properties of M; see [21], [28, below
(3.7) to Lemma 3.9] for more details. First one defines the complex algebraic variety
MY parametrizing mixed Hodge structures satisfying only the conditions (1) and (2)
above (see [28, Lem. 3.8]). This is a homogeneous space under PM(C), where PM
is the (Q-algebraic group defined as follows: for any (Q-algebra R,

PM(R) :={g € GL(Vg) : g(Wi) € Wi and Gr}¥ (g) € Autg(Qy) for allk € Z}.
2.3)

The classifying space M is defined as the real semi-algebraic open subset of M"Y
consisting of mixed Hodge structures which satisfy moreover condition (3) above (see
[28, Lem. 3.9 and above]). The fact that M is open in M" endows M with a natural
complex analytic structure. The real semi-algebraic group

{g e PM((C) : Gr,‘('V(g) € Autr(Qy) for all k € Z} 2.4

identifies with PM(R)* Wﬁvll (C), where Wf/ll is the unipotent radical of PM see[28,
Remark below Lem. 3.9]. It acts transitively on M.

2.3 Adjoint Hodge structure

For each h € M Proposition 2.3 defines a natural Q-mixed Hodge structure on
Lie PM via AdM o h: S¢ — P(é\/’ — GL(Lie PM)¢: the adjoint Hodge structure
associated with /. One easily checks that the corresponding weight filtration and
graded polarization are independent of /1. Indeed the weight filtration W, on Lie PM C
End(V) = V ® V" is the one deduced from the weight filtration W, on V. Similarly
for the graded-polarization.

2.4 (Weak) Mumford-Tate domains

Proposition 2.3 suggests to attack the problem of classifying mixed Hodge structures
by rather considering mixed Hodge structures with prescribed Mumford—Tate group.
This leads abstractly to the notion of mixed Hodge data, see Sect. 4.1; and geometrically
to the notion of (weak) Mumford—-Tate domain refining the classifying space M.

Definition 2.5 (i) A subset D of the classifying space M is called a Mumford-Tate
domain if there exists an element 4 € D such that D = P(R)*W_;(C)h, where
P =MT(h) and W_; = R, (P) is the unipotent radical of P.

(ii) A subset D of the classifying space M is called a weak Mumford—-Tate domain if
there exist an element 7 € D and a normal subgroup N of P = MT (%) such that
D = NR)"™R,(N)(C)h, where R, (N) is the unipotent radical of N.

In the definition, as N <1 P, we have R, (N) = W_; N N. One easily checks that
M is a Mumford-Tate domain in itself, for P = P™. A closer look at the geometry
of general Mumford—Tate domains is given in Appendix 1. In particular we will prove
the following results (well-known in the pure case):
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Proposition 2.6 Every weak Mumford—Tate domain in M is a complex analytic sub-
space of M.

Lemma 2.7 Let Dy and D> be Mumford-Tate domains in M. Then every irreducible
component of D1 N Dy is again a Mumford-Tate domain in M.

This lemma has the following immediate corollary.

Corollary 2.8 Let Z be a complex analytic irreducible subset of M. Then there exists
a smallest Mumford—Tate domain, denoted by Z°F and called the special closure of Z,
which contains Z.

We close this subsection with some discussion on the generic Mumford—Tate group
of a complex analytic irreducible subvariety of M. In particular the discussion applies
to weak Mumford-Tate domains. The trivial local system V = M x V underlies a
natural family of mixed Hodge structures: foreach h € M thetriple (V, (We)p, (F*))
is a mixed Q-Hodge structure. For any complex analytic irreducible subset Z of M,
the first part of the proof of [2, Sect. 4, Lemma 4] applies: for a very general element
h € Z, the Mumford-Tate group P (h) does not depend on /4. Such an 4 is said to be
Hodge—generic in Z and its Mumford—Tate group is called the generic Mumford-Tate
group of Z. We write MT(Z2) to denote the generic Mumford-Tate group of Z. It
satisfies the following property: MT(h') < MT(Z) for any i’ € Z.

Lemma2.9 LetD = P(R)TW_{(C)h be a Mumford—Tate domain in M (thus h € D,
P = MT(h) and W_1 is the unipotent radical of P). Then P = MT (D).

Proof By definition of MT(D) the group P is a subgroup of MT(D). Thus we are
reduced to proving the converse inclusion.

Each i’ € D is of the form ghg™! for some g € P(R)TW_;(C), and hence the
homomorphism 4’ =: S¢ — GL(V¢) factors through g Pcg~! = Pc. This implies
that MT(h') < P for all #’ € D. Looking at a Hodge generic point 2’ we are done.

The following lemma, whose proof is given Appendix 1, is useful to determine
when an orbit is a Mumford-Tate domain.

Lemma 2.10 Let P be a Q-subgroup of GL(V) with W_|; = R,(P) and let D be a
PR)TW_{(C)-orbit in M. If some h € D satisfies that h: Sc — GL(V¢) factors
through Pc then D is a Mumford—Tate domain and MT(D) <1 P.

3 Variation of mixed Hodge structures

Let f: X — S be a morphism of algebraic varieties. If f satisfies a sharp notion
of topological local constancy (suffice it to say here it is automatically satisfied if f
is proper smooth, and is true over a Zariski-open subset of § for any morphism of
varieties), then f gives rise to a family of mixed Hodge structures (pure when f is
proper smooth) on H" (X, Q), as s varies over S, subject to certain rules. This leads
to the notion of a (graded-polarizable) variation of mixed Hodge structures, which we
now recall:
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Definition 3.1 Let S be a connected complex manifold. A variation of mixed Hodge
structures (abbreviated VMHS) on S is a triple (Vz, W,, F°) consisting of:

(i) alocal system V7 of free Z-modules of finite rank on S;
(ii) a finite increasing filtration W, of the local system V := V7 ®z, Qg by local
subsystems (weight filtration);
(iii) afinite decreasing filtration F* of the holomorphic vector bundle V := Vz®7Os
by holomorphic subbundles (Hodge filtration),

satisfying the following conditions:

(1) foreachs € S, the triple (Vy, Wo(s), F°(s)) is a mixed Hodge structure;
(2) the connection V:V — V ®og SZ; whose sheaf of horizontal sections is V¢ 1=
V ®q C satisfies the Griffiths’ transversality condition

V(FP) c PPl g Ql. 3.1

Definition 3.2 A VMHS (Vz, W,, F*) on S is called graded-polarizable if the induced
variations of pure Q-Hodge structures (VHS) Grk V, k € Z, are all polarizable, i.e.
for each k € Z there exists a morphism of local systems

Qr: G V®Gr)'V — Qs

inducing on each fiber a polarization of the corresponding Q-Hodge structure of
weight k.

From now on all VMHS are assumed to be graded-polarizable.

3.1 Mumford-Tate group and monodromy group

Let S be a connected complex manifold and (Vy, W., F*)aVMHS on S. The pull-back
7*Vy of V7, along the universal covering map 7 : S— Sis canonically trivialized:
¥V ~ 8§ x Vg, with V; = HO(S, V7).

For s € §, we denote by MT; € GL(V,) the Mumford-Tate group of the Hodge
structure Vg and by H"" C GL(V;) the connected algebraic monodromy group at
s, that is the connected component of identity of the smallest QQ-algebraic subgroup
of GL(Vy) containing the image under monodromy of 71 (S, s).

By definition the algebraic monodromy group H;"*" is locally constant on S. By
[2, Sect. 4, Lemma 4], following [12, Sect. 7.5] in the pure case, the Mumford-Tate
group MT, C GL(Vy) is locally constant on S° = S\ ¥ where ¥ denotes a meager
subset of S; and H"*" is a subgroup of MT; forall s € S° as (Vz, W,, F°) is graded-
polarizable. We call S° the Hodge-generic locus. For s € S° the group MTy, is called
the generic Mumford—Tate group MT(S) of (Vz, W,, F°).

3.2 Admissible VMHS

Admissible VMHSs are the ones with good asymptotic properties. The concept was
introduced by Steenbrick—Zucker [35, Properties 3.13] on a curve and Kashiwara [22,
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1.8 and 1.9] in general. All VMHSs which arise from geometry are admissible [15]
and all VHSs are automatically admissible. We recall briefly the definition.

Definition 3.3 (admissible VMHS) A VMHS (Vgz, W,, F*) over the punctured unit
disc A* is called admissible if

(i) itis graded-polarizable;

(ii) the monodromy T around zero is quasi-unipotent and the logarithm N of the
unipotent part of 7 admits a weight filtration M (N, W,) relative to W, (see [22
Sect. 3.1]);

(iii) Let Y, resp. Wkl_), be Deligne’s canonical extension of V, resp. of Oax ®q WiV,
to A. The Hodge filtration F* extends to a locally free filtration F of Vsuch
that Gr%GrZV)_/ is locally free.

Let S be a connected complex manifold compactifiable by a compact complex ana-
lytic space S. A graded-polarizable variation of mixed Hodge structure (Vz, W,, F*)
on S is said admissible with respect to S if for every holomorphic map i: A — §
which maps A* to S, the variation i*(Vz, W,, F*) is admissible.

Let S be a smooth complex quasi-projective variety. The property for a VHMS on
S to be admissible with respect to a smooth projective compactification " is easily
seen to be independent of the choice of S. Hence we can and will talk of admissible
VMHSs on $*". From now on, and in order to simplify notations, we will not distinguish
between S and S™, the meaning being clear from the context.

Admissible VMHSs have the following advantage (see André [2, Sect. 5, Theo-
rem 1], following [12, Sect. 7.5] in the pure case):

Theorem 3.4 (Deligne, André) Let (Vgz, W, F°) be an admissible VMHS over a
smooth connected complex quasi-projective variety S. Then for any Hodge-generic
point s € S°, the connected algebraic monodromy group H!"" is a normal subgroup
of the derived group MT(S)%" of the generic Mumford—Tate group of S.

4 Mixed Hodge data

Classifying mixed Hodge structures with prescribed Mumford—Tate group leads to
the formalism of mixed Hodge data introduced in [23], following [30] in the Shimura
case. This group theoretical formalism is useful to relate VMHS and Mumford-Tate
domains.

4.1 Mixed Hodge data

Definition 4.1 A connected mixed Hodge datum is a pair (P, X), where P is a con-
nected linear algebraic group over Q whose unipotent radical we denote by W_j,
and X € Hom(Sc, Pc) is a P(R)™W_;(C)-conjugacy class such that one (and then
any) h € X satisfies property (i), (ii) and (iii) of Proposition 2.3. A morphism
(P,X) — (P',X’) of mixed Hodge data is a morphism P — P’ of Q-algebraic
groups inducing an equivariant map X — X”.
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Let (P, X) be amixed Hodge datum. As a homogeneous space under P (R)*W_1(C),
the set X'is naturally endowed with a structure of real semi-algebraic variety. In general
however it does not carry any complex structure. To relate X' to complex geometry,
letus fix p: P — GL(V) a Q-representation. By Proposition 2.3, for each & € X'the
map p o h endows V with a rational mixed Hodge structure, whose weight filtration
and Hodge numbers are easily seen to be independent of 7 € X. We thus obtain a
P(R)*W_,(C)-equivariant map

(p,O: X_) M’

for M a classifying space as in Sect.2.2. By [30, 1.7], ¢, factors through a complex
manifold D which is independent of p.! From now on we will just write

p: X—>D 4.1

and call this map the classifying map of the Hodge datum (P, X). The group
P(R)TW_;(C) acts on D preserving its complex structure, and the action of W_;(C)
on D is holomorphic.

Lemma 4.2 [30, 1.8(b)] Foreach x € D, the fiber ¢~ (x) is a principal homogeneous
space under exp(F )? (Lie W_1)).

In particular ¢ is an isomorphism in the pure case.

4.2 Mixed Hodge data and Mumford-Tate domains

We now relate mixed Hodge data and Mumford-Tate domains by showing that
the complex space D in (4.1) is a Mumford-Tate domain, and that conversely any
Mumford-Tate domain appears as a target in (4.1) for some connected mixed Hodge
datum. We start with the case where D = M is a classifying space.

Lemma4.3 Let M be a classifying space of mixed Hodge structure as in Sect.2.2,
PM the corresponding group, and Wi\/f its unipotent radical.

There exists a mixed Hodge datum (P, XM such that the classifying map (4.1)
for (PM, XM reads oM XM 5 M. For anyh € XM the mixed Hodge structures
on Lie PM induced by h and by 9 (h) coincide.

Proof Take h € M. Then h € Hom(S¢, P(é\/l) satisfies conditions (i), (ii) and (iii)
of Proposition 2.3. In particular (PM, AM) is a mixed Hodge datum, where M. =
PM(R)+Wi\’11 (C)h € Hom(Sc, P(é\/l). The existence of ¢ follows from [30, 1.7];
it is precisely the ¢ from (4.1) for (PM, XM). O
Proposition 4.4 Let M be a classifying space of mixed Hodge structure as in Sect.2.2,

with associated connected mixed Hodge datum (PM, XMy and classifying map
oM XM 5 M as in Lemma 4.3.

' Take p to be a faithful representation of P, then we can take D = ¢, (X).
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(i) For each Mumford-Tate domain D in M, there exists a sub-mixed Hodge datum
(MT(D), X) of(PM, XM such that (pM(X) = D. Moreover ¢ := (pM|X: X —
D is precisely the classifying map (4.1) for (MT(D), X).

(ii) Conversely for any sub-mixed Hodge datum (P, X) of (P, M), the image
oM(X) is a Mumford—Tate domain in M (whose generic Mumford—Tate group is
a normal subgroup of P).

Proof For (i): for simplicity we write P for MT(D) and W_; for R, (P). Take a
point x € D; it gives rise to a homomorphism A, : Sc — Pc. View h, € aM,
then M (h,) € D by definition of oM. Let X = P(R)*W_{(C)h, C M. As
oM is PM(R)T WM (C)-equivariant, we have oM (X) = P(R)TW_1(C)pM (hy) =
P(R)T™W_;(C)x = D. By Proposition 2.3 the pair (P, &) is a mixed Hodge datum
and by construction ¢ = ¢ |y is precisely the map in (4.1).

For (ii): Denote by D = @M (X). Then D is a P(R)TW_;(C)-orbit because the
map M is PM (R)*Wi\/l‘ (C)-equivariant. Moreover for any x € D, the corresponding
homomorphism 4, : S¢ — GL(V¢) factors through Pc by definition of mixed Hodge
data. Thus D is a Mumford-Tate domain and MT(D) <1 P by Lemma 2.10. O

5 Quotients
5.1 Quotient of mixed Hodge datum

Given a connected mixed Hodge datum (P, X) and a normal subgroup N < P, the
quotient mixed Hodge datum

gn: (P, X) — (P, X)/N 5.1

is defined as follows. Given h € X € Hom(Sc, Pc) we denote by h €

Hom(Sc, (P/N)c) the homomorphism S¢ L Pc— (P/N)c.Notethat R, (P/N)=
W_1/(W_1 N N). Denote by X/N = (P/N)R)T(W_/W_; N N)(Ch <
Hom(Sc, (P/N)c). One easily checks that (P, X)/N: = (P/N,X/N) is a con-
nected mixed Hodge datum, independent of the choice of 7 € X. The morphism
gn: (P, X) — (P/N, X/N) is what we desire. Moreover gy : X — X/N is clearly
real algebraic.

5.2 Quotient of Mumford-Tate domains

Next we prove that Mumford—Tate domains are stable under taking quotients. This
operation is important to understand the structure of Mumford-Tate domains.

Let V7 be a free finite rank Z-module and V := V7 ®z7 Q be the associated Q-vector
space. Let M be the classifying space of certain polarized mixed Hodge structures
and let PM be the Q-group, both from Sect.2.2.

@ Springer



Z. Gao, B. Klingler

Proposition 5.1 Let D be a Mumford-Tate domain in M with P = MT(D), and let
(P, X)and ¢: X — Dbeasin(4.4)1). Let N be a normal subgroup of P. Then there
exists a quotient py : D — D/ N, in the category of complex varieties, such that

(i) D/N is a Mumford-Tate domain in some classifying space of mixed Hodge
structures, and MT(D/N) = P/N.
(ii) Each fiber of py is an N(R)T(W_1 N N)(C)-orbit, where W_1 = R, (P).
(iii) For the quotient mixed Hodge datum qy: (P, X) — (P/N, X/N) defined in
(5.1), the classifying map (4.1) for (P/N, X/N) has image D/ N, thus defining
o/N: X/N — D/N.
@iv) The following commutative diagram commutes

X x/n (5.2)

DY p/N.

Proof Consider the quotient mixed Hodge datum gy: (P, X) — (P/N,X/N)
defined in (5.1). Any & € X/N € Hom(Sc, (P/N)c) induces a Q-mixed Hodge
structure on Lie(P/N), via Adp,y oh:Sc — (P/N)c — GL(Lie(P/N))c, which
satisfies the three properties listed in Definition 4.1 with P replaced by P/N and h
replaced by F.

Fix a faithful representation p: P/N — GL(V’) defined over Q. Then the mor-
phism % o & induces a Q-mixed Hodge structure on V’ by Proposition 2.3 for each
h € X/N, and the weight filtration and the Hodge numbers do not depend on the
choice of 4 € X/N. Thus we obtain a map

@/N: X/N — {mixed Hodge structures on V'}.

Set D/N = ¢;n(X/N). Then we get ¢/ny: X/N — D/N, which by [30, 1.7]
is (P/NYR)T(W_1/(W_1 N N))(C)-equivariant (here W_; = R, (P) and hence
Ru(P/N) = W_1/(W_1 N N)). This establishes (iii) for the space D/N.

By [30, 1.12] the Q-mixed Hodge structures on V’ thus obtained are graded-
polarized by some collection of non-degenerate bilinear forms (same for all 7). So
D/ N is a contained in some classifying space M’. This establishes (i).

Now let us construct the map py: D — D/N and prove properties (ii) and (iv).
Take x € D, and take any /1, € ¢~ (x). Then ¢! (x) = exp(F)?(Lie W_1)c)hy by
Lemma 4.2. Note that exp(F)?(Lie W_1)c) is a subgroup of Pc. Then gn (e~ '(x)) =

0
an (exp(F{(Lie W-1)0)hs) = Fimes ot an ().

On the other hand define ¥ := ¢/n(gn(hy)). Then 90;1\} x) = exp(F§ (Lie W_y/

(W_1 N N))c)gn (hy) again by Lemma 4.2.

: (FO(Lie W_ .
We claim that N(ggexbw;ue ;38)@) = exp(Ffo(Lle W_1/(W_1 N N))c). Indeed

it suffices to check for Lie algebras, i.e. it suffices to prove F )9 (Lie W_1)c/(Lie Nc N
F(Lie W_1)¢) ~ F2(Lie W_/(W_; N N))c canonically. As N <I P, we have
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Adp(Lie N) C Lie N. So Lie N is a sub-mixed Hodge structure of the adjoint Hodge
structure on Lie P. Thus Lie Nc N FO(Lie W_1)c = F(Lie W_; N N)¢. Thus we
proved the desired claim.

By the last three paragraphs, we have gy (¢! (x)) = (p/_A} (x). So the map D —
D/N, x = X := @/n(gn(hy)) is well-defined. Call this map py. Then property (iv)
holds true by construction of py. Property (ii) then is not hard to check.

Now the map is complex analytic by property (ii). O

6 Fibered structure and real points

Let D be a Mumford-Tate domain in some classifying space M with P = MT(D).
Let the connected mixed Hodge datum (P, X) and the P(R)* W_;(C)*-equivariant
map ¢: X — D be as in Proposition 4.4.(1). In particular by Lemma 4.2, the fiber
(p_l (x) is a principal homogeneous space under exp(F’ )9 (Lie W_1)¢) for each x € D.

6.1 Fibered structure of Mumford-Tate domains

Let 0 = W_guy1y © W_, € --- C W_; be the sequence of unipotent normal
subgroups of P defined in (B.1).
First for each k € {0, ..., m}, let Xy = X/W_(;41) and let

Pk D — D/W_ey1) =t Dk (6.1)

be the quotient constructed in Proposition 5.1. Notice that X, = X and p,, is the
identity on D.

Observe that we have (P/W_, ) = (P/W_q+1), X 1)/ W)/ W_k+2))
and Dy = Di+1/(W-(k+1)/W-(k+2))- Denote by gr+1.4: (P/W—-(k+1), Xk+1) —
(P/W_g, &) and pr+1.k: Diky1 — Dy the quotients. Then by Proposition 5.1 we
have the following commutative diagram

4m,m—1 dm—1,m—2 dm—2,m—3 q2,1 q1,0
X=X X1 X2 T X Xo
Wm:zwl Pm—1 l (Ple l@l \L(ﬂo (62)
Pm,m—1 Pm—1,m—2 Pm—2,m—3 P21 P1,0
D =Dy D1 Dy e D Do

By Lemma 4.2, ¢ is bijective. But the other ¢;’s are not injective in general.

Letk € {0, ..., m — 1}. Recall that W_(k+1)/W_(k+2) = Lie W_(k+1)/W_(k+2) is
a vector group. Thus for any x; € Dy, the notation F)?k (W_k+1)/ W—(k+2))c makes
sense.

Lemma 6.1 For eachk € {0, ..., m} and any point x; € Dy, we have that

(i) the fiber ¢ ") is a principal homogeneous space under F)?k(W—(kH)/
W_(k+2))c-
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@ii) (for k < m — 1) the fiber pk_ﬁl, «(Xx) is a principal homogeneous space under

Wt/ W-e2)(C)/ FY (W_es1y/ W 42))c-

Proof Part (i) follows directly from Lemma 4.2.
For (ii): By [30, 1.8(a)], each fiber of gx1  is a principal homogeneous space
under (W_(k+1)/ W—(x+2))(C). Combined with part (i) we can conclude. O

6.2 Real points

Define Dy to be the set of x € D such that the mixed Hodge structure parametrized
by x is split over R. Namely, Drp = ¢(Xr) with Ax = {h: S¢c — Pc
h is defined over R} C X.
It is known that Dgr = P(R) T x for some x € D; see [28, last Remark of Sect. 3].
Moreover for any x € Dp, itis not hard to check that FS (Lie W_1)cNLie Pg = {0}.
Soby Lemma 4.2, po: P - G = P/W_; induces

StabP(R)+ (x) ~ StabG(R)+ (po (x)). (63)

Consider the real semi-algebraic P (R)*-equivariant retraction induced by the sl>-
splitting [5, Thm. 2.18] (see also [3, Cor. 3.12])

r: D — Dg. (6.4)

For each k € {0, ...,m — 1}, Dy is a Mumford-Tate domain and hence we can
define Dy r as above. Then Dy g is a (P/ W,(kﬂ))(R)Jr-orbit, and there is a real
semi-algebraic (P/W_ (k+1))(R)+-equivariant retraction ry : Dy — Dy r induced by
the sly-splitting.

Let px: D — Dy be from (6.1). The following diagram is commutative by [3,
Lem. 6.6]:

Pk

D Dy (6.5)

rl \er
Pklpg

Dr —— Dk r.
We close this subsection with the following proposition, which states that Dr can

be split (non-canonically) into the product of a Mumford—Tate domain for pure Hodge
structures and some vector spaces.

Proposition 6.2 There exists a real algebraic isomorphism
Dr = Do x (W_1/W_2)(R) x -+ x (W_u—1)/W_pn)(R) x W_p,(R) (6.6)
with the following properties.
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(i) For any g = (g0, Wi, ..., Wy) € P(R)T under the identification (B.6) and any
X = (X0, X1, ..., Xn) € Dr under (6.6), the action of P(R)™ on Dg is given by
the formula

gx = (goxo, w1 + gox1, w2 + goxz + calbr(wy, gox1), ...,
Wy + g0Xm + calby, (W1, gOXm—l)) (6.7)

where wi = (wy, ..., wg) and Xy = (x1, ..., xg) forall k > 1, and the calby’s
are the Q-polynomials of degree at most k — 1 given by Lemma B.3.

(ii) The decomposition (6.6) is compatible with taking quotients of W_ 1y on both
sides for each k € {0, ..., m — 1}, i.e.,, the following diagram commutes

Dr ——> Do x (W_1/W_2)(R) X -+ X (W_(m—1)/ W_n)(R) x W_p,(R)

Dyr ———— Do x (W_1/W_2)R) x -+ x (W_/W_s1))(R)

where the top arrow is (6.6), the bottom arrow is (6.6) applied to Dy r, and the
right arrow is omitting the last m — k factors.

Proof First note that Dy g = Dy because every pure Hodge structure is split over R.
Now (B.6) and (6.3) together induce a real algebraic isomorphism as in (6.6). Part (ii)
is clear. Part (i) follows from the group law given by (B.7). O

7 Period Map and Logarithmic Ax
7.1 Period map

Let S be anirreducible algebraic variety defined over C. Assume that S carries a graded-
polarized VMHS (Vz, W,, F°) — S. Then it induces a period map [®]: § — '\ M
where M is the classifying space and I" is an arithmetic subgroup of PM(Q).

The period map [®] factors through another quotient space in the following way.
In the context of Theorem 1.1, we have a complex analytic irreducible subset Z of
Sxpm M ={(s,x) € S x M : [®](s) = u(x)}, where u: M — I"'\.M. For the
projection prq: § x M — M, we have that pa((Z2) is irreducible and is contained
in u"H([P](S)). Let Shbea complex analytlc 1rredu01ble component of uL([®]1(S))
which contains pr((2). Then Z € § x S.LetD = SSp the smallest Mumford—Tate
domain containing S; see Corollary 2.8. Let P = MT(S) and W_; = R, (P), then D
isa P(R)*W_; (C)-orbit. Now we have [®](S) C u(D).

LetT'p = I'N P(Q), then [®] factors through S — I'p\D. The inclusion D € M
induces a finite map I'p\D — '\ M.
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Let A = S xr,\p D. So to prove Theorem 1.1, it suffices to work in the following
diagram and assume Z C A

SxDD . D | (7.1)

This is our setup for the rest of the paper.

7.2 Quotient for the period map

Assume N < P. We have constructed the quotient Mumford-Tate domain py: D —
D/N in Proposition 5.1. For the arithmetic group I'p,y := I'p/(I'p N N(Q)), we
then have a map [py]: T'p\D — I'p,y\(D/N). Composing with [®]: § — ['p\D,
we obtain

[®/n]: S — T'p;N\(D/N). (7.2)

Proposition 5.1 says that D/N is a Mumford—Tate domain in the classifying space of
some mixed Hodge structures. Thus [®,y] is again a period map.

Let us summarize the notations involving this operation of taking quotient in the
following diagram:

D—"™ DN (1.3)
u lu/N
[®] [pN]
s Tp\D -5 Tp/w\(D/N)

\[cb/m/

7.3 Bi-algebraic system

Recall that M is a semi-algebraic open subset in some algebraic variety M" over C.
So D is a semi-algebraic open subset in some algebraic variety DV over C.

Definition 7.1 (i) A subset of D is said to be irreducible algebraic if it is a complex
analytic irreducible component of U N D, with U an algebraic subvariety of D".

(i) Anirreducible algebraic subset W of D is said to be bi-algebraic if (D]~ L w(W))
is algebraic.

By [3, Cor. 6.7], every weak Mumford—Tate domain is bi-algebraic.
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7.4 Logarithmic Ax

In this subsection, we prove a particular case of Theorem 1.1. Retain Z as in Theorem
1.1 and the notations in and above (7.3). As discussed before, we have Z C AN(Sx S).

Theorem 7.2 There is a smallest weak Mumford—Tate domain in D, denoted by Sws,
which contains S. Moreover,

() 2% C § x ™.
(ii) Theorem 1.1 holds ifus(Z2) = S.

In the proof, we will see that S%S isan N (R)T(W_1 N N)(C)-orbit, where N is the
connected algebraic monodromy group of (V, W,, F*) — S.

Proof Let N be the connected algebraic monodromy group of (V, W,, F*) — S.
Then N < P by Theorem 3.4. Thus N (R)*(W_; N N)(C)5 is a weak Mumford—Tate
domain, for any 5 € S.

As N < P, we have the quotient period map [®/y]: § — I's/n\(D/N) constructed
in (7.2). Note that [®, v ] gives rise to anew VMHS over S, whose connected algebraic
monodromy group is trivial. So [®,y](S) is a point by [8, Thm. 7.12]. Thus using the
notations in (7.3), we have that py (S) is a point. So § € N(R)T(W_; N N)(C)5 for
any 5 € S.

In particular N (R)*(W_; N N)(C)5 is independent of the choice of 5 € S.

Let us start by proving part (ii). In the course of this proof, we will also show the
existence of S™5.

Assume ug(2) = §. Since Z C § x §, the following is true: For each s € S, there
exists ¥ € S such that (s,3) € Z.

The group P(R)T™W_;(C) acts on S x D via its action on the second factor. Let
p:mi(S,s) — GL(V) be the monodromy representation. Then Im(p) is a subgroup
of I'p. By construction of S, we have Im(p)(s,s) € Z for any (s,5) € Z. Taking
Zariski closures of both sides and recalling that N = (Im(p)zar)c’, we have {s} x
N@®R)T(W_; N N)(C)F € Z%*. As this holds true for each s € S, we then have
S x N(R)H(W_; N N)(C)5 C 2%,

To sum it up, we have Z C § X ScSx NR)T(W_; N N)(©C)s C Ziar. By
taking Zariski closures, we have ZZ* = § x N(R)T(W_; N N)(C)3 and §%& =
N@®R)T(W_; N N)(C)5.

By definition, N(R)T(W_; N N)(C)5 is a weak Mumford-Tate domain. More-
over if W is a weak Mumford-Tate domain which contains §, then WV contains
SZar — N(R)T(W_; N N)(C)3 because W is algebraic. So N(R)*(W-1 N N)(C)§
is the smallest weak Mumford-Tate domain which contains S. Thus S™* exists and is
precisely N(R)T(W_; N N)(C)s. Now part (ii) is established.

Now part (i) is immediately true because Z C § x Sand S x S™ is algebraic. O

Remark 7.3 If we assume S = ug(2)%, then S¥S is the smallest weak Mumford-Tate
domain which contains pp(Z2). Indeed, we have pp(2) C Sws by Theorem 7.2.(i). So
it suffices to prove the following statement: for any W a weak Mumford-Tate domain
in D which contains pp(Z), we have S¥$ C W. This is true: u(W) 2D u(pp(2)) =
[@1(us(2)), 50 [@]' @ (W)) 2 us(2), s0 [®]7! (W) 2 S because [®]! (u(W))
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is algebraic (by [3, Cor. 6.7]) and S = u(Z)%*. Therefore S%S C W and hence we
are done.

8 Dévissage and Preparation

In this section, we do some preparations. Recall the setup (7.1)

SxDD AL p
I*

us u

s rp\D

Lemma 8.1 I[fTheorem 1.1 holds true under the following two additional assumptions:

(i) S =us(2)".

(ii) Z is a complex analytic irreducible component of Z%" N A.
then it holds true in full generality.

Proof Let Zbe as in Theorem 1.1. Notice that 272" C u5(2)%2 x D. The assumptions
and the conclusion of Theorem 1.1 do not change if we replace S by us(2)**. So we
may assume S = ug(Z)%.

Let 2’ be a complex analytic irreducible component of Z%% N A which contains Z.
Note that Z € Z' C 2% Thus by taking the Zariski closures, we obtain Z/2% = ZZ,

Thus pp(Z7¥) = pp(Z%), for the projection pp: S x D — D. So for the
algebraic structure on D defined by Definition 7.1, we have pp(Z)%* = pp(2)%™
because the projection pp is algebraic. But each weak Mumford-Tate domain is
algebraic. So

pp(Z) € pp(Z)2 = pp(2)%™ C pp(2)™ = 5§,

where the last equality follows from Remark 7.3. But pp(Z) € pp(Z') because
Z C Z'. So every weak Mumford-Tate domain containing pp(Z’) must also contain
pp(2), ind thus contains S™ by Remark 7.3. Combined with the inclusion above, we
get that SV® is also the smallest weak Mumford—Tate domain which contains pp(Z').
So

dim 2% — dim 2’ > dim pp(2)™ = dim 22 — dim Z > dim pp(2)™*
as dim Z < dim Z’ and pp(2)™ = pp(Z)¥s = §¥s. Replacing Z by Z/, it is thus
enough to prove Theorem 1.1 assuming furthermore (ii). O

Thus our main theorem is reduced to the following theorem, which we will prove
in the rest of the paper.

Theorem 8.2 Theorem 1.1 holds true under the additionnal assumption that Z is a
complex analytic irreducible component of Z°" N A and S = ug(Z)%.

The rest of the paper is devoted to prove Theorem 8.2.
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9 Bigness of the (Q-stabilizer

Recall our setup

SxDD AP ©.1)
|
us u
s rp\D

We consider a subset Z of A satisfying the following properties: (i) Z is a complex
analytic irreducible component of 273 N A; (ii) § = us(Z)%".
Let H zzar be the Q-stabilizer of Flar namely

I,0

Zai o
Hzu = (Stabp(R) (272 N Fp) - <{y eTp:yzar = ZZar}Zaf) . (92)

In this section, we prove the following case of Theorem 8.2:

Proposition 9.1 Theorem 8.2 holds true under the additional assumption H zzar is the
trivial group.

9.1 Auxiliary set

Our proof of Proposition 9.1 heavily uses o-minimality. We are able to work in this
framework thanks to the following theorem proved by the second-named author,
Bakker, Brunebarbe, and Tsimerman. In the pure case this theorem is the main result
of [4].

Theorem 9.2 [3,Prop. 3.13 and Thm. 4.4] Let r : D — Dr be the retraction defined in
(6.4), and identify Dr with Dy x [, <k<m W_r/W_i—1)(R) under the real-algebraic
isomorphism defined in (6.6). -

There exist an Ryq-definable subset Ty of Dy and a real number M > 0 such that

Fro=Fox [[ (=M anydme/ Ve @, 93)

1<k<m

which is a Ryjg-definable subset of DR, satisfies the following properties:

@) uI,_1(3R) is surjective;
(i) [®@] is Ryp exp-definable for the R yq-structure on I p\D defined by r~L(GR).

The following auxiliary set is important for the proof of Ax—Schanuel.
O :={g e P(R) : dim(g ' Z# N (S x §) N A) = dim 2}, 9.4)
with § = r~! (8Rr). Itis clear that © is definable in Ry exp, and

{relp:y(§xFHNZ#PCO.
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Denote for simplicity by 7= pp(2), then
pp(y(Sx PN 2) = pplpp' ¥ NZE) =yINZ.
Thus for any y € I'p, we have
YSEXPNZ£D o yINZ £0.
Therefore
{y eTp:yFNZ £0}CO. 9.5)

Theorem 9.3 Assume dim Z > 0. Then there exist constants € > 0, ce > 0anda
sequence of real numbers {T;}icn with T; — oo such that

#Hy € ®@NTp: H(y) < T;} = cTf. 9.6)

9.2 Proof of Proposition 9.1 assuming Theorem 9.3

If dimZ = 0, then dim 7% = 0 and hence Theorem 8.2 clearly holds true. So we
assume dim Z > 0.

We prove Proposition 9.1 by (downward) induction on dim 2% The starting point
for this induction is when Z24 = § x %S (see Theorem 7.2). In this case, under the
assumptions of Theorem 8.2 we have Z = § Xr,\p §WS, and so dim Z = dim §. Thus
Theorem 8.2 holds true in this case.

Letce > 0, € > 0and {7;} be as in Theorem 9.3. Then by the Pila—Wilkie counting
theorem [29, 3.6], for each T; there exists a connected semi-algebraic curve C; € ©
which contains > ¢, Tf points in I'p of height at most 7;. For 7; > 1 we have
ceTS > 2.

Fix cp € C; N Tp. Set C := cO_1 - C;. Then C is a semi-algebraic curve which
contains > ¢ T in I'p.

For each ¢’ € C; € ©, we have dim(¢’~!' 2% N A) = dim Z by definition of ©
from (9.4). But coA = A since cg € I'p. So we have

dim(c 'Z2"NA)=dimZ forallc € C. 9.7)

Notice that Z%" ccC —1 ZZar Moroever since C is a semi-algebraic curve, we have
dim(C~!1 2222 < dim 272 4 1.

We have the following alternative:
(i) dim(C—1z%ryZar — gjm Z7ar,
(i) dim(C~!Z%yZar — dim 22 4 1.

Assume we are in case (i). Then C C Stab p(R)(Zzar). Hence #(Stabpr) (22N
I'p) > CNTI'p > c.Tf foreachi. Letting T; — oo, we get#(Stabp(R)(Zzar) nT) =
0o. Hence dim H ;zar > 0. This contradicts the triviality of H zzar.
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Thus we are in case (ii). Then there exists ¢ € C such that Z%% £ ¢—1z7%ar,
Thus Z ¢ ¢! 2% otherwise taking the Zariski closures we get 224 C ¢~ z%%,
hence Z7% = ¢! Z7* by comparing dimensions, contradicting the choice of ¢. Thus
¢~ 228 N A varies with ¢ € C. Therefore by (9.7), an irreducible component Z’' D Z
of (C~1Z%2)Zar N A which has dimension > dim Z + 1.

We claim that 2’74 = (C~! Z7%) 22" Indeed, otherwise 22" = Z7% by dimension
comparisons. But then the assumption of Theorem 8.2 says that Z is a component of
ZZar A = ZZa' N A Hence Z C Z. This contradicts dim Z’ > dim Z + 1.

So we can apply the induction hypothesis to Z’ and obtain

dim 2% — dim 2’ > dim pp(Z)™*.

But the left hand side < dim ZZar _ dim Z and the right hand side is > dim pp(Z)%5.
Hence Theorem 8.2 holds true for Z.
We are done.

9.3 Preparation of the proof of Theorem 9.3

We will prove Theorem 9.3, or more precisely (9.6), in the rest of this section. The proof
is long. It will be divided in several steps for readers’ convenience. In this subsection,
we fix some notations.

The proof of (9.6) uses the fibered structure of D and the discussion on its real
points, both explained in Sect.6. We start by recollecting basic knowledge on both
aspects.

Recall the sequence of normal subgroups

0=W_guyn SW_, €--- W1 =Ry(P)

of P from (B.1), and the quotient Mumford-Tate domains px: D — Dy :=
D/W_k_1,foreach k € {0, ..., m}, from (6.1). Notice that p,, is the identity map on
D.

Letr: D — Dg be the P(R)t-equivariant retraction of the inclusion Dg € D from
(6.4). Applying (6.5) successively to px x—1: Dk+1 — Dy (defined in the diagram
(6.2)), we obtain the following commutative diagram

Pm,m—1 Pm—1,m-2 Pm—2,m-3 P21 P10
D Dyt Dy t D Do
V\L rm—ll rm—Z\L rll rO\L (98)
Dr ——=Dp—1,k — > DR e Dy r Do,r

with each ry a (P/W_g_1)(R)"-equivariant retraction of Dy g < Dy. Recall that Dy
is a Mumford-Tate domain in a classifying space of pure Hodge structures, and rq is
the identity map. There is a metric on Dy; see [6, beginning of Sect. 2.1].

In the proof, we often need to project subsets of D to different levels and consider
the real points. So it is convenient to fix the following notations.
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Notation 9.4 For eachk € {0, 1, --- , m},

e For any subset A C D, denote by Ay := pr(A) C Dy. As convention A, = A.
e Forany subset A C D, denote by Ar := r(A) C Dr, and Ax r = rk(Ar) € Dy R.

Let § = r~1(§r) where g C Dy is given by Theorem 9.2, or more precisely by
9.3).

Before moving on, let us sketch how (9.6) is proved when m = 0, namely when
D =Dpand P = P/W_jisareductive group. In this case, 7 = Zy, whichhas positive
dimension by assumption. For each real number 7 > 0, take Bo(7T) < Dy to be the
ball centered at a fixed point of radius log 7" in Dy. Let Zo(T) be a complex analytic
irreducible component of Z NBy(T). The following estimate is a direct corollary of
Thm. 1.2 and Thm. 4.2 of Bakker—Tsimerman [6]: There exist constants cg, €y > 0,
independent of 7', such that

#y eTp:yFNZy(T) # B, H(y) <T} > coT.

See also [7, Prop. 6.3] for the statement of this estimate. By (9.5), the set on the left
hand side is a subset of #{y € ® NT'p : H(y) < T}. This yields (9.6).

For a general m, we need to generalize this idea. A first thing to do is to find
an appropriate generalization of Bo(7") for D. To achieve this, we make use of the
retractions r¢’s (with r,, = r) and the following product structure on Dp (6.6) (and
the truncated version given by Proposition 6.2.(ii) for each k € {0, 1, --- , m})

Drr = Dor x (W_1/W_2)(R) x (W_2/W_3)(R) x --- x (W_i/W_—1)(R).
9.9)

Now we are ready to give the generalization of the By(7) above. For each k €
{0, 1, -, m} and each real number T > 0, define the following subset By (T) € Dy
as follows.

° I;et Bo(T) = Bo(T) € Dy be the ball of radius log T centered at a fixed point in
Zy.
e Foreachk > 1,let Bx(T) the |-|-ball centered at O of radius 7 in (W_i /W_;_1)(R),
ie. Bpy(T) = {w € (W_x/W_r—1D(R) : |w] < T}. Define Bp(T) =
(T Bi(T)). In particular, pry1xBis1(T)) = By(T), and By(T)p =
[Ti=o Bi(T).

Next, we need to generalize the set Z)(T). For each k > 0:

o Let Zk(T) be a complex analytic irreducible component of Zk NBy(T) C Dg.
e We may choose such Zk(T) s that pr41, k(Zk+1 (T)) < Zk(T) for all k.2

2 Notice that Z N By (T) = p(Z) NBy(T) = pr(Z N p; ' (Bi(T))). Thus Zy (T) equals py(Z¥(T)) for
some complex analytic irreducible component Zk (T) of Zn pk_l (B (T)). By definition of By (T"), we have
pkjl (By+1(T)) € p; ' (Bi(T)) for each k. Thus the Z¥(T)’s can be chosen such that Z<+1(T) < Z*(T)
for each k. For these choices, we then have py41 x (Zx41(T)) € Z(T).
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Finally for the purpose of lifting, we need to introduce the following sets, which
generalize the set Z(T') from [19, proof of Thm. 5.2] (which handles the case where
m = 1). Let ko be such that dim Z;, > 0, smallest for this property. For each k €
{ko + 1,---,m} and each real number 7 > 0 (the diagram (9.10) below, with k
replaced by k — 1, is helpful to keep track of the notation):

o Let Z(k,T) := ZNpj | _ 1(2k \(T)) € Di,and Z(k, T)" be a complex analytic
irreducible component of Z k, T).
e Similar to the Zk(T) s, we may choose such Z(k T)™’s that py1, k(Z(k +
1, T)Y) € Z(k, T)* for all k.
Notice that by definition, we have p.x—1(Z(k., T)) = Zx—1 N Zx—1(T) = Zj—1(T) <
Zi—1 NBy—1(T).

9.4 Sketch of the strategy of the proof of Theorem 9.3
For simplicity, we use the same notation py to denote the projection P — P/W_j_1
and the projection D — D. In the proof we need to work with many subscripts, and

the following diagram is helpful to keep track of them.

Pk+1,k

Z(k+1,T)C Dit1 Dy
I rk-HL Ik
Z(k+1,T)r C Dis1,R XD r X (W1 /W 2)(R) ——= Dy r

Pht1kDy g

(9.10)

where the real-algebraic isomorphism Dy r = Dirr X (W_j—1/W_r—2)(R) is
from (9.9). Notice that Z(k + 1, T)r is a component of Zk+1,JR ﬂ(]_[i-‘zo B;(T) x
(W_—1/W_i-2)(R)), and that Zi(T)g is a component of ZQR N ]_[f-czo B;(T).

Suppose dim Zo = dim po(Z) > (. By the results of Bakker and Tsimerman as
explained above, we find #{yp € po(T'p) : VOSOHZO(T) #0, Hiyo) < T} > coT.
Consider the diagram (9.10) with k = 0. We wish to lift at least polynomially many
such yp’s to elements in p1(I'p) of height at most 7 with the following property:
each such lift y; € p1(I'p) satisfies 1§51 N Z(l, T) # @, or equivalently y;r(F1) N
rl(f(l, T)) # ¢ (since §1 = rl_l(S"],R) by definition of ). This last condition,
expressed with Notation 9.4, becomes y151.r N Z(1, T)r # ¥. The intersection is
taken in Di g =~ Dy x (W_1/W_2)(R). If the desired lifting can be realized, then
we do similar liftings to p>(I'p), etc., under we obtain at least polynomially many
elements y in p,, (I'p) = I'p of height at most T such that y g N Z(T)R # 0.

At this stage, we can explain why the second bullet point in the constructions of
the Z (k, T)’s is needed: in the lifting process, we need that Zk+1,T)gis mapped
into Z(k T)r under pr4i k-

There is a problem in the procedure described above, namely it is possible that Zo
is a point. In this case, we need to work with the smallest ko such that dim Zko > 0,
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which serves as the base step of the lifting process. Thus we need to introduce the set
Zy,(T), which is a complex analytic irreducible component of Zy, N By, (7). We need
to find at least polynomially many elements yx, € pi,(I"p) of height at most T’ such
that y, ko, N Z(O (T)r # . Whereas this is guaranteed by the result of Bakker and
Tsimerman when kg = 0, it is not known when ky > 1. We will prove this result in
Sect. 9.5, or more precisely Proposition 9.5.(ii).

Once we have established the base step, we need to realize the lifting. In view of
(9.10), in order to realize the lifting process from k to k + 1, we need to compare the
growth of Z(k + 1, T)r € Dy r in the vertical direction (W_j_1/W_;_2)(R) with
its growth in the horizontal direction Dy . This lifting process is done in Sect.9.8.
As in [19, proof of Thm. 5.2], we will divide into the two cases where 4 k+1,T)gr
grows “faster” in the vertical direction (W_j_1/W_;_2)(R) (Lemma 9.11) and where
Z(k + 1, T)r grows “faster” in the horizontal direction Dy r (the rest of Sect.9.8).

9.5 Proof of Theorem 9.3: the base step

The main goal of this subsection is to prove the base step for the lifting process, namely
Proposition 9.5. At the end of this subsection we also state the result for the lifting
process (Proposition 9.10) and explain how it implies Theorem 9.3. The proof of the
lifting process will be executed in the next subsection.

Let kg € {0, ---,m} be such that dim Zko > 0, smallest for this property. For
simplicity, we introduce the following notation. For each real number 7" > 0, let

Eio(T) 1= {g € W_iy/W_ig—1)(R) : 8Tty N Zso (T) # 0}
={g € (W_ty/W_ry-D)(R) : g8ro.& N Zio (TR # B} (9.11)

Here the second equality holds true since §x, = o ! (Sko,R)-
We also denote by I' _y,/—kg—1 = (T'p N W_, (Q))/(Tp N W_gy—1(Q)); it is a
subgroup of P/W_g,—1 and acts on Dy, = D/W_g,—1.

Proposition 9.5 There exist constants cy,, €, > 0 such that
#{y—ko/—ko—1 € Bieg (T) N T—kg/—ko—1 : H(V—kg/—kg—1) ST} = i T forall T > 1.

Proof of Proposition 9.5 If kg = 0, this is proved in [6]. We refer to [7, Prop. 6.3] for
a precise statement.

From now on, assume kg > 1. We use (9.10) with k = ky — 1. Now Zko,l =hisa
point in Dy, 1. Thus Zg, € p;.y,_ (h). Notice that ry, (py. !, (7)) can be identified
with (W_yy/W_k—1)(R).

Lemma 9.6 Recall M > O the real number in the definition of §r from Theorem 9.2.
Denote for simplicity §; = (=M, MY Weko/Woio-D®) (W /W4 1) (R).
Then any y_jy/—ky—1 € Bio(T) N T _y/—ko—1 satisfies H(Y—_ry/—kg—1) < T + M.

W_k,-1)(R). Recall the definition By, (T) = r. ' (T2, B (T)). So

ProofofLemma 9.6 We have Zy, g = ri,(Zi,) < rko(pljofko_l(ﬁ)) = (W_g,/
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EkO(T) N 1—‘l—k()/—k()—l = {y—ko/—ko—l € F—ko/—ko—l :
(V=ko/—ko—1 + Bko) N Zio (Dz # B). 9.12)

Hence each y_j;/—ky—1 € Exo(T) N I'_gy/—ko—1 satisfies (V—ko/—ko—l +{§;€0> N
By, (T)r # ¥. We are done. O

Now we are ready to finish the proof of Proposition 9.5. ~

Consider {y_ko/_k0_1 € F—ko/—ko—l : (V—ko/:ko—l + 3';(0) N Zko,R ;é ﬂ} We claim
that it is infinite. Indeed, assume otherwise, then Zy, g is contained in a bounded subset
of (W_o/W_ty—1)(R). But p; !, () =~ (W—ko/W—ko—l)(C)/F%)(W—ko/w—ko—l)(c
by part (ii) of Lemma 6.1, and the composite (¢, is the natural projection)

(Wety/ Woty-1)(C) 2% (Weto/ Wty 1)(C)/ FE Wty / W_ro-1)C = Pp; 101 (1)

—> (Weky/Woko-1)(R) (9.13)

is, up to an automorphism of (W_g,/W_g,—1)(R) sending bounded sets to bounded
sets, the projection to the real part. 3 So <pk_1 (Zyy) < q;];)l (rk_o1 (Zky,r)) is contained in
a set whose real part is bounded. But gok (Zko) is complex analytic, so gok (Zko) is a

point, and so is Zko This contradicts dim ZkO > 0.

Next we claim that ZkO(T)R passes through the boundary of By, (T). Assume
otherw1se then Zko R\Zk, (T)r and ZkO(T)R are dlS]Olrlt But Zk R is connected
since Zk0 isirreducible. So we must have Z;, g = Zk0 (T)r. Hence Zko,R is contained
in a bounded subset of (W_g,/W_i,—1)(R). This yields a contradiction by the same
argument in the previous paragraph.

Note that S}co is a fundamental set for the action of I'_y,,_,—1 on the Euclidean
space (W_g,/W_i,—1)(R). The claims in the previous two paragraphs together imme-
diately imply that

#{y—ko/—ko—l € F—ko/—ko—l : (V—ko/—k()—l + 3';(0) N zko(T)R 7& (/)} >T

for all T > 1. Now the conclusion follows from Lemma 9.6 with ¢;, = 1/2 and
€ky = 1. O

Remark 9.7 The proof of Proposition 9.5 is the only place in the proof of Theorem 9.3
where we use the complex structure of D. More precisely, the complex structure of D
is used only in the citation of [6] (if ko = 0) and in the paragraph involving (9.13) (if
ko > 1).

3 Recall that Tk, is the retraction given by the sly-splitting. If rg is replaced by the retraction induced by
the Deligne §-splitting, then this composite is precisely the projection to the real part. But the sl-splitting
is defined by universal Lie polynomials in the Hodge components of the Deligne §-splitting, so this claim
holds true.
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9.6 A preliminary lifting process

Let k > 0. For simplicity denote by Wy := P. The following diagram is useful to
keep track of the notations.

Pk+1,k

(P/W_j2,Dgy1) —————=(P/W_—_1,Dy)

rk-Hl lfk
PrtLkID g

Dip1R =Drr X Wojpt /W 2)(R) ———— D r 9.14)

Ak+1 l

(Woi—1/Woi—2) (R)

where the real-algebraic isomorphism D41 r = Dy g X (W_—1/W_r—2)(R) is from
(9.9), and A4 is the natural projection.

Consider the isomorphism of (Q-varieties given by (B.6) P/W_;_» ~ G X
(W_1/W_3) X -+ x (W_g—1/W_k_2). It induces

P/W_j2 = P/W_j—1 x W_j—1/—f—2. (9.15)
The group (P/W_;_2)(R)" acts on Dyy1 g = (D/W_i—2)r. Write
Lo/—k—2 =Tp/(Tp N W_r—2(Q)).

Lemma 9.8 There exists a constant B > 0 with the following property. Consider the
Euclidean norm | - | on (W_g_1/W_r_2)(R). Then for any yo/—x—2 € T'oj—i—2, the
set A1 (Yo/—k—28k+1,R) is contained in a | - |-ball of radius < ,BkH(yo/_k_l)k in
(W_p—1/W_r2)(R). Here, yoj—k—1 € T'oj—k—1 is the projection of yo/—k—2 under
the natural projection P/W_y_y — P/W_j_1.

Moreover, if we denote by (yo/—k—1, Y—k—1/—k—2) the image of vo;—r—2 under the
isomorphism (9.15), then the | - |-ball mentioned above can be taken to be centered at
V—k—1/—k—2-

Before proving Lemma 9.8, let us see an application.

Lemma 9.9 There exist constants o > 0and o, > 0 satisfying the following property.

If vo/—x—1 € Toj—x—1 satisfies yo;—x—18k,R N Hﬁ'{:o Bi(T) # ¥, then H(yo/—k—1) <
o, T,

Proof of Lemma 9.9 We prove this lemma by upward induction on k& > 0. The base
step is k = 0, which is precisely [6, Thm. 4.2].

Use the notation from (9.14).

Assume Lemma 9.9 holds true for k, namely H(yo/—x—1) =< a,QT“k for each
Y0/—k—1 € Toj—r—1 with yo/—k—18k,r N Hf:o Bi(T) # (). We wish to prove the
property for k + 1.
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Let y9/—k—2 € T'oj—x—2 be such that yo/_x2Fk+1,R N Hi{ié Bi(T) # ¢. Denote
by (Yo/—k—1, YV—k—1/—k—2) the image of yp,_x—> under the isomorphism (9.15). In
particular, y, 1 is the image of yy, x> under the projection px 1 x: P/W_j_2 —
P/W_j_1.

Applying pr1.x to both sides of o,k 2Fk+1,R N ]_[f‘:(} Bi(T) # ¥, we obtain
that yo, x—18kr N Hf:o Bi(T) # (. Thus by induction hypothesis, we have
H(yo)—x—1) < a; T%.

Next, applying Ay to both sides of yo,—x—28k+1,R N Hf:ol B;(T) # ¥, we then
have

M1 (Voy—k—28k+1.R) N Bt 1 (T) # 0. 9.16)

ByLemma9.8, Ax41(Y0/—k—28k+1,R) is contained ina |-|-ball of radius B H (y0;/—k—1 )k
centered at y_x—1/—k—2. But H(yo/—x-1) < oc,/cT"‘k. Therefore the following two
| - |-balls in the Euclidean space (W_;_1/W_;_2)(R) intersect: the one of radius
T centered at O, and the one of radius ,Bka,’(k Tk centered at Y—k—1/—k—2- SO

H(y—k—1/—k—2) < T + Prajf Tk,
Thus the proposition holds true with a,/(+1 =1+ ﬂka,’(k and oy = max{l, kag}.
[m}

We end this subsection with:
Proofof Lemma 9.8 Let yy/_;—2» € T'g/—x—2. Use the notation as in the lemma,
namely yo;—k—2 + (Yo/—k—1, Y—k—1/—k—2) under the isomorphism of Q-varieties

P/W_j—2 = P/W_j—1 x (W_p—1/W_g-2) (9.15).
Next, consider the isomorphism of QQ-varieties induced by (B.6)

P/W_j3 =G x (W_1/W_3) x - X (W_g—1/W_i2),
and suppose yo;—k—2 — (Yo/—1, V—1/-2, - -, Y—k—1/—k—2) under this isomorphism.

Then H (yo/—k—2) = max{H (yo/-1)s - - - » H(Y—k—1/-k—2)}.
On the other hand, for the real-algebraic morphism induced by (9.9)

Dir1.r == Do x (W_1/W_2)(R) x ---
X (W_t—1/W_—2)(R) x (W_g—1/W_—2)(R),

we have defined, in (9.3), §x+1,r to be the inverse image of §p x F} x --- x S;{H,
where M is a fixed real number and

5 =(-M, MW= /Wi ®) (W_; /W_i_D([R).

The formula for the action of the group (P/W_;_2)(R)* on Di+1r 18 given by
Proposition 6.2, or more precisely (6.7). Thus
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Me+1(V0/—k—28k+1,R)
= {V—k—1/—k—2 + Yo/—1X + calbgi1 (Vo/—k—1, Y0/—1X)
X €T X €80 xF) x -+ x Ty}
=Y k—1/—k—2+ Y0/~1 - Tt
+ calbry 1 (Vo/—k—1, Yo/—180 X Yo/—18) X *++ X Yo/=157) 9.17)

where calby 1 is a polynomial of degree at most k. Notice that M, Fo and the §’s are
fixed, and that H (yo;-1) < H(yo/—k—1). So

1Y0/—1 * Sgp1 + calbrpr (Yo—k—1, Y0/-1F0 X F) % -+ F)|
< H(yoy—1) + H(o—k—1)* < Hyoy—k—1)".

Therefore, by (9.17), Axs1(Yo/—k—28k+1,R) is contained in the | - |-ball of radius
< H(yo/,k,l)k centered at y_x_1,/—x—2. Hence we are done. O

9.7 Setup and final conclusion of the lifting process

For each k € {ko, ..., m} and each real number T > 0:

o LetI' yoy k1 =TpNW_1,(Q)/(Tp N W_41(Q). Then I' /1 acts on
Dy =D/ W_j_1.
o If furthermore k > ko + 1, then set

Ex(T) = {g € Wty/Wi—)(R) : g&x N Z(k, T) # ¥}
={g€W_ty/W_r—DR) : g5 N Z(k, T)r # ¥} € (P/W_;_1)(R),

where the second equality follows from the construction §; = 7, ! (€75:30

Notice that the above definition of E4(T') for k > ko + 1 differs in an essential way
from the definition for Ex,(T) given in (9.11), because for Ex,(7') we intersect with
ZkO(T) while in case k > ko + 1 the intersection is with 4 (k, T)r (which is larger
than Z;(T)Rr). This seemingly strange convention will make the induction step of the
proof of Proposition 9.10 much cleaner.

Now we are ready to state the desired lifting proposition.

Proposition 9.10 For each k > ko, there exist constants ci, €x > 0, and a sequence
{T; € R}jen with T; — oo, such that

#{y—ko/—k—1 € Ex(T) NTkyjmi—1 : H(ykyj—k—1) < Ti} = ek TS*.

Let us finish the proof of Theorem 9.3 assuming this proposition.
Proof of Theorem 9.3 assuming Proposition 9.10 Apply Proposition 9.10 to k = m. As
W_(u+1) = 0, the conclusion of the proposition becomes: there exist constants ¢ =
cm, € = €y, > 0 and a sequence {7; € R};cn with 7; — o0, such that

#Hy el Hy) < T, y§NZ(m. T)) # 0} > cTf.

@ Springer



The Ax-Schanuel conjecture for variations...

ButI' 4, € T'p and Z(m, T;) C Z, and so
#y eTp: H(y) < T, y§NZ # 0} = cTf.
Thus we can conclude by (9.5). O

9.8 Proof of Proposition 9.10

We prove in this subsection Proposition 9.10 with a lifting process. The following
diagram helps to keep track of the lifting, with k > kq:

B 1 (T) f————————=> P14 (Bhs1 (1) (9' 1 8)
n n
~ Prrik
Zk+1,T) < (P/W_g-2, Dgy1) ————————> (P/W_i—1. Dp) > Sk Be(T)
_ i Prrielog \L
Z(k+1,T)r € Diy1r =Dk X (Wopmt [Wop2)(R) ———>> Dy > Sims [T Bi(T).
(Weg—1 /W_g—2)(R)

where the vertical inclusions are inclusions in the R-points of the underlying groups,
and the horizontal inclusions are inclusions in the underlying spaces.
We start with the following observation:

k
Pr+1,k(Ei1(T)) S {g € Wi/ W_r—)D(R) @ g8k, r N H Bi(T) #0}.  (9.19)
i=0

Indeed, take g € pi+1.k(Ex+1(T)). Then g = pi1x(g’) for some g € Ept1(T).
Thus g’SkH RN Z(k + 1, T)r # . Applying pi1,k to both sides, we get g§x,r N
Pk+1, k(Z(k+1 Tr) # 9. But pri, K(Z(k+1, T)R) = pr+1, k(rk+1(Z(k+1 T)) =
(e k(Z(k + 1, T))) S ri(Zg N Br(T)) S ri(By(T)) = Hi:O B;(T). Hence we
get (9.19).

For each o from Lemma 9.9, let us fix a number 8 such that
Sk > (k+ Doag. (9.20)
Now we proceed to the proof. We start with the following lemma, which handles

the case where the vertical direction of Z (k + 1, T;) grows faster than the horizontal
direction.

Lemma9.11 Assume there exists k > ko such that

st (Zk+ 1, T)R)| > T%  forall T > 1. (9.21)
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Then there exist constants cx+1 > 0 and €x+1 > 0, both independent of T, such that

#{yko/—k—2 € Bir1(T) NT gy —k—2 : H(Y—ky/—k—2) < T} = cpp1 T,
(9.22)

Proof of Lemma 9.11 Use the notation from (9.18). By definition (9.3), we have
FrrlR = Sk X (=M, M)W=t/ W-i=2)®) for some fixed real number M > 0.

Take y—ky/—k—2 € Ex+1(T) N T _py/—k—2. Write (V—ky/—k—1, V—k—1/—k—2) for
the image of y_k,/—x—2 under the isomorphism (9.15) P/W_y_» >~ P/W_;_1 X
W_i—1—k—2. Then y_pyy k-1 = prs+1,k(V—ko/—k—2) for the group morphism
D1k P/W_yo — P/W__1. Thus H(y_py/—k-1) =< Ol]/(Ta" by (9.19) and
Lemma 9.9.

We temporarily work in the Euclidean space (W_j_1/W_i_2)(R). Our hypothesis
(9.21) says that A4 (Z(k + 1, T;)r) reaches the boundary of the | - |-ball of radius
Tiak centered at 0.

We claim that A (2 k+1, T,')i) also reaches the boundary of the | - |-ball of
radius TS' centered at O (which by our notation is By (TS’( )). Assume otherwise, then
Mot (Zit1, R\ Bi1(T; %y and 1 (Zk+ 1, T; )i are disjoint. But )»k+1(Zk+1 R) is
connected because Z is 1rreduc1ble So we must | have Ak+1(Zk+1 R) = Ak+1(Z(k +
1, T)+) By definition, we have Z(k—H T)r C Zk+1 Rr. Thus Ak+1(Z(k+l T)R)
)LH](Z;{H,R) M1 (Zk + 1, T)R) 2 M1 (Z(k + 1, T;)%). and hence every
inclusion is an equality. Now we are done by the assumption (9.21).

On the other hand by Lemma 9.8, the subset A4 | (y_ko/_k_zng,Rmi(kﬂ, T)HR)
is contained in a | - |-ball of radius <« H(y_ko/_k_l)k+l < Ti(kﬂ)a" centered at
V—k—1/—k-2-

Since (W_k—1/W_i—2)(R) is Euclidean and §; > (k + 1) and that AkH(Z(k +
1,T; )R) is connected, the previous two paragraphs together imply

#y—k—1)—k—2 €0 j—1/—k—2 + HYop—1/=k=2) < T%, (V—ko/—k—1, V—k—1/—k—2) € Ex(T)
for some Y_iy/—k—1 € Pk+1.k(Ek1(T)) NT_gy/jmp—1} > 78— (k+Da

for all T > 1. As each y_iy/—x—1 € pPrs1.x(Exs1(T)) N I'_gy/—x—1 satisfies

H(Y—ko/—k—1) < a;T* by (9.19) and Lemma 9.9, the counting above yields, for
all 7 > 1,

H{(Vmko/—k—1s V—k—1/—k—2) € Bk (T) N T _yyjmk—2 :H (y—k—1/-k—2) < T%,

H(Y—ky/—k—2) < o T} > T KFDei,
But the only assumption on §; is 6 > (k + 1)ax. Hence we have proved (9.22) by
choosing appropriately cx41 and €41. We are done. O

The next lemma is useful for the lifting in the case where the horizontal direction
of Z(k + 1, T;) grows faster than the vertical direction.

Lemma9.12 Let k > ko. Assume there exists a sequence {T; € R}, with T; — oo,
such that
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M1 (Zk + 1, THw)| < T*. (9.23)

Then H(y—ky/—k—2) <K T,»(Sk Sforeach y_yy—k—2 € Epy1(T;) N T _gy/—k—2.

Proof Use the notation from (9.18).

Take y—iy/—k—2 € E+1(Ti) N T gy/—k—2. Write (V—ky/—k—1, V—k—1/—k—2) for
the image of y_y,/—x—2 under the isomorphism (9.15) P/W_;_» >~ P/W_;_1 X
W_i—1/—k—2. Then y 4/ k-1 € prr1k(Exs1(T;)) for the group morphism
Pkrik: P/W_k—o — P/W_g_1. Thus H(y—ky/—k—1) < o T* by (9.19) and
Lemma 9.9. N

There exists a point Zx11 € Y—ky/—k—28k+1,R N Z(k + 1, T)r. Write Zx11 4 =
M1 @rr)-

Now that Zi4+1 4 is a point in M1 (V—ko/—k—28k+1,R), Which by Lemma 9.8 is

,’{k Ti(k+ Dei centered

contained in a | - |-ball of radius < ,BkH(y_kO/_k_1)k+l < ,@((x
at y_—1/—k—2. On the other hand Zk+1.k 18 a point in Ag4+1(Z(k + 1, T;)Rr). So the
assumption (9.23) yields [Tx+1x| < Tl.‘sk. Write g, := ﬂka,’ck . This says that in the
Euclidean space, the following two | - |-balls intersect: the one of radius Tl.‘sk centered
at 0, and the one of radius f3; Ti(kH)a"
H(Y—k—1/—k-2) < Ti‘shl—ﬂlé Ti(kH)“",which furthermore < (1+,8,’{)Ti5" by assumption
on J.

Therefore H (y—ky/—k—2) < max{H (Y—ky/—k—1), H (y—k—1/-k—2)} K Tia". o

centered at y__1/—x—2. Thus we must have

With these preparations, we are ready to prove Proposition 9.10.

Proof of Proposition 9.10 We prove Proposition 9.10 by induction on k > k.
The base step is k = k¢. Recall that in this case, Ex,(T') is defined in a different
way than the other E4(T)’s (with k > ko + 1). Indeed

Eko(T) =18 € Wi/ W_ro- D(R) : g8k 2 N Ziy (TR # B}, (9.24)

The conclusion for the base step follows immediately from Proposition 9.5, which
says: There exist constants c,, €k, > 0 such that

#{y—ko/—ko—l € Eko(T) N F—ko/—ko—l : H(V—ko/—ko—l) = T} = CkoTEkO' (9.25)

Assume Proposition 9.10 is proved for k > ko, i.e. there exist constants cg, € > 0,
and a sequence {7; € R};cy with 7; — o0, such that

#{y_ko/—k—1 € Ex(T) NT_kgj—i—1 : H(y—kyj—k—1) < Ti} = T (9.26)

We wish to prove for k + 1, i.e. up to replacing {7; € R} by a subsequence, find
constants ci1, €x+1 > 0 such that

#{y—ko/—k—2 € Bt (T NT_gyjmk—2 : H(Y—kyj—k—2) < T;} = cpp1 T,
(9.27)
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We have two alternatives:

(i) Either |Ak+1(2(k + 1, T)R)| > T forall T > 1,
(1) or |Agr1(Z(k+ 1, T)R)| < T;S" for some sequence {7; € R} with 7; — oo.

For case (i), the conclusion follows from Lemma 9.11. So from now on, assume that
we are in case (ii).

By Lemma 9.12 we have H (y_,/—k—2) < Tia" for each y_jo/—k—2 € Bry1(T;) N
I"'_ky/—k—2. Thus, to establish (9.27), it suffices to show that #(Ex1(T;) "I _xy/—k—2)
is at least polynomial in T;.

Notice that

Zk+1,Tr = U Y—ko/—k—28k+1,R N Zk+1, T)r.

V—ko/—k—2€Ek41(T)NT kg /—k—2

Applying pi+1.k|D,, r to both sides, we obtain

itk (Z(k+1,T)R) € U Y—ko/—k—18k,R-

Y—ko/—k=2€ E1 (THNT —ky/—k—2

Thus pr+1, k(f(k +1, Tp)r) hits < #(Er11(T;) NT' _y/—k—2) fundamental sets which
are I'_y,/_x—1-translates of §y r.

On the other hand, we claim that Zk(T )r hits at least polynomially fundamental
sets which are I" /1 -translates of § r. To show this, we need to divide into two
cases: when k = kg ork > ko+ 1. When k = ko, this follows immediately from (9.25)
and the definition of Ey,(7;) (9.24). It remains to prove the claim for k > ko + 1.
In this case, if y_yy/—k—1 € Ex(T;) N T _gy/—k—1 With H(y_gy/—k—1) < T;, then
A (V—ko/—k—18k,R) is contained in a | - |-ball of radius < Tik centered at 0 by Lemma
9.8 (applied with k replaced by k —1). Thus y_x,/—x—18k,r N 2k(Tik)]R # (. S0 (9.26)
yields the claim with 7; replaced by Tk

By choice of Z(k +1, T;) and Zk(T) we have that pg41, k(Z(k—}— 1, 7)) = Zk(T)
see the end of Sect.9.3 (or right above Sect.9.4). Thus pi1, k(Z(k + 1, T)r) =
Zk(T)]R Hence the previous two paragraphs imply that #(Ej1(T;) N Ty —x—2) is
at least polynomial in 7;. Hence we are done. O

10 Normality of the Q-stabilizer: Part 1
Let N be the connected algebraic monodromy group of the admissible VMHS
(Vz, W, F*) on S. Then N < P by Theorem 3.4.

The goal of this section is to prove the following normality result.

Proposition 10.1 Hzzr <1 N.
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10.1 Family associated with Z

Let H be the component of the Hilbert scheme of S x DY which contains [Zzar], the
point representing Z2%. Then H is proper. Consider the (modified) universal family

B={(x,m,[B]) e (SxD)xH: (x,m)e B}
The projection
Y:B—> SxD (10.1)

is a proper map since H is proper.
Define

Z={(,[B]) € (A x H)N B : dimg(A N B) > dim Z}.
Then Z is a closed complex analytic subset of B. So ¥ (Z) is closed complex analytic

in S x D as ¢ is proper. Note that ¥ (Z) C A.
Let us summarize the notations in the following diagram.

U

Recall that the arithmetic group I'p acts on S x D by its action on the second factor.
We claim that I" p1 (Z) = ¢ (Z). Indeed, this action of I'p on § x D induces an action
of I'p on B by

y (e, m, [B]) = (x, yi, [y B]). (10.2)

Thus 'p A = A implies I'pZ = Z. But ¢ is I"p-invariant. So I'p ¥ (Z2) = ¢ (2).
Asthe mapug: A — Sis I p-invariant (for the trivial action of I" p on §), we have
that T := ugs(y(2)) is closed complex analytic in S.

Proposition 10.2 T is an algebraic subvariety of S.

Proof By definable Chow ([31, Thm. 4.5] or [27, Thm. 2.2]), it suffices to prove that
T is definable in Ry exp. In the rest of the proof, when we say “definable” we mean
definable in Ry exp.

Let g and § = r~1(Zr) be as in Theorem 9.2.

Note that ug is the restriction of the natural projection pg: S x D — S to A. So
T =us(¥(2) = ps(¥(2)) = ps(¥(Z) N (S x §)). Thus it suffices to prove that
Y (Z) N (S x §) is definable.
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But Y (Z2)N(SxF) = v (ZN(S x T xH)). So it suffices to prove that ZN (S x § x H)
is definable.

By property (ii) of Theorem 9.2, the period map [®] is definable if we endow I" p\D
with the definable structure given by u|z. So

ANSxF ={(x,m) e SxF:um) =[D](x)}
is a definable subset of S x D. So
«AOGXS»XH)OB
is a definable subset of S x D x H. So

ZN (S x § x H) = {3, (B
e ((AN(Sx®) x H) NB: dim(AN (S x §)NB) = dim )

is definable. Hence we are done. O

10.2 Monodromy

Proof of Proposition 10.1 Recall that I'pZ = Z. So I' p\Z is a complex analytic space.
The proper map v (10.1) induces

YV:TpP\Z—>Tp\Y(©2) =us¥(2) =T,

which is surjective and proper.
We have Z = ¢ (Z x [Z27]) C /(Z). Applying us to both sides, we get

us(2) CT.

Recall the assumption S = ug(2)%*. So taking the Zariski closures of both sides, we
get T = S by Proposition 10.2.

Let Zo be an irreducible component of Z which contains Z x [Z%%]. By abuse of
notation, we use ' p\Zj to denote the image of Zy under the map Z — I'p\Z. Then
¥ (T'p\Zy) = S because T = S is irreducible.

Thus ¥ induces a map ¥, : 1 (I'p\Zy) — 71(S), and so a subgroup I'g of N (Q).
We have then I'0Zy = Zo. But Im(3r,) has finite index in 71 (S) (since ¥ is proper),
o) Fgar = N.

Next denote by 8: B C (S x D) x H — H the restriction of the natural projection.
Let F = 071(0(Z)) = {(x,m, [B)]) : [B] € 0(Z), (x,n) € B). Then F C B is
the family of algebraic varieties parametrized by 6(Zp) € H, with the fiber over each
[B] € 6(Zp) being B. Then we have

ToFCF
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for the action of I'p on B defined by (10.2). Thus every y € I'g sends a very general
fiber of F to a very general fiber of F.
Define

IF'p={y elp:yBCB, forall [B] € 6(Zp)}.
Then for a very general [B] € 6(Zp), we have
Stabr, (B) = T'f. (10.3)

By construction of F, without loss of generality we may assume that 274" is a very
general fiber of F. The conclusion of the last paragraph implies that any y € I'g
sends Z%%" to a very general fiber of F. By taking the stabilizers of the two fibers in
consideration, we get I'r = yFFy_l for all y € I'y. By taking the Zariski closures,
we get

(TZT)° 9 N.

On the other hand (10.3) implies (F%a‘ )¢ = Hzar. Hence we are done. O

11 Normality of the (Q-stabilizer: Part 2

In this section, we finish the proof of the following proposition.
Proposition 11.1 H zzr <1 P.

For simplicity we write H for H zz.. By Theorem 3.4 and Proposition 10.1, we
have H <N < P.

Recall W_; = R, (P). Fix a suitable Levi decomposition P = W_; x G. In order
to prove H < P, it suffices to establish the following two assertions.

(1) W_1 N H is a normal subgroup of P;
(i) H/(W_1 N H), as a subgroup of G, acts trivially on W_; /(W_1 N H).

Assume that (i) holds true. Then N /(W_1 N N) acts trivially on W_; /(W_1 N N) since
N < P,and H/(W_1 N H) acts trivially on (W_1 " N)/(W_1 N H) since H < N.
But H/(W_1 N H) is a subgroup of N/(W_1 N N). So part (ii) is established.
Now it remains to prove part (i). We will finish this in the rest of this section.
Recall the set ® defined in (9.4)

®={ge PR :dim(g 'Z4N(S x FNA) =dim Z},
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where § is defined as follows; see Theorem 9.2.

D— ' S Dpr>~Dyx [Ti<k<m Wi/ Wi—D(R) (11.1)
Ul Ul

= r_l(SR) > ¥R = Jo ¥ ngkfm(_M’ M)dim(Wfk/Wf(kJrl))(R)_

Recall po: (P, D) — (G, Dy). Denote by FG = po(l'p).
Letyg € po(®@)NTg 2 {y € g : SN Zo # Q)} and let Z|Jr be a complex

analytic irreducible component of 4 lgo = Zn Po (yoSo).
Write I'_; := W_1(Q) NI p. The quotient D — Dy induces I'_;\D — Dy. Write
T-1\D)lyy3, € I'_1\D for the inverse image of yo5o.

Lemma11.2 For the map u: D — T_1\D, the set u(Z|+S) is closed in
(T'-1\D)lyy 3, in the usual topology.

Proof Fix a Levi decomposition P = W_; x G.
Define the following set

—(weW_ (R): ((w—‘, v VZE A (S x F) N A) = dim 2} € W_,(R).

Then © NTp 2 {y1 € Ty (v, 10)F N ZLL o # @), and (@, 1,1 € ©.
Denote by I'_1 5 := H(Q) N T'_y.
Denote by

DR =Dox [[ Wa/WarD®) - [ Wor/ Wi D®)

1<k<m 1<k<m

the natural projection. For each y_; € I'_j, write y_; the image of y_; under the
quotient W_; — W_; (with k& < m). We say that y_; has reduced multi-height
<(Ty,...,Tyn—1)if H(y—x) < Ty foreachk € {1,...,m—1}.Nowif y_; € I'_ has
reduced multi-height at most (71121 71/ m=Dm 71/m) then A((y_1, 10)F)
is contained in a | - |-ball of radius < T by applying Lemma 9.8 iteratively (the constant
involved may depend on yy).

Suppose that {y_1 € I'_1 : (y—1, Y9)T N Z|+S = (#} is not contained in a finite

union of I'_; g-cosets. Because Z|;f030 is connected and Hlfkfm(W—k/W—k—l)(R)
is Euclidean, we get for free (when T >> 1) that it contains > 7 elements
y—1 € I'_1 \ I'_1,g with the following property: the reduced multi-height of y_;
is < (Tl/n;":ﬂ, L, TV m=bm pl/myand H(y_,,) < T.Notice that each such y_;
has height <« T'. Hence by Pila—Wilkie, there exist constants ¢, € > 0 with the fol-
lowing property: for each T > 1, ®' contains a semi-algebraic block B’ which is not
in any coset of (W_; N H)(R) and which contains > ¢T°€ elements in I'_; outside
I'_1, g of height at most 7. Recall our assumption that every positive diemensional

@ Springer



The Ax-Schanuel conjecture for variations...

semi-algebraic block in © is contained in a left coset of Stabpg)( 2740y Tn partic-
ular, (B, )/071) < (y-1, )/071) . Stabp(]R)(ZZar) for some y_; € B' AT, Hence
(J/__ll ~(yB), 1) C StabP(R)(ZZar)' So

(v B NT_1, 1) C Stabpw)(ZZ)NT C H(Q).

By letting T — oo and varying B’ accordingly, we see that this inclusion cannot hold

true because B’ € W_;(R) is not contained in any coset of (W_; N H)(R).
Therefore {y_1 € I'—1 : (y—1, Y0)T N Z |y030 = (I} is contained in a finite union of

I'_1 m-cosets. Hence we are done. |

From now on we work with the usual topology. Now Z|* . is an open subset

Y050
of Z because yogo is open in Dy. In particular, there exists y9 € I['g such that

dim ZI — dim Z. Let Y be the closure of u(Z|y 3o ) in '_1\D. Then Lemma
11.2 y1elds Y° C u(Z|+5 ) C Y, where Y° is the interior of Y. Let Z'bea complex
analytic irreducible component of %=1 (Y) which contains 4 | Then VA - Z and
dim Z|‘L < dim Z' < dim Z. Therefore dim Z’ = dim Z.

By analytlc continuation, we then have (Z nyZar — Z2ar, Moreover, an irreducible

component of (S x 7'y N A, which we denote by Z/, satisfies (2/)% = 27,
Set

I :=1Im (71 @(Z")) — 71 (C-\D) = ') S I'_y.

Then I’ stabilizes Z'. So it also stabilizes 2/, and hence (I')Z3 (R) stabilizes (Z/)24 =
Z%3 Thus (I'")22" C H because H is the Q-stabilizer of 272",

By logarithmic Ax Theorem 7.2 and its remark, (Z%r = ZZar ig contained
in an NR)T(W_; N N)(C)-orbit in D. Call this orbit Dy. For each k > 1,
let W_t n := W_x N N. Then the top row of (11.1) induces Dy = Dyr =
Dn,o % [Timi (Wi v/ W_i—1,8)(R).

Denote by F—k,N = FP N W—k,N, and by F—k/—k—l,N = F—k,N/ F—k—l,N- Then
we have the following diagram

Dy —————————> Dy ~Dyo x [1IL; Wi/ Wit ¥)(R)

F_y N\Dy —= T N\Dyr = Dn,o X [Tim) Ttjkt N\(W_p N /Wit 0)(R)

and Z' € Dy.

Since W_1 N H << N (because W_1 N H = R,(H)), we can take the quotient
of Dy r by (W_1 N H)(R) and get a real manifold. Call this quotient g. Denote by
W_oinm =W n/ Wy N H),and by I' /1 y/n the image of I'_; y under
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the quotient W_, N > W_in/g —> W_i n/H/W—k—1,n/n. Then the diagram above
expands to (notice 7' € Dy)

Dn T1.nv\Dy

r
Dy = Do x [Ty (Wokv /Wit M) (R) —————3= T \DN = Do % [T7 Toymkat M Aot/ Wogmt 0 (R)
q lg]
q(Dy) = Do x [Tiey Weron/it | Wer—1.n /1) (R) ——————> Do % [T72) T—r/mb—t.8/ 8 \Wot N1 | Wt—1.8/1) (R)
[2nym]
uw
T Wk /Wek—i i) (R) ——>> [IiL Tkymtt. v/t \(Wio /11 /Wit /1) (R).

Since I € H, we have that (An/m]l o [g] o uR(r(Z )) is simply connected. But
AN/H OGO r(Z/ ) is connected. So it is contamed in a fundamental domain of uw R,
and hence is bounded. So Ay/H 0 g o r(Z ) is a point because 7' is complex analytic.

Recall that 2 C A and Z’ is the projection of Z’ to D. Thus the previous paragraph
implies that for 7o € po(z ) € Dy, the fiber of (2 Y23 gver Zp is contained in an
(W_1 N H)(C)-orbit. Since H(R)(W_; N H)(C) stabilizes ZZar — (Z")2a this fiber
is indeed an (W_; N H)(C)-orbit. Call this fiber X'. We may furthermore assume that
70 is Hodge generic in Dy.

As W_1 N H is a Q-group, the set u()~(’) is closed in I'\D under the usual topol-
ogy. It is a definable subset, and hence [®]~! (u(X')) is a definable complex analytic
subvariety of S; see Theorem 9.2. So [CD]_I(M()N( ")) is algebraic by definable Chow.
Its connected algebraic monodromy group is W_; N H. Hence W_; N H is normal in
P by André Theorem 3.4.

12 End of the proof

In this section, we prove Theorem 8.2, which finishes the proof of Theorem 1.1.
Let Z as in Theorem 8.2. If dim H zzo = 0 then we are done by Proposition 9.1.
Thus we may assume dim H ;zar > 0. For simplicity we write H := H zar.
Proposition 11.1 says that H <1 P. Thus we can take the quotient D/ H and obtain

p—" _pH . (12.1)

u \LM/H
(@]
S ——=Tp\D SN Cp/u\(D/H)

[@n—
We can apply Proposition 9.1 to the new period map [®,4]: S — I'p,;g\(D/H) and

Zyy = (s, pu)(2) S S Xrp,5\(p/H) (D/H).
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But H = H zzu is the Q-stabilizer of 27 50 the Q-stabilizer of Z%?} must be 1. Thus
Proposition 9.1 implies

dim 2% — dim Z > dim ppyu (Z/m)™, (12.2)

where pp/g: S x D/H — D/H is the natural projection.
Let Ry (H) be the unipotent radical of H. As H@R)TR,(H)(C) 24 = Z22 we
have (for any 5 € S)

dim 27 = dim Z7}f + dim H(R) "R, (H)(C)¥ (12.3)
and
dim pp(2)"™® = dim pp/ (Z/p)"* + dim HR) TR, (H)(C)5. (12.4)
By (12.2), (12.3) and (12.4), we then have
dim 2% — dim Z, > dim pp(2)™*. (12.5)
So it remains to prove dim Z = dim Z, . Hence it remains to prove that each fiber of
(ds, pu): S xrp\0 D — S Xrp y\(0/H) (D/H)

is at most a countable set. This is true: Suppose (s1, x1) and (s3, X2) are in the same
fiber, then s; = 5. But any point (s, X) € S xr,\p D satisfies [P](s) = u(X). So we
have u(X1) = u(X2), and hence X] € I pX5. So each fiber of the map (ids, py) above
is contained in a I" p-orbit, and thus is at most a countable set.
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Appendix A: Basic knowledge on Mumford-Tate domains
A.1: Some fundamental properties of Mumford-Tate domains

The goal of this subsection is to prove Proposition 2.6 and Corollary 2.8.

Let V be a finite-dimensional Q-vector space, and let M be the classifying space of
@Q-mixed Hodge structures constructed in Sect.2.2. We have seen that M is a homo-
geneous space under PM(R)JFWf’f (C) for the Q-algebraic group PM constructed in
(2.3)and WM = R, (PM).

Let h € M. Recall that the adjoint Hodge structure on Lie P defined by & has
weight < 0 by part (iii) of Proposition 2.3. The following lemma is a rephrase of [28,
Thm. 3.13].

Lemma A.1 The tangent space Ty M can be canonically identified with

@ (Lie P2 = @(Lie P,

r<0, r+s<0 r<0

With this lemma, we are ready to prove Proposition 2.6.

Proof of Proposition 2.6 Let D = P(R)*W_;(C)h be a Mumford-Tate domain con-
tained in M, where P = MT(h) and W_; = R, (P).

Because D and M are homogeneous spaces, to prove that D is a complex subman-
ifold of M it suffices to prove that 7D is a complex subspace of 7, M.

Lie P is a sub-Hodge structure of Lie P for the adjoint Hodge structure on
Lie PM induced by h. So FOLie Pc = F°Lie P2' N Lie Pc. By Lemma A.1, the
complex structure on 7, M is given by

Lie P/ FO Lie P2 = @D (Lie P,

r<0

Thus 7, D = Lie Pc/ (F° Lie P* N Lie Pc) = Lie Pc/FOLie Pc is a complex sub-
space of T M. Thus we can conclude that D is a complex submanifold of M. Moreover
we have shown that

T,D = @(Lie Po)". (A.1)

r<0

The proof for weak Mumford—Tate domains is the similar. The only new input is
to prove that Lie N is a sub-Hodge structure of Lie P™ for the normal subgroup N of
P := MT(h) from Definition 2.5.(2). This is true because the adjoint action of P on
Lie P leaves Lie N stable (since N <1 P), and the adjoint action Ad: P — GL(Lie P)
is precisely the restriction of AdM: PM . GL(Lie PM) restricted to P (which
leaves Lie P stable). O

Next we turn to the Mumford-Tate group MT(h). For m,n € Zso, denote by
Ty = VO @ (VV)®" Then h induces a Q-mixed Hodge structure on 7"V,
whose weight filtration we denote by W, and Hodge filtration we denote by F°.
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The elements of (77" V)0 NT™1ny = FO(T™" V) N Wo(T™" V), with m and
n running over all non-negative integers, are called the Hodge tensors for h. Denote
by Hdg,, the set of all Hodge tensors for .

The following result is proved by André [2, Lem. 2.(a)], with pure case by Deligne.

LemmaA.2 We have

(1) Any element in some T™"V fixed by MT(h)(Q) is a Hodge tensor for h;
(ii) MT(h) = Zgrv)(Hdgy,).

By dimension reasons, Lemma A.2.(ii) has the following consequence.
Corollary A.3 There exists a finite set I C Hdg,, such that MT(h) = Zgrv)(J).

Now we are ready to characterize Mumford-Tate domains contained in M as
irreducible components of Hodge loci.

Definition A.4 For each h € M, the Hodge locus at / is defined as
HL(h) = {h' € M : Hdg, < Hdg,,}. (A.2)

LemmaA.5 We have

(i) HL(h) = {h' € M : MT(h') < MT(h)}.
(ii) HL(h) = {h' € M : 3 C Hdg, '} where J is the finite set from Corollary A.3.

Proof (i) The inclusion C is clear by Lemma A.2.(ii). Conversely suppose MT (k) <
MT(h). Then any ¢ € Hdg, is fixed by MT (%) by Lemma A.2.(ii), and so is also
fixed by MT(h’), and thus is a Hodge tensor for 2’ by Lemma A.2.(i). Therefore
Hdg, < Hdg,,.

(ii) We first prove the inclusion C. Let &' € HL(h). By Corollary A.3 and (i), each
t € Jis fixed by MT(h)(Q), and hence is a Hodge tensor for 4’ by Lemma A.2.(i).
So J € Hdgy,. This proves the desired inclusion.

Conversely suppose that i’ € M satisfies J € Hdg,,. Then Zgr(v)(Hdg,) <
ZgLv)(J). Thus MT(h') < MT(h) by Lemma A.2.(ii) and Corollary A.3. So
h’ € HL(h) by part (i) of the current lemma. This proves the inclusion 2. Now
we are done.

O

By Lemma A.5.(ii), HL(%#) is the complex analytic subvariety of M which
parametrizes Q-mixed Hodge structures (satisfying the properties (1)-(3) in Sect.2.2)
together with the Hodge tensors in the finite set J.

PropositionA.6 Let h € M, with P = MT(h) and W—1 = R,(P). Then
PR)YTYW_{(C)h is the complex analytic irreducible component of HL(h) passing
through h.

Proof The proof is simply [10, Prop. 17.1.2] adapted to the mixed case. For complete-
ness we include it here.
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Denote by D = P(R)*W_;(C)h. Each ' € D equals g - h for some g €
P(R)TW_{(C), and hence the homomorphism h’: S¢ — GL(V¢) factors through
gPcg~! = Pc. Thus MT(h') < P. So Lemma A.5.(i) implies #’ € HL(h) for each
h' € D. Therefore

D < HL(h). (A3)

Next we study 75 (HL(h)) € ThM = 6P, _(Lie Pévl)”s; see Lemma A.1 for the last
equality. By (A.3) and (A.1), to prove the proposition it suffices to prove

T, (HL(h)) C @(Lie Pe)s. (A.4)

r<0

Indeed the action of PM on 7"V induces an action of T, M on T™"V in the
following way: & -t = %(e”f - )|u=0, for & € HM = @, _,(Lie P(é\/’)” and
t € T™"V. Then for any vector £ € T, M = @, _(Lie Pé‘/l)”s, we have

& € Ty(HL(h)) < & -t € Hdg,, for each t € Hdg,,. (A.5)

Now take & € T, (HL(h)). Suppose t € T := T™"V is a Hodge tensor, namely
t € FOTc N WoT € T2°.4 Then (A.5) implies & -1 € FOTc N WoT < T2°. On the
otherhand & € @, _,(Lie P 5. Write £ =", _(&"*. Then&-t =Y, (&t €
@B, o7+ Thus & -1 € TOONEP, _( T-* = 0. In summary

& € Ty(HL(h)) = & -t = 0 for each t € Hdg,,. (A.6)

But part (ii) of Lemma A.2 implies that {£ € Lie P(év‘ :&-t =0foreacht € Hdg,} €
Lie Pc with P = MT(h). Thus T, (HL(h)) C Lie Pc. So

Tj,(HL(h)) C Lie Pc N @,-0(Lie P = @,.¢(Lie Pc)"".

This is precisely (A.4). Hence we are done. O

Now by Proposition A.6 and Lemma A.5.(ii), the Mumford—Tate domains con-
tained in M are precisely the complex irreducible components of the moduli spaces
parametrizing Q-mixed Hodge structures (satisfying the properties (1)-(3) in Sect.2.2)
together with a finite number of Hodge tensors.

Proof of Lemma 2.7 This is an immediate consequence of the moduli interpretation of
Mumford—-Tate domains above. O

Another application is as follows.

Corollary A.7 There are at most countably many Mumford—Tate domains in M.

4 Here the notation Tg’o means the (0, 0)-constituent for the bi-grading of 7' given by Proposition 2.2.
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Proof We have the moduli interpretation of Mumford-Tate domains above. On the
other hand, every complex analytic variety has at most countably many irreducible
components, and by definition there are countably many Hodge tensors. Hence there
are at most countably many Mumford-Tate domains contained in M. O

This allows to prove a stronger version of Corollary 2.8.

Lemma A.8 Let Z be a complex analytic irreducible subvariety of M. Let P = MT(Z)
be the generic Mumford-Tate group of Z. Then Z*, the smallest Mumford—Tate
domain which contains Z, is precisely P(R)TW_{(C)h for some h € Z, where
W_1 =R, (P).

Proof Denote by Z° the set of Hodge generic points in Z. Then Z° is the complement
of the union of countably many proper complex analytic irreducible subvarieties of
Z. In particular, Z° is irreducible since Z is.

It is clearly true that Z° C | hezo P(R)TW_;(C)h. Each member in the union
is by definition a Mumford-Tate domain, and hence the union is at most a countable
union by Corollary A.7. Moreover two P(R)™W_; (C)-orbits either coincide or are
disjoint. So Z° is contained in a countable disjoint union of some P(R)*TW_;(C)-
orbits. But Z° is irreducible, so it is contained some member in the union. Thus
Z° € P(R)TW_1(C)h for some h € Z°. But then Z € P(R)TW_;(C)h. Hence we
are done. O

Now we are ready to prove Lemma 2.10.

Proof of Lemma 2.10 By assumption D = P(R)T™W_(C)h. From now on we fix
h’ € D Hodge generic, namely MT(h') = MT(D).
By Lemma A.8 we have

P(R)TW_{(C)h' =D € MT(D)(R) "R, (MT(D))(C)A'. (A7)

Let us prove MT(D) < P. Indeed, each point 2’ € D is of the form g - i for some
g € P(R)™W_{(C). The homomorphism 4’ = g - h: S¢ — GL(V¢) factors through
gh(Sc)g™! € gPcg™ = Pc. Hence MT(h') < P forall i’ € D. So MT(D) < P.

Next we show that MT (D) is normal in P. Indeed for any g € P(Q), we have

MT(D) 2 MT(g - 1) = gMT(h)g~" = gMT(D)g™".
By comparing dimensions, we have MT(D) = gMT(D)g~!. By letting g run over

elements in P(Q), we get MT(D) < P. In particular R, (MT(D)) = W_; N MT(D).
This implies

MT(D)(R)* R, (MT(D))(C)h" € P(R)*W_1(C)R'. (A.8)

Thus D = MT(H)(R) TR, (MT(H))(C)h’ by (A.7) and (A.8). So D is a Mumford—
Tate domain. O
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Appendix B: Underlying group

Let D be a Mumford—Tate domain in some classifying space M with P = MT(D).
Each h € D defines an adjoint Hodge structure on Lie P. Write W, for the weight
filtration. By property (iii) of Proposition 2.3 W, does not depend on the choice of
h € D and satisfies Wy(Lie P) = Lie P and W_; = R, (P).

The weight filtration 0 = W_,,_1(Lie P) € W_,(Lie P) € --- € W_;(Lie P)
defines a sequence of connected subgroups

O0=W_guyn SEW_,, S--- S W (B.1)

of P. Each W_y, k € {1, ..., m}, is a normal unipotent subgroup of P.

Write as before G = P/W_; the reductive part of P. We wish to reconstruct P
from G and the W_;’s.

Let us start with the unipotent radical W_j.

LemmaB.1 (a) Foreachk € {1,...,m}, W_i/W_(k41) is a vector group.
(b) There is an isomorphism of Q-algebraic varieties

Woi = (Woy /W) x oo X (W 1)/ W) X Wy
(B.2)
w = (W, -, Wip—1, Wiy) -
Proof We first prove (a). For each k € {1, ..., m}, the algebraic group W_; /W_41)
is unipotent since W_y is unipotent. On the other hand [Lie W_j, Lie W_;] € W_y;
by reason of weight, and W_o, € W_y1) as k > 1. Thus Lie W_, /W_g11) is a
commutative Lie algebra, hence W_; /W_ (1) is an abelian algebraic group. Finally
the algebraic group W_y/W_11) is a vector group as it is abelian and unipotent.
We now turn to the description of the isomorphism (B.2). As W_; is unipotent, the
exponential map exp: Lie W_; — W_; is an isomorphism of Q-algebraic varieties.
Fix an isomorphism of Q-vector spaces Lie W_; =~ @Tzl Lie W_;/W_(j+1). As
part (a) provides a canonical identification of Q-algebraic varieties Lie W_y /W_(t41) =
W_i/W_(+1) between a vector group and its Lie algebra, we get the desired the iso-
morphism (B.2) by

m m
exp . .
W_1 A Lie W_; = @LIC(W_]'/W_(]‘_H)) = 1_[ W_i/W_(i+1-
j=1 j=1

O

Notice that this isomorphism (B.2) is not canonical. In this paper, we fix such an
isomorphism once and for all.

Next we give the formula for the group law on W_; under this identification given
by (B.2).

Definition B.2 For k € {1, --- , m} we define the k-truncation wy € W_;/W_;_| ~
I—[];-z1 W_;/W_(j+1)of anelementw € W_j asfollows. Ifw = (w1, -+, wyu—1, W)
under the identification (B.2), then wy = (wy, - - - , wy).
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Lemma B.3 For each k > 2, there exists a polynomial map
calby: W_y/W_g—1 x W_y/W_g—1 = Wi /W_j—y

of degree at most k — 1 and constant term 0 such that for any w,w' € W_y, their
product is given under the identification (B.2) by

w-w = (w + wi, wa + w) + calby(wi, wy), ...,
W + w,, + calby (Wy—1, W,,_)). (B.3)

Proof Let w = (wy,...,wy,) and W = (w], ..., w;,) under (B.2). The Baker—
Campbell-Hausdorff formula gives:

1
w-w =exp ((wl ..... W) + (W, ..y w)) + 5[(w| ..... W), (W], ..., w )]+ .. ) , (B.4)

where all operations in the exponential are taken in Lie W_j, and the sum is finite as
Lie W_ is nilpotent. Noticing that

Wi/ W-tier1y, Wi/ W_osy] © Wiy / W=k +1) 5

one can rewrite (B.4) as

w-w =exp <(w1 + wi, wy + w) + calba(wy, W)), ..., wy

+w,, + calby, (Wy_1, W,/n,l))>,

with polynomials calby for each k > 2 as required by the lemma. O

The next lemma explains how G = P/W_; acts on W_; = R, (P) under the
identification (B.2).

LemmaB.4 Foreachk > 1, W_i/W_1) is a G-module. Moreover this G-module
structure is induced by the action of G on W_y.

As a consequence, for each go € G and w = (w1, ..., wy) € W_1 under (B.2),
we have

go- W= (gowi, ..., 80oWn)- (B.5)

Proof As Grg/ *(Lie P) = Lie G and W_(Lie P) = Lie W_j foreach k > 1, we have
[Lie G, Lie W_;] C Lie W_,. Hence the action of G on W_; preserves W_j for each
k > 1, and hence furthermore induces an action on W_ /W_ 1) which is a Q-vector
space. This concludes the lemma. O

We are now ready to state the result to reconstruct P from G and the W_;’s. First
let us fix a Levi decomposition P = W_1 x G.
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Proposition B.5 The fixed Levi decomposition P = W_1 x G and the fixed isomor-
phism (B.2) together induce an isomorphism as algebraic varieties defined over Q

PG x(W_i1/Wp) X+ (Wegmety/ W) X We . (B.6)

The group law on the right hand side of (B.6) is given as follows. Let
(80, W1, - .., Wy) and (g, Wy, ..., w,,) be two elements in P under the identification
(B.6). Denote by w = (wy, ..., wy) and W = (w), ..., wy,). Then

(80, W) - (g0, W) = (g080> w1 + gow}, w2 + gowh + calbr(wy, gow)), ..., Wy
+gow,, + calby (Wm—1, 8oW,,_1)) B.7)

where calby, . .., calb, are the Q-polynomials from Lemma B.3, wy (resp. W) is the
k-th truncation as in Lemma B.3, and gow, = (gowy, ..., gow,) for each k > 1.

Proof (B.6) follows directly from the fixed Levi decomposition and (B.2).
To prove (B.7), first note that (gog, w) = (1, w)-(go, 0) for P = W_; x G. Similarly
(85, W) = (1, W) - (g, 0). So

(0. W) - (g0, W) = (1, w) - ((80,0) - (1, W) - (g0, 0)
=(1,w) - (g0, g0 - W) - (g5, 0)
=(L,w) - ((1.go- W) (g0.0)) - (9. 0)
= (Lwr, ..., wp) - (1, gow. ..., gowy,) - (80.0) - (. 0) by (B.5)
= (1, wy + gow], w2 + gow} + calby(wy, gowy), - . .,
Wi + gowy, + calby, (Wi, , g0W,, 1)) - (€080, 0) by (B.3)
= (8080> w1 + gow], wa + gows + calby(wi, gowy), ...,

Wi + gow,, + calby, (Wi, oW, 1))-
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