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ABSTRACT

Stochastic fractional differential systems are important and useful in the mathematics, physics, and en-
gineering fields. However, the determination of their probabilistic responses is difficult due to their non-
Markovian property. The recently developed globally-evolving-based generalized density evolution equa-
tion (GE-GDEE), which is a unified partial differential equation (PDE) governing the transient probability
density function (PDF) of a generic path-continuous process, including non-Markovian ones, provides a
feasible tool to solve this problem. In the paper, the GE-GDEE for multi-dimensional linear fractional dif-
ferential systems subject to Gaussian white noise is established. In particular, it is proved that in the
GE-GDEE corresponding to the state-quantities of interest, the intrinsic drift coefficient is a time-varying
linear function, and can be analytically determined. In this sense, an alternative low-dimensional equiv-
alent linear integer-order differential system with exact closed-form coefficients for the original high-
dimensional linear fractional differential system can be constructed such that their transient PDFs are
identical. Specifically, for a multi-dimensional linear fractional differential system, if only one or two
quantities are of interest, GE-GDEE is only in one or two dimensions, and the surrogate system would be
a one- or two-dimensional linear integer-order system. Several examples are studied to assess the merit
of the proposed method. Though presently the closed-form intrinsic drift coefficient is only available for
linear stochastic fractional differential systems, the findings in the present paper provide a remarkable
demonstration on the existence and eligibility of GE-GDEE for the case that the original high-dimensional
system itself is non-Markovian, and provide insights for the physical-mechanism-informed determination
of intrinsic drift and diffusion coefficients of GE-GDEE of more generic complex nonlinear systems.

© 2023 The Author(s). Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

Fractional derivatives have a long mathematical history. In re-
cent decades, the fractional derivative has received increasing
attention due to its applicability in the fields of physics and
engineering [1-3], such as hydraulics [4], optimal control [5,6], dy-
namic stability [7], and thermodynamics [8], etc. Stochastic dy-
namic systems endowed with fractional derivative element en-
forced by random excitations have been investigated widely [9,10].
Analytical solution of one-dimensional linear stochastic fractional
differential systems was given firstly in a Duhamel integral form
by Agrawal [11], and then was investigated for more cases [12—
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14], while effective numerical solutions were developed for multi-
dimensional linear cases [15,16]. The difficulty of random vibra-
tion of systems endowed with fractional derivative element is that
the Markovian property is no longer applicable. Thus, there are
many approximate techniques developed for nonlinear stochastic
fractional differential systems, such as the equivalent linearization
[17-20], Wiener path integral [21], the harmonic wavelets [22-25],
the stochastic averaging [26], and the stochastic perturbation [27],
etc. Recently, the globally-evolving-based generalized density evo-
lution equation (GE-GDEE) was proposed as a unified partial differ-
ential equation (PDE) governing the transient probability density
function (PDF) of a generic path-continuous non-Markov process
[28]. In particular, even the problem is multi-dimensional, nonlin-
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ear, and non-Markovian, the transient PDF of an arbitrary compo-
nent of the system satisfies the GE-GDEE, a PDE in only one or
two dimensions, exactly. It was shown that the GE-GDEE exactly
holds for multi-dimensional nonlinear stochastic fractional differ-
ential systems subject to Gaussian white noise [29]. Generally, the
intrinsic drift coefficient in the GE-GDEE must usually be deter-
mined by some numerically techniques [30-32], though analytical
expressions are available in a few special cases when the under-
lying physics can be fully made use of, such as a class of energy-
equipartition autonomous systems [33]. The intrinsic drift coeffi-
cient of GE-GDEE, as a physically driving factor of the evolution
of the PDF, is a conditional expectation function of the drift co-
efficient of the original multi-dimensional system. In this paper,
a closed-form expression of the intrinsic drift coefficient of GE-
GDEE for multi-dimensional linear fractional differential systems
subject to Gaussian white noise is derived based on the linear-
ity of fractional derivative element preserving Gaussian property of
the systems. This implies that an exactly equivalent linear stochas-
tic integer-order differential systems with analytical time-variant
coefficients can be constructed. The investigation will provide a
remarkable family of theoretically proved illustrations on the ex-
istence and eligibility of GE-GDEE for the case that the original
high-dimensional system is itself essentially non-Markovian, and a
demonstration of the physical-mechanism-informed determination
of the intrinsic drift coefficient of fractional differential systems,
and provides insight for more complex nonlinear systems.
Consider a stochastic process Y(t) governed by the one-
dimensional linear stochastic fractional differential equation

dY (t) = —[kY (t) + cD*Y () |dt + owdW (1), (1)

where k and c are constants; oy is the intensity. Further, W(t) is
a standard Wiener process defined by the properties [34]:

(1) W(t) ~N(0,t), i.e, W(t) is Gaussian and satisfies
(a) W(0) = 0 with probability one;
(b) EW ()] =0, fort >0 ;
() E(W2(t)] =t,fort >0 ;

Q)W) —-W()~N@O,t—1),for0<7 <t.

Herein, E(-) denotes the expectation operator, and D*Y (t) is the

o -order fractional derivative of Y(t), 0 <« < 1. Next, adopt the

Caputo fractional derivative definition [35],

DY oy 2
O =g [, €~ VO 2)

where ['(-) is the Gamma function. The initial condition of Y (t)

can be denoted as

Y (0) = yo. (3)

Clearly, Y (t) governed by Eq. (1) is a path-continuous process of
with probability one which satisfied the Dynkin-Kinney condition'
[36,37], but it is non-Markovian. In general, it is difficult to directly
expand Y(t) into a finite-dimensional Markov system exactly, be-
cause the fractional derivative of Y (t) is dependent on all the infor-
mation before the time instant as seen in Eq. (2). However, using
the GE-GDEE for generic path-continuous non-Markovian process
[28], the transient PDF of Y (t), denoted as py (y, t), satisfies a one-
dimensional PDE exactly, and the coefficients in the PDE can be
achieved analytically. Specifically, following the GE-GDEE [28], the
GE-GDEE for py (y,t) is

1 The path-continuous condition was proved for Markov process by Dynkin
[36] in 1952 and Kinney [37] in 1953 independently. Further, it was generalized for
separable process by Dobrushin [38]. Hence, it was referred to as Dynkin-Kinney
condition [39]. However, in some literatures it is also called as Lindeberg’s condi-
tion [40].
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92[bD (y, t)py (v. 1) ]
20y2 ’
(4)

where the intrinsic drift and diffusion coefficients are defined as
[28]

ooyt _ Aa PO e0]

ot ay

a®®(y, t) = 11m
(eff) —
BED .6 AhrToAf

AE[AY (O] Y (1) =],
{lay® P Y(t) =y},

with AY(t) =Y(t+ At) —Y(t) denoting the increment during
time interval [t,t+ At]. The intrinsic drift and diffusion coeffi-
cients can also be called as effective drift and diffusion coefficients
in the senses that they can be constructed analytically or numeri-
cally. By substituting Eq. (1) into Eq. (5), the second equation be-
comes

b (y, 1) = o, (6)

(3)

while the first equation yields

a®® (y, r)

—E[kY(t) + cD*Y ()] Y (t) = y]
= —ky — cE[D*Y ()| Y(t) =]

c t ael
,ky—mfo (t— ) E[Y(D)| Y(t) =y]dr
c t o d
,ky—m/o (t= 1) LBV (D) V() = ylde. (7)

The analytical determination of the intrinsic drift coefficient in
the GE-GDEE is a daunting task for generic nonlinear stochastic
fractional differential systems [29]. However, for linear stochas-
tic fractional differential systems, the closed-form expression of
Eq. (7) can be investigated. To determine the intrinsic drift coeffi-
cient in Eq. (7), the Gaussian property and auto-covariance of Y (t)
are reviewed firstly. Note that the solution of Eq. (1) with the ini-
tial condition Eq. (3) can be expressed as [11,12,41]

Y(t) = ow /0 g(t — T)AW (T) + [8(t) + cg1 (O o, (8)

where g(-) and g () are fractional Green functions. They are given
by Miller and Ross [42], West et al. [43]

> (—kt)!
g(t) = Z ( j! ) el(l—)ot.lJrjot (7Ct1ia)’ (9)
j=0
and
(—kt)lti-o a
&i(t) = Z ]! El(]—)oz.2+(j—1)a(_Ctl )- (10)
j=0

respectively. In these equations, 61(,{3(-) is the th-order derivative of
the generalized Mittag-Leffler function, namely,

G) (j+l)!x’
€pa) = ZI'F[<j+l>p+q]' (1)

Equation (8) shows that the response solution of a linear frac-
tional system is similar to that of a linear integer order system ex-
pressed via a Duhamel integral [11]. That is, the fractional deriva-
tive element does not break the linear superposition property of
the system. This means that the response of a linear fractional
system excited by Gaussian white noise is still Gaussian, and can
be fully characterized by its first two order moments. According
to Eq. (8), the expectation and variance of Y(t) can be given as
[11,12,41]

ty (t) = E[Y ()] = [g(t) + cg1 (D) ]yo. (12)
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and
t
o} () = E{lY ©) — iy} = o, [ 2 (ryar. (13)

respectively. Further, the auto-covariance function of Y(t) can be
written as

Sy (t1, t2) = E{[Y(t1) — uy (tD][Y (&2) — y(22)]}

t
= UVZV A l g(f)g(tz -t + f)df, fort; <t,. (14)

For two different instants 7 and t, Y(7) and Y(t) are two depen-
dent Gaussian variables. Thus,

E[Y ()Y (t) = y] = juy (1) + X =y OISy (@0

oy (t)

/Org(f)g(t—r+f)df. (15)

oy — ny (0]
o7 (t)
The derivation of Eq. (15) with respect to t leads to

=y (T) +

d
TEY @Y O =y]

oy — uy(®)]

=py(T)+ [g(r)g(t) - f;g(f)g(t -7+ f)df]-

oy (t)
(16)

Substituting Eq. (16) into Eq. (7) yields
a®(y,t) = kD )y + fED(8). (17)
in which

(effy 4y _ cr(t)
k (t)_k+7p(l )20 (18)
and

(eff) 4y _ c r(t) B
fO=rq =g [GYZ o ©-mo | (19)

In Eqgs. (18) and (19), the functions m(t) and r(t) are given by
t

m®) =yo [ (=) 1) + i (0, (20)
and

t T
rt) =od fo <t—r)“[g(t)g<r>— /0 g(f)g’(t—wf)df}dr,
(21)

respectively; uy(t) and (I% (t) are the expectation and variance of
Y (t) given by Eqgs. (12) and (13), respectively; g(-) and g;(-) are the
derivative of g(-) and g1 (-) given by Egs. (9) and (10), respectively,
ie.,

. > (—kt)j j+1 —a
8(t)=- Z 17' |:k€1(]j¢—)z.1+(j+1)a (_Ctl )
j=0

+Q1 —oe)ct“"el(]j)lﬂa (—ct““)], (22)

and

. >, (—kt)t=oy ; ﬂ
a0 =3 SO G+ 1= 0l 0~
Jj=0

- fcx)ctl""el(];ﬂ)ZHH)a(fct“")]. (23)

Note that once the analytical form of the intrinsic drift coefficient
of GE-GDEE is obtained, a one-dimensional Markov diffusion pro-
cess Y (t) can be constructed to satisfy the following Itd stochastic
differential equation (SDE):

d¥ (t) = a®P[¥ (t), t]dt + owdW (t) (24)
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with the same initial condition Y(0) =y, as that of Y(t), where
a®©® (.) is given by Eq. (17) as a linear function with respect to
Y. Clearly, since the GE-GDEEs corresponding to Y (t) and Y (t) are
identical, the transient PDFs of the two processes are identical. Fur-
ther, the transition probability density (TPD) of Y (t) during two
different instants t’ < t, denoted as py (y.t|y’.t’), satisfies the fol-
lowing Fokker-Planck equation
apy(v.tly'.t') — d[a“P . Hpy(y.tly'.t')] Lo 3py (v tly’.t')
ot N ay 2 ay? ’
(25)

which is in the same form of PDE as the GE-GDEE (4). The differ-
ence is that Eq. (4) is applicable to one-dimensional transient PDF
of both the non-Markov process Y (t) and Markov process Y(t) ;
whereas Eq. (25) is only applicable to the TPD between any two
instants of the Markov diffusion process ¥ (t). However, the one-
dimensional transient PDF of Y (t), which can be considered as the
TPD under the given initial condition, can also be determined via
Eq. (25).

Consider a single-degree-of-freedom (SDOF) linear oscillator en-
dowed with fractional derivative elements subject to Gaussian
white noise. Its equation of motion reads

X(t) + DX (t) + kX (t) = &(t), (26)

where X(t) and X(t) are the displacement and acceleration, re-
spectively; k and c are constants. Further, D*X (t) is the -order frac-
tional derivative of defined by Eq. (2), 0 < <1 ; £(t) is a Gaus-
sian white noise process with intensity oy, i.e.,

{E[E(t)] =0,
E[§ (D& (t +T)] = 03d(D).

in which &(-) is Dirac delta function. The initial condition of
Eq. (26) is prescribed by

X(0)
X(0)

(27)

= Xo,

— 1y, (28)

By denoting V(t) = X(t), Eq. (26) can be rewritten as the two-

dimensional linear stochastic fractional differential equations
dX(t) =V (t)dt, (29)
dV (t) = —[cD*X(t) + kX(t)]dt + owdW (t).

Clearly, X(t) and V(t) governed by Eq. (29) are path-continuous
processes but non-Markovian. Hence, in accordance with the GE-
GDEE for generic path-continuous non-Markovian process [28], the
transient joint PDF of (X(t),V(t))", denoted as pxy (x, v, t), satisfies
a two-dimensional PDE exactly, and the coefficients in the PDE can
be achieved analytically. To this end, using the unified formalism
of the GE-GDEE [28], the GE-GDEE for pyy (x, v, t) is

0 [a)((eff) (*. v, t) pxy (X, v, t)]

8va(X, v, t) _
ot - 0x
8[a‘(f‘m (x, v, ) pxv(x, v, t)] 1 82[b§§(m (%, v, £)pxv (X, V, t)]
- v * 2 0x2
32 [bgfvff) (X, v, ) pxv (X, v, r)]
J’_
0xdv

1 92 [b{fvm (%, v, t) pxv(x, v, t)]

3 12 ’




Y. Luo, M.-Z. Lyu, J.-B. Chen et al.

where the intrinsic drift and diffusion coefficients are defined as
[28]

a)((eff) (X, v, t) = Al%TQﬁE[AX(tH X(t) =X; V(t) = U]s

a‘(/eff) (x,v,t) = AliToAitE[Av(m X(@)=x, V(t) =],
(eff) N H i 2 =X; =

b (x.v.0) = lim —E{[AX(OF X(©) =x: V() =v},

b (x, v, t) = AlitrﬁnoﬁE[AX(t)AV(t)l X(t)=x; V(t) =],

bEO (x, v,t) = AlirlloéE{[AV(t)]2| X(t)=x V() =v},
(31)

with AX(t) =X(t + At) —X(t) and AV (t) =V (t+ At) =V (t) be-
ing the increments during time interval [t,t + At]. By substituting
Eq. (29) into Eq. (31), the equations, except the second one, be-
come

a™x,v,t) =v, bV (x,v,t) = 0,
(32)
b, v,t) =0, B (x, v, 1) = 02,
while the second equation yields
af™ (x, v, t) = —E[kX(t) + D" X ()X (t) = x: V() = V]
= —kx — CE[D"X(t)|X(t) = x; V(t) = V]

c t — . _
——kx—mfo (t— 1) YE[V(T)|X(t) =x; V(t) =v]dr.
(33)

The closed-form expression of Eq. (33) will be investigated later.
Note that the solutions of Eq. (26) (or Eq. (29)) with the initial
condition (28) can be expressed as [11,12,41]

t
X(t) = JW/O 8t — T)dW (7) + X081 (t) + vod (1), (34)
and

t, . .
V() = ow /0 B(t — T)AW (T) + %01 (t) + 108 (0). (35)

where g(-) and g;(-) are fractional Green functions expressed as
[42,43]

) 00 (71()jt2j+] 0 a

&)= Z(; w2 (—ct*@), (36)
]:

and

R > (—k)EH T _ i _

81 (t) = Z % [Géj—)a,lJrjOl (7Ct2 Ol) + Ctz aeéj,)a_v,)r(jf])a (*Ct2 a):l;
j=0

(37)

respectively; eé{é(-) is the jth-order derivative of the general-
ized Mittag-Leffler function given by Eq. (11). Clearly, the re-
sponses X(t) and V(t) are Gaussian, and the expectation vector
and variance matrix of (X(t),V(t))" can be given according to
Egs. (34) and (35) as

(1 ®Y _ [ (XOY] _ (R0810) +vo20)
()= (w(t)) = E[(V(t))} - (X0§1 ) +vo§(t))’ (38)

and
_ (03O sxw® _ ] (X© = mx(©)) (X(©) — ux(©)\"
¥0= (gxxva) 20 ) =5 00—l o - fai) ]
:( oy Jo & (T)dt o@fég‘(g)g‘(r)dr)
0 Jo &(T)&(t)dt 0 fo & (v)dt

Theoretical and Applied Mechanics Letters 13 (2023) 100436

(39)

respectively. Further, the auto-/cross-covariance function of X(t)
and V(t) can be written as

Sxx(tr, t2) = E{[X(t1) — ux (t)[X (&2) — pux(t2)]}
ty
=% [ & -t + D),
Sxv(tr, ) = E{[X(t1) — ux )]V (&2) — uv (E2)]}

t . (40)
- a&v/ 2D -t + T)dE,

Swti, ) = E{[V(ﬁo) — v (ED]V (t2) — v (22)]}

a, .
= U&,‘/O.lg(f)g(fz -t + f)df, for ty <t

For different time instants t and ¢, X(t), V(7) and V(t) are three
dependent Gaussian variables. Thus, there is

E[V(D)| X(t) =x V() =] =

G (T D)\ o1 (X — px(t) (41)
v (T) + <§W(t’t)) ) (t)(v_ uv(t))‘
Substituting Eq. (41) into Eq. (33) yields
af™ (x,v.t) = [k + kD () ]x - ¢ )y — fEO (1), (42)
in which
(k™ (©). ™ (tc>) = " OO, -
fEO() = m[m(t) ~rTOT T ORO)].

In Eq. (43), m(t) and X(t) are the expectation vector, and the co-
variance matrix of (X(t),V(t))" given by Egs. (38) and (39), re-
spectively;

m(t) = fo (t = T)“[xo1 (T) + vog(T) JdT, (44)

and
rity= (MO = ol fo (t=T)7* [T &(F)g(t — T + T)dEdr
T \n®) T\ o t—T) [y ()& — T + F)dEdT )’
(45)

where g(-) and g;(-) are the derivative of g(-) and g;(-) given by
Egs. (36) and (37), respectively. Finally, one can rewrite the GE-
GDEE (30) as

0 [af,em (x, v, t)pxv (X, U, t)]

Ipxv(x,v,t) _vava(x, vt)
- ov

at
o 82va (X, v, t)
+5 T,

(46)

where the closed-form intrinsic drift coefficient a‘(,eﬂ) x,v,t) is
given by Eq. (42). Note that an equivalent SDOF linear integer-order
oscillator can be constructed. It is governed by the following equa-
tion of motion

X() + DX () + [k+ kD ©)]K () = @) - fD ). (47)

with the same initial condition X(0)=x;, and X(0)=1v, as
Eq. (28), where X(t), X(t), and X(t) are the displacement, veloc-
ity, and acceleration responses, respectively; k(€ (t), ¢ (t), and
fED (t) are given by Eq. (43) analytically. Clearly, transient joint

. ~ ~ T
PDFs of (X(t),X(t))T and (X(t),X(t)) are identical. The joint TPD

~ ~ T
of (X(t),X(t)) during two different instants t’ <t, denoted as
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Pys (x, v, t|x’, vt ) satisfies the Fokker-Planck equation

Bp)w(x, v,t|x',v',t') 8px‘7(x, v,t|x',v',t')
v

at 0x
i) [a‘(/eff) (x, v, ) pgy (X v, tX, V, t)]
a v
o3, pgy (x. V.t V. 1) (48)
2 02 '

which has the same form of PDE as GE-GDEE (46).

The preceding approach can be extended to multi-dimensional
cases. Specifically, without loss of generality, consider an n -
dimensional process vector Y (t) = (Y; (t), -, Ya(t))" governed by
the n -dimensional linear stochastic fractional differential equa-
tions

dY (t) = —[CDYY (t) + KY (1) ]dt + LdW (1), (49)
where €=[c;] ~ and K=[k;]  are nxn constant matri-
ces; L=[l]  is an nxr constant matrix, r<n ; D*Y(t) =

(DY (t). -+~ . DYy (t))T is the fractional derivative of Y (t) of order
o, 0<a<1; W(t)= W(t), -, Wy(t))" are an r -dimensional
standard Wiener process vector, i.e., W(t) ~ N (0, I;t), where O
denotes an r x r matrix containing all elements as zeros and I, de-
notes r x r identity matrix, and

E[W@&W'(t+ )] =Lt, for z > 0. (50)
The initial condition of Y (t) is prescribed as

Y (0) = yo. (51)

In general, the order of fractional derivative can be different for
different dimensions of Y (t). However, to elucidate the basic con-
cept clearly, an identical value of is employed herein for all com-
ponents of Y (t). Note that even though in Eq. (49) « is consid-
ered within the range of (0, 1), systems with the order of fractional
derivative larger than 1, and even larger than the greatest order of
the integer-order derivative involved, can be transferred into the
form of Eq. (49) via dimension augmentation. For example, con-
sider a one-dimensional system given by

DPX(£) + cX () + kX (t) = £ (0), (52)

where 1<fB <2 ; and are constant coefficients; &(t) de-

notes a stationary Gaussian white noise with E[£(t)é(t+1)] =
T

G28(T). Set Y(t) = [Y;(t). Yo ()] = [X(t),Dﬁ’1X(t)] ,and o=

2 — B. Then, the governing differential equation of the two-
dimensional stochastic process Y (t) can be cast as

dy; (t) DY, (t) 0
[dY;(t)} - |:—CD“Y2(I§ — kY, (t)i|dt + [gw}dw(t)- (53)

If the transient PDF of one component of Y(t), denoted as Y;(t),
1 <1 < n, is of interest, then according to the unified formalism of
the GE-GDEE [28], the GE-GDEE for py, (y,t) is

dpy, (¥, 1) _ 3[a(eff) . O)py, (¥, t)] . 1 az[b(eff) . t)py, (v, t)]

ot a Ay 2 dy2 ’
(54)

where the intrinsic drift and diffusion coefficients are defined as
(28]
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Fig. 1. Linear factor of the intrinsic drift coefficient in Example #1.

{a(em 0.0) = lim LE[AY,©)] Yi(6) =] 55)

f — Iim A 2 _

ey, 1) = lim LE{[AY(OF] Yi(6) =y},
where AY|(t) =Y,(t + At) —Y|(¢t) is the increment during time in-
terval [t, t + At]. By substituting the Ith component of Eq. (49), i.e.,
dYy(t) = —[€q. DY (t) + k)Y (6)]dt + 1, dW (©), (56)
into Eq. (55), the second equation becomes
b(eﬂ) (y, t) = l(l)l-(rl) = b”, (57)
while the first equation yields

a®®(y,t) = —E[c(,_,)D“Y(t) + ki YO Yi(0) =J/]

= =3 [P Yit) = y] + kE[Y; O] Yit) =y]}.  (58)
j=1

where ¢ ), k., and 1, are the Ith row vectors of C, K, and
L, respectively. To obtain the closed-form expression of Eq. (58),
the Gaussian property and cross-covariance of Y (t) can be advo-
cated. According to the property that the fractional derivative does
not break the linear property of the system [11], Y (t) governed by
Eq. (49) is still Gaussian. Denote the expectation vector and covari-
ance matrix of Y (t) by

() = (ua (). . (D) = E[Y ()], (59)

and

() =[sij®], _ =E{[Y(®) - nOIY©®) - n(©O]'}, (60)

and denote the cross-covariance matrix of Y (t) by

Bt 6) =&t &)],,, = E{IY (&) — REDIY (&) — p(&)]'}.
(61)

Then the conditional expectation of multivariate Gaussian distribu-
tions is

nxn

[y — i @®)]sii )

ElY;(O)| Yi(t) =y | = p;(t) + ; (62)
[ ] ] J Olz(t)
and
" 1 ‘ —agply
E[D Yj(f)|Y1(f)=Y]=m/0 (t — ) “E[Y;(7)| Y (t) =y]dz
1 ¢ d
- e |, -0 G E @I RO =ylar
1 t o d S (T, Oy — i t)]
:W/O(t*'f) E{ﬂj("«')*’#}d
_ 1 t o y—=(t) t _a 9Gj(T.1)
,7“170[)/0 (t—71) M’(T)dr+7alz(t)l"(l—a)/g (t—1) 5T dr
:Duuj(tHyfuz(t)Dﬁxfﬂ(t,t)’ (63)

o (t)
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Fig. 2. Time histories of variance of Y (t) in Example #1. (a) Y(t) ; (b) Y(t) (log-
coordinate).

where 0,2 (t) = gy (t) is the variance of Y;(t), namely the (I, )th el-
ement of X(t) ; DY f(-,-) is the ath order fractional partial deriva-
tive of the function f(.,-) with respect to the first argument [44],
0 <« < 1, namely,

DY) = ey [ -6 LY e, (64)

Substituting Eqgs. (62) and (63) into Eq. (58) yields

a0y = -3 [Clj [D“uf(t) +2 ;fl?t()t) D‘{rﬂ(r,t)} +k,,{uj(r) i /;‘,2(21@(0 H
j=1

" — () o~ — oy (t
- —ca,,[D w0+ Y LG r)] —ku,,[u(r) I )sm(t)}
—p(t o o
=- yql;t('t()) [Cu 2DISen (LO+Ka. S0 (t)]*c(l.-)D () —kq.p(t). (65)

where g (t) is the Ith column vector of X(t) ; D‘{‘f(,,,)(t,t) is
the oth order fractional partial derivative of the Ith column vec-
tors of ¥ (t;,t,) with respect to t; at t; =t and t, =t. It can be
seen that a® (y, t) is also a linear function of y. Note that a one-
dimensional Markov diffusion process Y (t) can be constructed to
satisfy the It6 SDE

¥(t) = a®[¥ (). t]dt +/bydW (©), (66)

with the same initial condition ¥ (0) = Yo, as that of Y;(t), where
a©® () is given by Eq. (54) as a linear function with respect to
y. Clearly, the TPD of Y (t) during two different instants t’ < t, de-
noted as py (y. t‘ y',t"), satisfies the Fokker-Planck equation

2.5 i
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Fig. 4. Linear factors of the intrinsic drift coefficient in Example #2.

Ipg(y.tly.t')  A[a“P.Opy(v.tly.t')] by Py (v.tly.t')
ot = 3y ta 3y? :

(67)

which is in the same form of PDE as GE-GDEE (54). Clearly, the
transient PDF of the Markov diffusion process Y (t) is identical to
that of the non-Markovian process Y;(t). The preceding claim can
be readily made when more than one component of Y (t) are of
interest. To illustrate this point, an example in which two compo-
nents of a multi-dimensional system are of concern simultaneously
is given in the next paragraph.

Example #1: A one-dimensional linear stochastic fractional dif-
ferential system Consider the one-dimensional linear stochastic
fractional differential Eq. (1), where « =0.5, k=1, c=1, yg =0,
and ‘7\?\/ =0.2. The transient PDF of process Y(t) governed by
Eq. (1) satisfies GE-GDEE (4), and the intrinsic drift coefficient,
which is a linear function with respect to the state quantity y, can
be obtained by Eq. (17). It can be seen that in Eq. (17), the constant
coefficient f(¢f0(t) =0, and the linear coefficient k) (t) is shown
in Fig. 1.

After obtaining the intrinsic drift coefficient, the GE-GDEE
(4) can be used, and the alternative linear system (24) can be
obtained. The analytical solution of the time-varying variance of
the integer-order linear system subject to Gaussian white noise is
available (See Appendix). Figure 2 shows a comparison of the time
histories of the variance given by the analytical solution (Eq. (13)),
the GE-GDEE scheme and the variance of system (24), and a perti-
nent Monte Carlo simulation (MCS) with 10 samples, respectively.
The sample paths in MCS are obtained by a modified stochastic
Runge-Kutta algorithm [29]. Since the response PDF is Gaussian,
the transient PDF solution of Y (t) can be readily obtained. A com-
parison of the transient PDFs at t = 5 is shown in Fig. 3. The con-

100 L
s T
S 102t
A
Analytical
= = =GE-GDEE Analytical
10 e o 4
MCS (10" samples)
-1 -0.5 0 0.5 1
Y

(b) Y (¢) (log-coordinate);

Fig. 3. Transient PDFs of Y(t) at t =5 in Example #1.
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Fig. 5. Variance and Covariance histories of X (t) and V(t) in Example #2. (a) Variance history of X(t) ; (b) Variance history of V (t) ;(c) Covariance history of X(t) and V (t).

sistency of the results in Figs. 2 and 3 verifies the assertation in
previous dicussuion. The minor inconsistency between the analyt-
ical solution and the GE-GDEE results is primarily due to the nu-
merical integration.

Example #2 An SDOF linear fractional differential oscillator en-
forced by Gaussian white noise Consider an SDOF linear fractional
differential oscillator subject to Gaussian white noise. Its motion is
describe by Eq. (26), with o« =0.1, k=2,c=1, X =0, vg =0, and
o&, = 0.2. The transient joint PDF of displacement and velocity, i.e.,
X(t) and V (t), satisfies GE-GDEE (46), and the intrinsic drift coeffi-
cient, which is a linear function with respect to state quantity and,
can be obtained by Eq. (42). In Eq. (42), the coefficient f© (t) =0,
and the linear factors k() (t) and c(¢f(t) are shown in Fig. 4.

Then, by substituting the closed-form expression of the intrin-
sic drift coefficient into GE-GDEE (46) and the alternative linear
system (47), the time histories of the response covariances and the
transient PDFs are obtained. The time histories of the covariances
obtained by the GE-GDEE scheme and the analytical solution by
Eq. (39) are shown in Fig. 5. The good agreement of the results in
Fig. 5 confirms the conclusions drawn.

Example #3 A multi-degree-of-freedom (MDOF) linear frac-
tional differential oscillator subject to Gaussian white noise Con-
sider a 12-DOF linear fractional differential oscillator subject to
Gaussian white noise. Its equation of motion is

X(t) + CX(t) + €sDPX (1) + KX (t) = L& (0). (68)

where X(t), X(t), and X (t) are the displacement, velocity, and ac-
celeration vectors, respectively; 8 = 0.6 ; and

0.7902 -0.3804
¢— —0.3804 ’
0.7902  -0.3804
—0.3804  0.4099
4 2 4 -2
&=|2 N
4 -2 4 -2
-2 2 -2 2
(69)
L=@,---,1)7 ; and £(t) is a one-dimensional white noise pro-

cess with intensity U\%v = 0.04. The initial values of displacement
and velocity take xo = (0,---,0)" and vy = (0, --- ,0)". Introduc-
ing the velocity process vector V(t) =X (t) and the state vector
Y(t) = (XT(t). VT(t))T, Eq. (68) can be recast as the stochastic dif-
ferential Eq. (49). Next consider the transient joint PDF of the dis-
placement and velocity of the Ith DOF, denoted as pxy, (x, v.t), for
arbitrary 1 <[ < 12. Following the derivation of previous dicussion,
it is found that pyy, (x, v, t) satisfies the following GE-GDEE
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(eff)
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ot 0x ov
Y
ow 0°pxy (X, v, 1)
2 ov? ’ (70)
where the intrinsic drift coefficient is
al™ (x, v, ) = k€ (£)x 4 D (t)v, (71)

in which the time-variant linear factors are given by

1.2

l | ‘\
08}
e
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/
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(k€™ (), ¢ (1)) = [€u. (v (). vy (1))
+ fﬂ,(l,.)D'f (Gxx, (t.), Gxy (. 1))
+ k. (5xx (0. 5xv, () | Zxy- (72)

The symbol Xy, denotes the 2 x 2 covariance matrix of X;(t) and
Vi(t) ; 6xx, (), Sxv,(t). Svx, (t), and gyy, () are the 12-dimensional
covariance column vectors of the corresponding quantities de-
noted by their respective subscripts; §XX1 (t1,t2) and §xv, (t1,tp) are
the corresponding 12-dimensional cross-covariance column vec-
tors; &g, €., and kg , are the Ith row vectors of €, €4, and
K, respectively. In this example, [ = 1. Note that it is quite cum-
bersome to analytically derive the covariance functions used in
Eq. (72). Hence, the linear coefficients k™ (t) and ¢ (¢) in the
intrinsic drift coefficient, given by Eq. (72), are determined numeri-
cally by a least-square algorithm based on the data from 200 sam-
ples via dynamical analyses of Eq. (26). The identified results of
kEM (¢) and M () are shown in Fig. 6.

Then, substituting the closed-form expression of the intrin-
sic drift coefficient in Eq. (71) with the identified linear factors
into GE-GDEE (70), the transient PDF solutions of X;(t) and V;(t)
can be captured. GE-GDEE (70) can be solved as a general two-
dimensional PDE, such as path integral solution (PIS) [31]. The
transient PDFs at t = 15 are shown in Fig. 7. The covariance histo-
ries of X;(t) and V(t) can also be obtained by relying on the tran-
sient PDF solution, which is shown in Fig. 8. Figures 7 and 8 also
comprise the MCS results of transient PDF solutions and variance

10°
s
2
210
—MCS (104 samples)
- - -GE-GDEE
10" : : :
-2 -1 0 1 2
(b) X, (t) (log-coordinate);
100
2
(@]
£ 2
107
——MCS (10* samples)
- - -GE-GDEE
107 :
-0.5 0 0.5

v

(d) V,(t) (log-coordinate)

Fig. 7. Transient PDFs of X,(t) and V|(t) at t = 15 in Example #3. (@) X;(t) ; (b) X(t) (log-coordinate); (c) V;(t) ; (d) V;(t) (log-coordinate).
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Fig. 8. Variance and Covariance histories of X;(t) and V;(t) in Example #3. (a) Variance history of X,(t) ; (b) Variance history of V;(t) ; (c) Covariance history of X;(t) and

Vi(©).

histories, respectively, as comparison. The consistency of the re-
sults in Figs. 7 and 8 supports the conclusions drawn in previous
discussion.

It is also seen from Fig. 8 that the response statistics obtained
by the GE-GDEE with intrinsic drift coefficient identified based on
the data from 200 samples are quite more accurate than the MCS
results directly estimated from the 200 samples. This indicates that
the GE-GDEE has much higher accuracy and efficiency when using
the same number of deterministic analyses. The detailed discussion
on this numerical superiority can be found in Refs. [28,31].

In the paper, an exact low-dimensional PDE governing the tran-
sient PDF of any quantity of interest in a multi-dimensional linear
fractional differential system subject to Gaussian white noise has
been derived relying on the formalism of the GE-GDEE. The ana-
lytical expression of the intrinsic drift coefficient in the GE-GDEE
has been discussed. In this context, the following conclusions may
be drawn.

(1) If a process is governed by a one-dimensional linear
stochastic fractional differential equation, or is a component of
a vector process governed by a multi-dimensional linear stochas-
tic fractional differential equation, its transient PDF satisfies a
dimension-reduced GE-GDEE with analytical intrinsic drift coeffi-
cient. The intrinsic drift coefficient is a time-variant linear function
of the process considered.

(2) For multi-dimensional linear fractional differential systems
subject to Gaussian white noise, by estimating the inherently-
linear intrinsic drift coefficient in the GE-GDEE, the stochastic
response can be determined with high accuracy and efficiency.
Specifically, the accuracy and robustness of the results of the GE-

GDEE are much superior to that of the MCS based on the same
sample data, and the accuracy of at least the order of magnitude
of 10 can be achieved in the tail of the PDF.

Though the above investigation is limited to linear fractional
differential systems subject to additive Gaussian white noise, it
provides a set of remarkable rigorously proved examples on the
existence and eligibility of GE-GDEE for the case that the origi-
nal high-dimensional system itself is non-Markovian, and an in-
formative demonstration for the physical-mechanism-informed de-
termination of the intrinsic drift coefficient of GE-GDEE, and pro-
vides insights for tackling more complex nonlinear systems. The
GE-GDEE and intrinsic drift coefficient for linear fractional differ-
ential systems subject to other stochastic excitations, such as mul-
tiplicative noise, colored noise or Poisson white noise, are worth
studying in the future. Further, the ideas can be extended to the
nonlinear fractional differential systems.
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Appendix

Consider a n-dimensional linear integer-order differential sys-
tem subject to Gaussian white noise governed by the equation

dY (t) = A()Y (t)dt + LAW (t). (A1)

where A(t) is an n x n time-varying matrix; L is an n x r matrix;
and W (t) is an r -dimensional standard Wiener process vector, i.e.,
W (t) ~ N0y, I;t), and E[W ()W (t + 7)] = I;t. The initial value of
Y (t) satisfies

Y(0) ~ N (o, Xo). (A2)

Then, the transient mean vector p(t) and covariance matrix
% (t) of process Y (t) can be determined by the equation

t
() = E[Y ()] = exp ( | A(f)dt)ll«o» (A3)
and
(0 =E[Y (Y ()] - pOMT(®)
t t
= exp (/0 A(r)dr) o exp (/0 AT(t)dr)

+/0t exp (/:A(u)du) LL" exp (f:AT(u)du)dt. (A4)
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