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Kurzzusammenfassung

In dieser Dissertation untersuchen wir Cherkis Bogenvarietdten und deren Beschrei-
bung als lineare Fliisse auf der Jacobischen Varietét einer bestimmten Spektralkurve.
Wir beschreiben explizit die Bogenvarietét eines deformierten Instanton-Modulraums
tiber der Taub-NUT-Mannigfaltigkeit, das heifit wir beschreiben die Bogenvarietét, die
aus einem Pfeil und einem Intervall mit » A-Punkte besteht, und finden eine spek-
trale Darstellung in Form von Bedingungen an spezielle Divisoren. Wir finden eine
asymptotische Metrik fiir diese Bogenvarietdt, indem wir mittels Methoden aus der
Twistortheorie einen Modellraum konstruieren und zeigen, dass die zugehorige Metrik
asymptotisch nah an der eigentlichen Metrik der Bogenvarietit liegt.

Abstract

In this thesis we study Cherkis bow varieties and its description in terms of linear flows
on the Jacobian variety of certain spectral curve. We describe explicitly the bow variety
of a deformed instanton moduli space over Taub-NUT, i.e. the bow variety consisting
of one arrow and interval with r A-points, and find a spectral description in terms of
conditions on certain divisors. We find an asymptotic metric for the bow variety by
constructing a model space using twistor methods and showing that the corresponding
metric is asymptotically close to the one of the bow variety.
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Hyperkéhler geometry, bow varieties, Nahm equations, moduli space, instanons, asymp-
totic metric
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1 Introduction

Sergey Cherkis introduced a method of constructing complex varieties, the so called
bow varieties, in [Che09], [ChelO] and [Chell]. These are moduli spaces of solutions to
Nahm equations with certain boundary conditions which carry a hyperkéhler structure.
The idea of the construction of bow varieties is the same as for quiver varieties. In fact,
a bow can be seen as a generalization of quiver in the sense that all vertices of a quiver
are replaced by intervals of certain length. If the length of all those intervals goes to
zero, we obtain the original quiver back.

The bow variety can be obtained from a certain bow by choosing a representation, i.e.
defining some data. A hermitian vector bundle is associated to every interval contained
in the bow. These bundles carry Nahm data, meaning there are u(k)-valued functions
T; defined on every hermitian bundle which satisfy Nahm equations

ST — [To(s), ()] = el (5), i)

2

for i,j,k € {1,2,3} and €;j being the Levi-Civita symbol. These functions may have
some rank 1 jumps on the interval. The arrows between the intervals yield data in form
of homomorphisms between the fibres over the boundary points of the interval. This
space of data, denoted by Dat(R), carries a natural action of a gauge group G given by
U(n)-valued functions. The bow variety is then given as the hyperkihler quotient of
the space of data with the gauge group action

M := Dat(R) JJ/G.

It is well known that solutions to Nahm equations on the line can be used to describe
monopole spaces. This was done by Nahm [Nah81] and has been put into a larger
picture by Hitchin [Hit83]].

In [Chelll] Cherkis identified some basic bow varieties with ALF-spaces and the
varieties of some more complicated representations with moduli spaces of instantons
on these ALF-spaces.

There is another correspondence which is necessary to appropriately describe bow
varieties. This correspondence is between bow varieties and spectral data. A spectral
curve is an algebraic curve S embedded in the total space [Op1(2)| of the bundle O(2)
over the complex projective space CIP'. It is given by the vanishing of the characteristic
polynomial of some matrix valued polynomial on CIP*:

§={(n,0) €[0(2)] : det(yld — A(Z)) = 0}.
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Nahm equations define such a spectral curve in a natural way. They can be written as a
Lax pair equation

EA(S' g) = [A(S, g)/ B(S, g)]

where

A(s,0) = (Ta(s) +iT5(s)) + 2iTa(s)¢ + (Ta(s) — iTa(s)) %,
B(Z,s) = iTi(s) + {(Ta(s) — iTs(s)).

This polynomial in { now defines a spectral curve which is independent of the value of
the parameter s. This is because Nahm equations are isospectral.

For a smooth spectral curve S there is an important result of Beauville [Bea90]:
The quotient by PGL(C) of the variety of matrix valued polynomials in { whose
characteristic polynomial P(7,{) is fixed is in 1-1 correspondence with the Jacobian
variety Jac® ! (S)\@ of the spectral curve S in |O(2)| cut out by the equation

P(y,¢) := det(yld — A()) = 0

without the theta divisor ©.

The Jacobian variety Jac® !(S) of the spectral curve S is a variety consisting of
equivalence classes of line bundles on S with a fixed degree d and the canonical theta
divisor O is the set of classes of line bundles which have a non trivial global section.

Given this correspondence, it can be shown (see [Hit83]) that solutions to Nahm
equations, i.e. solutions to Lax pair equations, are in 1-1 correspondence with linear
flows on the Jacobian Jacs~1(S)\@®, i.e. they belong to a linear flow of line bundles
L — L ® L* where L is of degree zero.

In this work we will explicitly describe the bow variety which arises from the simple
quiver consisting of a single point together with a single arrow leading from the point to
itself. The complexity will lie in the fact that we allow the solutions to Nahm equations
to have several rank 1 jumps on the interval. Moreover, we will describe this bow
variety in terms of spectral data, which will need some more methods to translate all
the boundary conditions into the language of spectral curves.

In addition to that, we are interested in the instanton moduli space that arises
from this bow variety. There are some examples of instanton moduli spaces that look
similar to our case, but are more restrictively (see [Nak99], [Tak15], [Nek98] and also
[CLHS21a] and [CLHS21b]). [CH19] and [CH21] give a description of how to relate
bows and bow varieties with instantons and how to define a classification for them.
Further, there is an interpretation of bow varieties in terms of Coulomb branches of the
underlying quivers in [NT17], which also fits into the construction in [CH21] describing
the same manifold as a Higgs branch.

Bielawski [Bie99] already gave a construction of an asymptotic metric for SU(n)
monopole spaces by building a model space using twistor methods. Therefore, we will
construct an asymptotic metric for the bow variety in a similar way.



This work is structured the following way:

In chapter [2| we will recall some basic concepts and introduce notations for later
purposes. These are all well known. We will describe the construction of hyperkahler
quotients according to [HKLR87], because bow varieties are given as those quotients.
Further, we will repeat some theory about sheaves, line bundles and divisors, because
this will be needed when describing the spectral picture of bow varieties. Lastly, we
will recall briefly the definition of spectral curves and their Jacobian varieties and,
thus, we will already give an example for the spectral curve corresponding to Nahm
equations of rank 2.

Chapter [3| will focus on the introduction of the object of main interest for this work.
We will define bow diagrams and explain how bow varieties arise from them. By doing
so, we will mostly follow the description in [Chell]. We will explain how bow data
can be defined over a bow diagram and give a description of the gauge group action.
Eventually, we will explicitly calculate the moment maps and their conditions and
describe the bow variety as a hyperkéhler quotient.

This chapter further explains Nahm equations. This is due to the fact that the
essential point in writing down a bow variety is solving Nahm equations. We will
show how Nahm equations are related to Yang-Mills equations and recall some known
solutions for rank one and two. Furthermore, we will introduce some different forms
of expressing Nahm equations, which will be used later in this work. One is the
complex form, where two u(k)-valued functions each are conbined to gl (C)-valued
functions and we obtain a complex and a real equation. The other one are the so called
Basu-Harvey-Terashima equations. They are the lift of Nahm equations to their double
cover. This form is inspired by the work in [Biel5]. At the end of the chapter we will
use the Basu-Harvey-Terashima equations to illustrate our result that higher order
representations of the bow diagrams in [Chell], which lead to Ax-ALF spaces, do not
contain any more information. In fact, if we choose a representation of rank n instead
of rank 1, we obtain the n-th product of the corresponding ALF space.

In chapter ] we will describe the spectral picture of bow varieties. Therefore, we will
state the Beauville correspondence [Bea90] and give a sketch of the proof. Then we
will show, that we can assign linear flows on the Jacobian of the spectral curve which
do not lie in the theta divisor to solutions of Nahm equations. Further, we have an
additional real structure on spectral curves that arises from Nahm data, which will be
explained. At the end of the chapter we will discuss how the rank 1 jump of solutions
to Nahm equations translate into a condition on the spectral curve. In fact, we will find,
following [HM89], that it corresponds to conditions on certain divisors on the involved
spectral curves.

Chapter 5| finally yields the main results of this work. An explicit example of a bow
variety will be discussed, namely a one given by a single interval together with a single
arrow, which has a representation in terms of rank kK Nahm equations which have r
rank 1 jumps on the interval. We will describe this bow diagram with all the boundary
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conditions that arise in this case and translate it to the spectral curve to give a full
description of that viewpoint.

Further, we recall the method of [Bie99] to construct a model space for the asymptotic
metric and adapt it to our variety. Eventually, we will use an ansatz with the Gibbons-
Manton metric and show that it is asymptotically close to the metric on the bow variety.
There is also an article about this bow variety by Roger Bielawski, Sergey Cherkis and
the author of this thesis [BBC22]



2 Preliminaries

2.1 Hyperkahler quotients

In this section we want to recall some basic properties about hyperkihler manifolds and
discuss a method for constructing new hyperkéhler manifolds the so called hyperkéhler
quotient invented by Hitchin et al [HKLR87]. This construction will be of great
importance as all bow varieties will arise as such quotients. Finally, we will give
an explicit example of how the Taub-NUT space can be seen as a hyperkdhler quotient.
This example was studied together with many others in [GRG97], but nonetheless it
is worth studying it here, because on the one hand it is a quite simple example to
demonstrate how the quotient construction works and on the other hand it will be the
basis of an important class bow varieties, namely the ones that describe instantons on
the Taub-NUT space.

2.1.1 Hyperkdhler manifolds

The first thing we need to do is to define Kéhler and especially hyperkdhler manifolds
and discuss some of their properties.

Definition 2.1. Let (M, J) be a complex manifold of real dimension 21 and let g be
a hermitian metric on it. M is called a Kihler manifold, if the associated fundamental
2-form of w of g (i.e. w(—, —) = g(—,J—)) is closed. w is called the Kihler form.

Alternatively, one could define a Kdhler manifold as a symplectic manifold with an
integrable almost complex structure that is compatible with the symplectic form.

Proposition 2.2. (M, ], w) is a Kihler manifold if and only if the fundamental form w has
locally a potential K (called the Kdhler potential) such that

w = i99K.

Definition 2.3. A hyperkihler manifold is the tuple (M, g, I, ], K) where M is a real 4n
dimensional manifold, g is a Riemannian metric and I, ] and K are complex structures
such that all three triples (M, g,I), (M, g, ]) and (M, g, K) are Kihler manifolds and the
three complex structures satisfy the quaternionic relations

P==K*=IJK=—Id.
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Now, we obtain three Kédhler forms named after the respective complex strucures wy,
wj and wg and also three Kéhler potentials K, Kj and K.

As all hyperkdhler manifolds must be of dimension 4n the first example is the
quaternionic space H itself. We can identify H with R* with the standard metric and
find local (matrix) representations for the three complex structures, e.g. the following

0 -1 0 O 0 0 -1 0 00 0 -1
[— 1 0 0 O , J= 0 0 0 1 , K— 00 -1 0
0 0 0 -1 1 0 0 O 01 0 O
0 0 1 O 0 -1 0 O 10 0 O

2.1.2 Moment maps

A basic ingredient for defining hyperkdhler quotients is the so called moment map.
This is a concept which does not require hyperkahler manifolds but only symplectic
manifolds.

So, let (M, w) be a symplectic manifold and G be a Lie group acting smoothly and
by symplectomorphisms on M, i.e. the symplectic form w is preserved by the action
o : G — Diff(M):

r(g)'w=w, VgeG.

Now, let X € g be an element of the Lie algebra of G. Then exp(tX) is a smooth path
in the Lie group G and the action of G on M gives us the fundamental vector field X*
corresponding to X defined by

X#} =—| o(exp(tX))-p

t=0

describing the infinitesimal action of X. As G acts via symplectomorphisms, we have
Lxsw = 0 and therefore Cartan’s formula yields

0=d(ixyrw) + 1xpdw = d(1xrw).

Here 1y+w is the contraction of w with X*, i.e. iysw(—) = w(X*, —). The second term
above vanishes because as a symplectic form w is closed and thus iy#w is a closed
1-form. If 1+ is also exact for every X € g then we obtain a smooth function X on M
such that duX = iysw. This function is called a Hamiltonian function and it is unique up
to an additive constant. Such a set of Hamiltonian functions induces a map u : M — g*
from the manifold in the dual of the Lie algebra by

p e (X))

where we define
Hp(X],) = pu*(p)-
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yu is called a moment map, if it is G-equivariant in terms of the coadjoint action of G on
g%, i.e. Ad(g )"y = Ho(g).p- This is always the case, if G is semi-simple or compact
[HKLRS7].

If a moment map exists (i.e. if iy#w is exact for all X € g and p is G-equivariant),
then the action of G on M is called Hamiltonian.

2.1.3 Hyperkahler quotients

It is well known that for a compact Lie group G acting smoothly and freely on a
manifold M the quotient M /G is again a manifold such that the projection 77 : M —
M/G is a smooth submersion. In this section we define a special case of quotient,
namely the hyperkéhler quotient, and show under which circumstances they inherit
properties like being a manifold or being hyperkihler from the original space.

So let us consider a hyperkihler manifold (M, g, I, ], K) and a compact Lie group
G acting smoothly, freely and by isometries on M and suppose the action to be tri-
hamiltonian. As Kéhler manifolds are also symplectic manifolds this means that there
exists a moment map for each of the three Kéhler manifolds (M, g,I), (M, g,]) and
(M, g, K) which we denote by yy, ji; and pig. We can write this in a single moment map

piM—g- R

Let us suppose that ¢ = (cy, ¢j, ck) is a regular value of y. Then we define the hyperkihler
quotient as the following quotient:

MG :=uYc)/G = (u; (c1) N yj_l(c]) Nug'(cx))/G.
We have the following theorem from Hitchin et. al. [HKLR87]:

Theorem 2.4. Let (M,g,1,],K) be a hyperkihler manifold of real dimension 4n and G a
compact Lie group acting on M as above. Then the hyperkihler quotient M /J/G is again a
manifold of dimension dim(M) — 4 dim(G) and it carries a hyperkihler structure.

The idea of the proof is the following. For convenience we choose the level set
¢ = 0. We start with a Kédhler manifold (M, g,I). We have the dim(M) — dim(G)
dimensional submanifold 1 ~!(0) of M. Since we chose u to be equivariant, G acts
freely on 11~1(0) and we can write down the quotient manifold 3~ (0) /G of dimension
dim(M) — 2dim(G). We have a natural 2-form ¢ on the quotient given by the symplectic
form on 3~1(0). Explicitly, if X1, X € I'(Tu~1(0)) and X4, X, € I(T(4~1(0)/G)) such
that the projection sends X; to X;, the 2-form is given by 0(X;, X2) = w(X3, X2). One
can show (cf. [HKLR87]) that this defines a symplectic form on the quotient.

To show that the quotient is a Kdhler manifold we need to show that the induced
metric on the quotient is again Kahler. The idea for this is to split the tangent bundle of
#~1(0) into a horizontal and a vertical subbundle. Hitchin shows [HKLR87] that the
Levi-Civita connection of the quotient metric on 1~(0) /G lifts to a connection on the
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horizontal subbundle of Ty ~1(0), which is the orthogonal projection of the Levi-Civita
connection on Tu~1(0). The orthogonal subbundle H is a complex vector bundle, which
can be seen by showing explicitly that its orthogonal complement in TM is complex.
Therefore, the complex structure I commutes with the Levi-Civita connection and with
the orthogonal projection (as g is a Kdhler metric and H is a complex vector bundle)
and therefore it commutes with the Levi-Civita connection on the quotient, what turns
the quotient into a Kédhler manifold.

This proof extends to hyperkdhler quotients the following way: We define the complex
function py = pp +ipz : M — g* ® C, such that duX(Y) = wa(X,Y) +iws(X,Y)
satisfies du¥ (IY) = idu% (Y) for all vector fields Y. u¥ is a holomorphic function and
hence 1 '(0) is a complex submanifold of M with respect to the complex structure
I and the induced metric is a Kahler metric. G acts on u ' (0) preserving the Kahler
form and the moment map of that action is the restriction of the moment map 4
to 45 !(0). This means by the argument above for Kahler quotients that the quotient
metric on (u3'(0) N u;1(0))/G is again a Kihler with respect to the complex structure
I. By repeating this procedure for the complex structures | and K, we obtain a Kadhler
structure with respect to | and K on the quotient and therefore a hyperkahler structure.
The space u~1(0) = p;*(0) N ptl_l (0) N ' (0) is the intersection of the level sets of three
moment maps, each of them giving dim G independent constraints (as the complex
structures are linearly independent). Thus, the dimension of the hyperkdhler quotient
MJJ/G is dim(M) — 3dim(G) — dim(G) = dim(M) — 4dim(G).

2.1.4 Example: The Taub-NUT space

To complete this section we want to consider an explicit example to see how the
hyperkihler quotient construction works. For this purpose the Taub-NUT space is an
easy example and it is an important basis for describing bow varieties. This example
together with many others was discussed in [GRG9Y7] and we follow the calculation
there.

We start with the product manifold

M=H x H.

There are different ways to express quaternions. We choose coordinates (y,y, ¢, r) on
M, such that for each (q,w) € H x H we have w = (y +y) and q = (¢, r) with r = gig,
Y € [0,2n] and y = %(w — w) with y € R. This choice of coordinates needs some
explanation.

While w is the standard representation of a quaternion (y is the real part whereas y
is the 3-dimensional imaginary part) the choice of coordinates g comes from the fact
that we have a U(1) action q — ge'*, t € (0,27 of right multiplications on H which
is free away from the origin and preserves the hyperkahler structure —1dg A dg and
hence induces a moment map y = %qiq whose orbits are IR3. This moment map induces
a Riemannian submersion R*\ {0} — R3\ {0} whose fibres are circles S'. The choice
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of coordinates g = (¢, r) is adapted to that submersion. In these coordinates the flat
metric dgdg on H reads ; (1dr? + r(dy + (w,dr))?). Hence the flat product metric on
H x H is

1/1
ds? = 1 (rdr2 +r(dy + (w, dr))z) + dy? + dy?.
Here, r = ||| is the standard norm on R3, (—, —) is the standard inner product on R3

and rot(w) = 1 is the rotation operator on R®.

We now want to construct the Taub-NUT space as a hyperkdhler quotient from this.
The hyperkahler structure of H is invariant under right multiplications as above and
also under real translations. Therefore, we have the following action on M. Let A € R
be fixed. We have an R-action on H x H given by

(q,w) = (ge",w — At).
The moment map for this action is

1. A L1
p=54qiq+ 5 (w—m) = Jr+Ay.

The level set 1 ~1(0) € M is therefore defined by the equation y = — 55 r. Further, writing
the action in terms of the coordinates (y,y, ¢, r) on M we have (i, y) — (¢ +2t,y — At),
which leaves T := ¢ + 273/ invariant. Chosing T as a new coordinate we can write the
induced metric on u~1(0) as

ds® = 1 1d1:2 +r(dt — zdy + (w,dr))? ) +dy? + idr2

4 \r A ’ 20

We obtain the hyperkihler quotient now by taking the quotient of x~1(0) with the
R-action. As the R-action is now only a translation in y, we obtain the quotient metric
on 11~ 1(0) /R by the projection of the metric orthogonal to % which is

1/1 1 1/1 1\7!
d52:4<r+/\2>d1‘2+4<r+)\2> (dT—|—<w,d1'>)2,

which is the standard metric on the Taub-NUT space.

2.2 Sheaves and line bundles

2.2.1 Sheaves and sheaf cohomology

In this section we repeat the definitions of sheaves and give a cohomology theory for
them. All of these constructions can be found in [GH78|] and [Har77].

Definition 2.5. Let (X, T) be a topological space. A presheaf of (abelian) groups on X is a
collection denoted by F of the following data:
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e an abelian group F(U) for every open subset U € T,

* a group homomorphism pyy : F(U) — F(V) for every inclusion V C U of open
subsets.

Those restriction homomorphisms must satisfy the following conditions:
1. Fyu =1d,
2. puw = pvw © puv for every inclusion of open sets W C V C U.

The group F(U) is the space of sections on U, i.e. an element s € F(U) is a local
section, whereas an element s € F(X) is a global section. We introduce the following
notation of the restriction map: Let V' C U be open sets and let s € F(U). We set

slv = puv(s)-
Definition 2.6. A sheaf on X is a presheaf on X satisfying the following conditions:
1. Locality: Let U,V € T be open sets and let s € F(U U V) be a local section. If
slu=0=sly
then s = 0.

2. Gluing property: Let U,V € T be open sets and let s € F(U) and t € F(V) be
local sections. If

slunv = tlunv

then there is a local section m € F(U U V) such that

m|u:S, m|V:t.

There are many examples of sheaves. Here we want to give the ones used later in
this work. Let M be a Riemann surface or more generally a complex manifold. Then
we have the following sheaves

® Z is the sheaf is locally constant functions with values in Z,

C is the sheaf is locally constant functions with values in C,

O also called the structure sheaf of a complex manifold is the sheaf of holomorphic
functions,

O~ is the sheaf of nowhere vanishing holomorphic functions,

* O(L) is the sheaf of section in the holomorphic line bundle L over M.

10
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Definition 2.7. Let (X, 7") be a topological space and let 7 and G be (pre-)sheaves on
X. A morphism between (pre-)sheaves ¢ : 7 — § is a collection of homomorphisms
between (abelian) groups ¢y : F(U) — G(U) for each open set U € T such that the
following diagram commutes for all inclusions of open set V. C U

Fu) 2 g

lPUV J/Puv
FV) 25 gv)

This enables us to define kernels and cokernels of sheaf morphisms in order to write
down a cohomology theory. If we have a sheaf morphism ¢ : 7 — G we define the
kernel of ¢ to be the collection ker ¢y = ker(¢y : F(U) — G(U)) for every open set
U € T. Together with the restriction map inherited from the sheaf F we see that ker ¢
defined this way is again a sheaf.

Defining the cokernel in the same way defines in general not a sheaf but only a
presheaf. The standard example for this is the morphism exp : O — O* on C\{0} given
by f — exp(2rif). The section f(z) = z € O*(C\{0}) is not in the image of exp as
log is not defined on C\{0}, but its restriction to any open contractible set U € C\{0}
is. This means, z is a nonzero element of coker(exp)(C\{0}) but its restriction to any
contractible open set is locally the zero section. This contradicts the gluing property of
sheaves and thus the cokernel defines only a presheaf. There is a general method of
turning a presheaf into a sheaf called sheafification (see [Har77]). For the special case of
the cokernel this works as follows. Let {U;} be an open cover of U and let s; € G(U;).
We define the cokernel of a homomorphism ¢; : F(U) — G(U) to be the collection
(U,-, Si)ie] such that

silunu; — sjluny; € eunu (F (Ui N Uj)).

If we have two such collection (Uj,s;) and (U;,3;), we identify them, if for every
p € U; N U; there exists an open neighbourhood V of p with V C U; N Clj such that

silv —3jlv € pv(F(V)).

Definition 2.8. A short sequence of sheaves

0sesrFrlgoo

is called exact, if £ = ker B and G = coker(a). We call G the quotient sheaf G := F /& of
F by £ and the sequence is called the cokernel sequence.

11



2 Preliminaries

A basic example for a short exact sequence is the exponential sequence on a complex
manifold, which we will also need later. It is the following sequence

0 AN i LG N

where j : Z — O in the inclusion map. We write 1 for the last sheaf instead of 0,
because O is a sheaf of multiplicative groups (multiplication is given by multiplication
of holomorphic functions such that the identity is the neutral element).

More generally, we can also define exactness for long sequences of sheaves.

Definition 2.9. Let (X, 7") be a topological space, F, be sheaves on X and ¢, : F, —
Fn+1 be sheaf morphisms for all n € IN. The long sequence of sheaves

Pn Pn+1
Fu Fui1 —— Fuyo —— ..

is called exact, if ¢, 11 © ¢, = 0 and the short sequence
j

[
Fn

0 —— ker(¢n) ker(¢p41) —— 0

is exact for all n € IN.

This now gives us all we need to define a cohomology theory for sheaves, which we
call the Cech cohomology. Let (X, T) be a topological space and let U = {U;};c; be a
locally finite open cover for X. We define

W, F) =[x
i€l
c'u,F) =[] Fu,nuy)

ig<iy

cwu,r) =[] Fu,n..nu;)

ip<...<ip

Elements s € CP(U, F) are called p-cochains and are given by a family s = (sz)7_,...i, e+
such that s, i, € F(U;, N...NU;,).
We define the coboundary operator 6, : C?(U, F) — CP*1(U, F) by

(5PS)ZO ///// i;H»l = Z(_l)]slozjlr) ’Ufo ﬂ“'mufp

We have the following proposition:

Proposition 2.10. The composition 6,41 06 : CP(U, F) — CPY2(U, F) is the zero map.

12
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Proof. This can easily be calculated:

p+2
k
(5p+1 O5ps>io,..-,ip+z = (-1) (5P5)i0 ..... Tepeuriip 2
k=0
p+2 p+2
k !
= ( 1) Z(_ ) io,...fk ..... 1] yeees ip+2
k=0 1=0
14k
p+2
k - k I
= (D (=D + (DD s aas
"fk’;‘) k<l k>1
=0.

A p-cochain s is called a p-cocycle, if 5,5 = 0 and we write
Z(U,F) = ker(6,) C CP(U, F).

Further, a p-cochain s is called a p-coboundary, if s = &, _1t for some p — 1-cochain t and
we write

Zr )
Sp-1(CP7HU, F))

(U, F) =

Thus, H? (U, F) is the p-th Cech cohomology group.

Note that this definition of cohomology depends on the choice of the cover U/. We
can it make independent of the choice by taking the direct limit over refinements of
open covers

HY (M, F) = liLnH”(L{,]-").
u
This is well defined (see e.g. [GHZ8]), but not suitable for calculation. A solution to
this problem is to take special covers (so called Leray covers) which have the property
that the Cech cohomology groups with respect to that cover coincide with the direct
limit. This is the following theorem.

Definition 2.11. Let (X, 7") be a topological space and let F be a sheaf on X. A locally
finite open cover U = {U;};c for X is called a Leray cover, if HP (U, N ...N u;,) = 0 for
all p > 0andall iy, ...,i; € I.

Theorem 2.12 (Leray’s theorem). Let (X, 7T") be a topological space and let F be a sheaf on
X. IfU is a Leray cover of X, then

H* (U, F) = H*(X, F).

13
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A proof of Leray’s theorem can be found in [GPR%4].
Let us discuss an important example.

Example 2.13. Let M be a Riemann surface and L be a holomorphic line bundle over M.
Consider the space of holomorphic sections O(L) of L. If U is a locally finite open cover and
s € H'(U,O(L)), then we have

((505)1']‘ =S; — S]‘.
This vanishes if and only if these local expressions glue together to a global section. Thus,
HY(M,O(L)) = kerdy = H°(M, L) is the space of global sections of L, where H*(M, L) is
the standard Dolbeault cohomology group.

To finish this section, let us introduce the notation of locally free sheaves and invertible
sheaves.

Definition 2.14. Let M be a complex manifold and O its structure sheaf. A sheaf F on
M is called locally free of rank k, if for every p € M there is an open neighbourhood U
around p and an isomorphism ¢ : F(U) — O(U)%*. If the rank k = 1, the sheaf F is
called invertible.

We can identify locally free sheaves with holomorphic vector bundles, as there are
two inverse constructions.

First, we start with a holomorphic vector bundle E of rank k over a complex manifold
M and we denote by £ the sheaf of holomorphic sections of E. In a local trivialization
we can write for every s € £ the local representation s = Zle fiei, where the e; are a
local frame for E and the f; are holomorphic functions. Hence, the bundle £ is locally
free.

On the other hand, let M be a complex manifold and £ a localy free sheaf on it.
This means, we have an open cover {U,} of M and local isomorphisms g, : £(Uy) —
O(Ua)@k . On the overlap U, N Ug we obtain an isomorphism

8ap = th|UmUﬁ Oglgl‘(’)(umuﬁ)@k tO(U N uﬁ)@k — O(Ux N U/S)@kr

which is given by an invertible k x k-matrix, whose entries are holomorphic functions.
These matrices g,p satisfy the cocycle condition and are therefore transition functions,
which define a holomorphic vector bundle E.

As these constructions are inverse to each other, we have a 1-1 correspondence be-
tween locally free sheaves and holomorphic vector bundles and hence a correspondence
between invertible sheaves and holomorphic line bundles. In this work we will use
both expressions depending on the context.

2.2.2 Divisors and line bundles

Another important tool from algebraic geometry are divisors. These are roughly
speaking formal linear combinations of analytic hypersurfaces in a complex manifold.

14
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With our knowledge from the previous section we can relate them to the zeros and
poles of meromorphic functions and we can associate line bundles to divisors. This
will be important for this work, because from the spectral data corresponding to bow
varieties we can get some obstructions on several divisors occurring in the theory and
helping us to describe bow varieties. In this section we follow the argumentation in
[GH78].

We start with defining the group of so called Weil divisors Div(M). These are more
or less linear combinations of some hypersurfaces, so we need to discus them first.

Definition 2.15. Let M be an n-dimensional complex manifold. An analytic hypersurface
V C M is an n — 1 dimensional subvariety locally given as the zero set of a single
holomorphic function on M, i.e. V is an analytic hypersurface, if for every point p € V
there exists a neighbourhood U around p such that VN U = {f~1(0)}. The function
f is called a local defining function for V and it divides every holomorphic function g
defined around p and vanishing on V N U.

Definition 2.16. An analytic hypersurface V. C M is called irreducible, if it can not
be written as the union of analytic hypersurfaces V # V; U V; for Vq, V, C M with
Vi, Vo # V. V is irreducible at a point p € V, if there is a small neighbourhood around p
such that V N U is irreducible.

An analytic hypersurface being irreducible means that the local defining function can
not be factorized into holomorphic functions f; and f, having their zeros on V. Locally
in a neighbourhood around a point p € V an analytic hypersurface V can uniquely be
written as the finite union

V=Vu..uV

of irreducible analytic hypersurfaces at the point p. We can now define Weil divisors as
follows.

Definition 2.17. A Weil divisor D is the locally finite formal linear combination of
irreducible analytic hypersurfaces of M:

D= ZaiVi.
i

The set of Weil divisors on M is an additive group denoted by Div(M).

Locally finite means that every point p € M has a neighbourhood that intersects with
only finitely many of the V;. If M is compact, then the sum is finite. We can identify
every analytic hypersurface V on M with the divisor D = ) ; V; where the V; are the
unique irreducible components of V (V = V; U...U V}).

On the other hand we can define divisors in terms of sheaves of meromorphic
functions. These will be the so called Cartier divisors.

Recall that a meromorphic function f on M is an equivalence class locally given by
the quotient of holomorphic functions f = §. Le. for an open cover {U;} f is given as

15
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fi=flu= % for relatively prime holomorphic functions g; and h; satisfying gih; = gjh;
on the overlap U; N U;.

We can now define the sheaves M of meromorphic functions on M (additive) and
M* of meromorphic functions not being identically zero (multiplicative). We then can
define the quotient sheaf M*/O*. A global section of this quotient sheaf is given by a
locally finite open cover {U;} of M together with meromorphic functions f; € M*(U;)
such that on every intersection U; N U; we have

As M*/O* is a sheaf on M we can define Cech cohomology for it. As we have seen in
the previous section the space H’(M, F) is the space of global sections of the sheaf F.

Definition 2.18. The group H°(M, M*/O*) is called the group of Cartier divisors.

In the following we will see that on complex manifolds the group of Weil divisors
and the group of Cartier divisors can be identified with each other. To see this, we
have to introduce the order of holomorphic and meromorphic functions and discuss
the zeros and poles of them.

Definition 2.19. Let V C M be an irreducible analytic hypersurface of a complex
manifold M, let p € V and f be a local defining function for V near p. Let g be a
holomorphic function on M. We define the order of g along V near p as the largest m € IN
such that f™ divides g, i.e. such that g = f"h for some holomorphic function 1. We
write ordy ,(g) for the order of g along V at p.

The order is in fact independent of the choice of the point p, because it is locally
constant and V' is connected as it was supposed to be irreducible. We clearly have

ordy(gh) = ordy(g) + ordy (k).

Thus, we can define the order also for meromorphic functions as follows: Let f be a
meromorphic functions locally given as f = § for some holomorphic functions g, h.
Then we set ordy (f) = ordy(g) —ordy(h). We say f has a zero of order k along V if
ordy(f) =k > 0 and f has a pole of order k along V if ordy (f) = —k < 0. The order of a
meromorphic function gives rise to a special Weil divisor.

Definition 2.20. Let f be a meromorphic function on M. Then we define the following
Weil divisor

(f) = Y ordv(F)V,
14

where the sum goes over all irreducible analytic hypersurfaces in M.

This is well defined as the sum is locally finite. Now we have the following theorem
(IGH78]):
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2.2 Sheaves and line bundles

Theorem 2.21. Let M be a complex manifold. Then we have
Div(M) = HY(M, M*/O).

Proof. Take a Cartier divisor, i.e. a global section of M*/QO*. The condition in; €
O*(U; N U;) means that ordy(f;) = ordy(f;). Therefore, the Weil divisor D =
Y vordy(f;)V is well defined, where for each V we choose i such that VN U; # @.
On the other hand, let D = )", 4;V; be a Weil divisor. Let {U,} be an open cover such
that only finitely many V; intersect each of the U,. Let each V; have a local defining
function f; € O(U,). Then f, := []; f{" is a meromorphic function on U,. f, is defined
up to multiplication with an element of O* (U, ), because the local defining functions
are unique up to a non vanishing factor and thus {(Uy, f»)} defines a global section of
M*/O* and therefore a Cartier divisor. O

As an example consider M to be a Riemann surface. Then the divisor (f) is just
given as (f) = Y, m;z;, where the z; are the distinct zeros and poles of f and the m;
are the corresponding multiplicities.

Now, having a description of divisors, we want to give a construction to associate a
line bundle with a divisor. This is crucial describing flows on a Jacobian variety in the
spectral picture of bow varieties.

On a complex manifold M we can define the so called Picard group, which gives the
set of holomorphic line bundles on M the structure of a group.

Definition 2.22. Let M be a complex manifold. The set of holomorphic line bundles
on M can be equipped with a group structure the following way: Let L and L be line
bundles on M given by their transition functions g,, and §,; respectively. We define
the product of the two bundles via tensor product LL = L ® L given by the transition
functions g3, The inverse is given by the dual bundle L* with transition functions
g;bl. We call this group the Picard group and denote it by Pic(M).

We have the following observation (se e.g. [GH78]):
Lemma 2.23. Pic(M) = H' (M, O*).

Proof. Let 7 : L — M be a holomorphic line bundle on a complex manifold M given
by transition functions g,; = @, 0 @, . u,nU, — C* for some local trivialization
{U,, .} with ¢, : a1 (U;) — U, x C of M. The transition functions are non-vanishing,
holomorphic functions satisfying g, = g, and are therefore a Cech 1-cochain. We
have

(68)ave = av&bc8ca = 1d
and thus it is a Cech cocycle.
On the other hand we obtain other trivializations over {U,} and therefore other
transition function for L by multiplication with non-vanishing holomorphic functions
fa such that we have ¢, = f,¢, and §,, = % Sap- We see that any other trivialization
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over {U,} can be obtained this way and we see that the difference is a Cech coboundary
(6f)a. This means the set of (isomorphism classes of) line bundles on M is the group
H'(M, O*) and the group structure coincides with the one on Pic(M). O

To see that there is a homomorphism associating a line bundle to a divisor on M,
observe the following short exact sequence on M:

0 o M M* /O —— 0.

This gives rise to a long exact sequence of cohomology groups
0 — H'(M,0*) —— H'(M, M*) —— HY(M, M*/0*) —— H'(M,0*) —— ...

where H(M, M*/O*) ~ Div(M) and H'(M, O*) ~ Pic(M). Thus, there is a natural
group homomorphism sending a divisor to its associated line bundle. This map is given
in the following way: Let {U,} be a locally finite open cover of M. Let D = . a;V;
be a divisor given by the local defining functions f; € M*(U,) (for finitely many «)
and define f, = [[; f/* € M*(Uy) as in the proof of theorem Then on every
intersection U, N Uy the function g, = % is holomorphic and nowhere vanishing.
Furthermore, we have

® Q= ; Id on each U,

* QupSpa = f—f— = Id on each intersection U, N Up,

 SupSprSya = 23 ]fj’j f;” Id on every triple intersection U, N Ug N U,.

Hence, there is a line bundle given by its transition function g, = JJZ—; defined as before.

We call this bundle the line bundle associated to D and denote it by [D].
This homomorphism Div(M) — Pic(M) is well defined: Choosing a different cover
{I,,} with local defining functions f;, we obtain

_ fa hg
g B 7 = 8apy
9 fﬁ h

where h, = % € O*(Uy,) and thus the corresponding line bundle is isomorphic to the
original one.

Observe that a line bundle associated to a divisor D is trivial if and only if D = (f) is
the divisor of a meromorphic function. If D = (f) then f|;, are local defining functions

and on every intersection we have g, = % = Id and hence a trivial line bundle.
B
On the other hand, if [D] is trivial and f, are local defining functions for D, then there

exist holomorphic nowhere vanishing functions h, € O*(U,) such that jﬁ—; = Qup = Z—;
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This means fyh, ! = fﬁhgl on every intersection U, N Ug and thus the function f locally
given as fy = f|, is a global meromorphic function and hence D = (f).

Further observe that if D and D’ are two divisors with local defining functions f; and
f/ and associated line bundles [D] and [D’] then D + D’ is a divisor with local defining
functions f;f/ and the associated bundles satisfy

[D+ D'| = [D]® [D'].

2.3 Spectral curves and their Jacobian varieties

We wish to solve Nahm equations with certain boundary conditions in order to describe
bow varieties. It is not clear in general how to do so with standard methods for ODEs.
But as we will see, there is a link to algebraic geometry. In particular, there is a one
to one correspondence of some matrix valued polynomials with certain properties
(this will be the solutions to Nahm equations) and linear flows on the Jacobian variety
of the corresponding spectral curve. This algebraic treatment will enable us to give
a description of bow varieties. The correspondence itself will be discussed in later
chapters. Here, we want to recall the necessary background from algebraic geometry
by briefly introducing spectral curves, Jacobian varieties and their theta divisors.

2.3.1 The total space |Ocpi(2)|

First, we want to discuss the total space |Opi(2)] of the line bundle O(2) over CP' as
a two-dimensional complex manifold, because the spectral curves we wish to construct
later in this chapter turn out to be subsets of |O¢p1(2)].

We begin the construction with the complex projective space CP' = C2\{0} /.. where
z ~ 7 & 2/ = az for some a € C* being the space of one-dimensional subspaces in
C?, which can be identified with C U {co}. The standard open cover consists of two
open sets (U, U;) where U; = {[z0,z1] € CP!|z; # 0}. We have charts ¢ : Uy — C,
[z0,21] — % =:Cand ¢ : U3 — C, [20,z1] — i—(]’ =: {. On Uy N U; we have the
transition function { = %

We can define the structure sheaf of holomorphic functions on each of the two open
sets U;, identified with C, and glue them together (with the gluing property of sheaves)
to the structure sheaf O of holomorphic functions on CIP!. Let U C CPP! be an open
subset. Then, a local section f € O(U) is given by a pair f = (fo, f1) of holomorphic
functions defined on U N Uy and U N Uy respectively satisfying f1({) = f1(%) = fo(Q)
on the overlap Uy N Uj.

We can define other holomorphic line bundles on CIP! via their transition function.
The first bundles, that one would imagine are the bundles O(k) for k € Z. They are
given by transition function { ¥, i.e. sections are given by local expression so({) and

s1({) on Up and Uy respectively satisfying s1(£) = {*s9({). Line bundles with negative
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integer O(—k) for k > 0 are therefore given as the dual bundles of the O(k). Observe
that the section of O(1) is given by setting so({) = ¢ and 51({) = 1.

For each of the O(k) we can write down their total space |O(k)|. As they are
line bundles (precisely: o) : [Ocpr (k)| — CPP') the total spaces are complex two-
dimensional manifolds. With the given transition function we have two coordinate
patches (V for m~1(Up) and V; for nfl(ul)) and hence they are given as

Vo=A{(n) € Cz} and V; = {(5177) € Cz}'

Observe, that { # 0 in Vy and { # 0 in V; because of the definition of the U;. We
can identify both spaces with C* x C and a coordinate change ({,7) = (%, %) on the
intersection Vy N V.

Now, the bundle 7o) : [Ocp1(2)] — CP! is of special interest as it is the holo-
morphic tangent bundle TCIP' of CIP!, as O(2) is the dual of the canonical bundle
Kept = O(—2). Observe that the cotangent bundle T*CP" is trivialized by dZ on U
and —d{ on U in the standard coordinates of CIP!. Thus, we have —d{ = —d% = édé .
Changing the sign of the transition function gives us T*CPP! = O(—2) and as the
tangent bundle is the dual bundle of this we obtain |O(2)| = TCIP".

2.3.2 The Jacobian variety and the theta divisor

The first thing we need to define is the Jacobian variety of a Riemann surface M. This
construction will also work for a more general setting, but here we only need it for
Riemann surfaces.

We have the short exact sequence of sheaves

0 z L 0o g,
where j is the inclusion. This gives rise to a long exact sequence of cohomology groups

0 — H°M,Z) — H°(M,0) — H'(M, 0*) = H'(M,Z) — H'(M,O) — H' (M, 0*) —
— H*(M,Z) — H*(M, 0) — H*(M,O0*) — ...

We can make some observations: We have H(M,Z) = Z, H'(M,0) = C and
H°(M, O*) = C*, because the only holomorphic functions on compact Riemann sur-
faces are the constants. Since M is a compact manifold of real dimension 2, we have
Poincaré duality Z = Hy(M,Z) = H?(M,Z). We have a Leray cover for the structure
sheaf O consisting of two open sets (take coordinate neighbourhoods homeomorphic
to a disc) and therefore H*(M, O) = 0. This simplifies the long exact sequence to the
following:

0—+Z—C—C"— H\(M,Z)— H(M,0O) = H(M,O0*) - Z —0
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Another observation is the following: Since the map exp : C — C* is surjective, we
find by exactness of the above sequence that the map C* — H!(M, Z) must be the
0-map and the map H'(M,Z) — H'(M, O) must be injective. This means we can take
the quotient and finally obtain the short exact sequence

HY(M, O) ex .
0_>Hl((M,Z§ X HY(M,0%) S Z 0.

We call the map J, which sends an isomorphism class of holomorphic line bundles
on M to an integer the degree map and the image of a line bundle under this map
the degree of the line bundle. As the degree map must be a homomorphism, i.e.
deg(L® L") = deg(L) + deg(L’), we find that any two isomorphism classes of line
bundles with given degree d differ by an element of the kernel, a line bundle with
degree 0 (see [GH78|]). Thus all equivalence classes of isomorphism classes of line
bundle with a fix degree are isomorphic to each other and isomorphic to the kernel of
the degree map, which is the image of

HY(M,0)
H'(M,Z)

under the exponential map (because of exactness), and this is what we call the Jacobian
variety or just the Jacobian of the Riemann surface M and denote it by Jacs ! (M), where
g is the genus of M.

Now, we want to construct the theta divisor on a Jacobian. The theta divisor is
defined to be the set of line bundles which have a non trivial global section, i.e. the set
of sheaves

0@ = {F cJact Y (M)|dim H*(M, F) # 0}.

This set is special because of the following behaviour:

There is a natural way to assign a vector bundle E to a line bundle L as a direct image
sheaf. This vector bundle has a a representation as a direct sum of of line bundles O(a;).
Now, as the line bundle L(—1) meets the theta divisor, the 4; in the decomposition of E
will have a jump. The rest of this paragraph will explain how this phenomenon occurs.

We start by defining the direct image sheaf f.F.

Definition 2.24. Let f : M’ — M be a holomorphic map and F a sheaf on M'. The
direct image sheaf on M to be the sheaf f.F given by

(FF)(U) = F(fFH()
for each open set U C M.

If L is a line bundle over M’ and O(L) the sheaf of holomorphic sections of L, we
have the property
f+O(L) = O(E)
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for a holomorphic vector bundle E on M with rank m := rk(E) = deg f (cf. [HSW99]).
There is a relation between the degree of E and the degree of L. For our case of interest,
we take M = CIP!. Then we have

degE =degL —degf+1—¢. (2.1)

This is essentially the Riemann Roch theorem and some properties of the direct image
sheaf [HSW99].
Recall that the famous Riemann-Roch theorem reads as follows

Theorem 2.25. Let E be a vector bundle on a compact Riemann surface M of genus g. Then
dim H°(M, E) — dim H* (M, E) = deg(E) + rank(E)(1 — g). (2.2)

For the next step we need another famous theorem, the Birkhoff-Grothendieck
theorem.

Theorem 2.26. Let E be a holomorphic vector bundle over CIP'. Then E can be written as a
direct sum of line bundles of the form O (k):

E=0(a1) ®...» O(ay)
for some a; € Z.

With this we can show the following statement:

Lemma 2.27. Now, a vector bundle E on CIP* is trivial if degE = 0 and H(CP',E ®
O(-1)) =0.

Proof. As we can write E = O(a;) @ ... ® O(a,,) (Birkhoff-Grothedieck), we have
0=H(CP,E® O(-1)) = @ H*(CP', O(a; — 1))

and this means, 4; < 0 for all i. With
degE = Z a; =0
i
we obtain that all a; = 0, and therefore E is trivial. O

For the line bundle L the condition deg E = 0 is equivalent to degL = deg f + ¢’ —
1 (cf. ) and (using the projection formula [Har77]) the condition H°(CP',E ®
O(—1)) = 0 is equivalent to H'(M',L ® f*O(—1)) = 0, i.e. to the condition that the
bundle L ® f*O(—1) has no non-trivial global sections. Now,

deg(L® f*O(—1)) =degL +deg f*O(—1) =degf+ ¢ —1+(—1)degf =¢' — 1

and therefore the line bundle L ® f*O(—1) € Jac® ~'(M’) belongs to the Jacobian of
M'’. As it has no non-trivial global sections it does not belong to the theta divisor, but if
we take a continuous family L' @ O(—1), there might be a t; so that the bundle belongs
to the theta divisor. In this case the a; of the corresponding vector bundle will jump
from all being zero to non zero values.
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2.3.3 Spectral curves

The most important object for the algebraic part of the problem is the so called spectral
curve. Generally speaking, a spectral curve is an algebraic curve embedded into (in our
case) some complex manifold.

Let us consider the line bundle O(n) on CIP! and let M be a Riemann surface. Let
f: M — CP' be a complex map of degree m.

We start with a global section 7 in the pullback bundle f*O(n) on M, 3 € H*(M, f*O(n)).
As it is a global section, it induces a map

HO(f7H(U), L) — HO(f~(U), L& frO(m)).

In other words, a section of L is mapped to a section on the tensor product by multi-
plication with 7. By the definition of E via the direct image sheaf (O(L)(f~}(U)) =
fO(L)(U) = O(E)(U)) we can identify

HY(f~(U), L) = H*(U, E)
and (by using again the projection formula [Har77])
H(f~(U),L® f*O(n)) = H°(U,E® O(n)).
Because the multiplication is globally defined, we obtain a map
H°(CIP(1),E) — H°(CP',E® O(n)).

E is a trivial bundle of degree m, thus HO(CIP!, E) = C™. Le. we obtain a global section
of C" ® H(CIP!, O(n)). Since sections of O(1) are polynomials in { of degree < n, we
obtain a pair of matrix valued polynomials

A(D) = Ag+ Al + ... +a, 0", Al)=Ag+ Al + ..+ A"

As we will see later, the matrix polynomial A representing Nahms equations in the Lax
pair will be of degree 2, therefore it is enough for our purposes to restrict ourselves to
O(2) here. For this to be a global section we need the polynomials to satisfy

A(

) = 5 A(0)

AN
on Uy N U assuming the standard charts on CP!. This implies Ayg = Ay, A; = Ay and
Az = Ap.

We now want to observe that the two characteristic polynomials of these two matrix
valued functions define a global section of some line bundle on the total space |O(2)].

This total space is a two dimensional manifold, which we can trivialise the following
way: Let Uy = C? with coordinates (,7) and U; = C? with coordinates ({,#). Then
we can identify |O(2)] = Uy U Uy / ~ with (Z,57) ~ ({,7]) & T #0and ({,7) = (%,57—2)
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Calculating the characteristic polynomials we find

P, 7) = det(1dy — A)) = det(Jy 1 - ng@) - ; det(nIdy — A(D))

= CimPO(g’”)‘

Thus, we have a section of the bundle O)¢ ) (2m).

To understand what this means we choose some local trivialisations. If p € CIP! is a
regular value of f, then its preimage consists of m distinct point py, ..., pm € M. If we
take a small neighbourhood U of p, we have locally H*(U,E) = @, H*(U;,L). As E is
a trivial vector bundle of rank m, we can choose a local basis {07, ..., 0y, } of the space of
sections of L over f~1(U), such that 0ilu, = 0 for i # j and identify this with a local
basis {s1,...,5m } of the space of sections of E over U. By the definition we obtain an
eigenvalue problem

A(Q)si = nluoi = lu; © f; u(s:)- (2.3)
Here, 77|y, o f; |y is meant to be the following function: as U is a small neighbourhood
around a regular value p of f the preimage f~!(U) consists of m small neighbourhoods
Uy, ..., Uy around the preimages p1, ..., pm of p such that f|y, : U; — f(U;) is invertible.
Denote by f; ! the inverse function of the restriction of f to the neighbourhood U;.
Then we obtain m functions 7|y, o f; |y which are eigenvalues of A({).

Therefore, at every point in M the value of the section 7 satisfies the characteristic
equation det(yId,, — A({)) = 0. Thus, n sends the Riemann surface M to the set
of points ({,17) € |O(2)| where the section given by characteristic equation is zero.
This subset (M) C |O(2)| is what we call the spectral curve. Observe, that all
matrix valued polynomials A({) with the same characteristic polynomial P({,1) =
det(y1d — A(Z)) define the same spectral curve. Hence, the spectral curve depends
only on the characteristic polynomial.

2.3.4 Example: The spectral curve for Nahm equations

As we have seen, we can construct a spectral curve from a given matrix valued
polynomial. To finish this chapter, we want to construct the spectral curve for Nahm
equations of rank 2 as an example.

So taking Tj, Ty, T3 as u(2)-valued meromorphic functions satisfying Nahm equations

d 1

g 1i(®) = el Tj(s), Ti(s)]

it is well known (see e.g. [Hit83]) that we can assemble the T; into some matrix valued
polynomials such that Nahm equations are equivalent to a Lax pair equation.
Thus, we define Ay(s) = Ta(s) +iTs(s), A1(s) = 2iTi(s) and Ax(s) = Ta(s) — iTs(s)
and write
A(L,5) = Ao(s) + LAL(s) + L2 Aa(s).
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2.3 Spectral curves and their Jacobian varieties

Taking

B(Z,s) = 557 = 3A1(9) + {Aa(o)

we find that Nahm equations are equivalent to a Lax pair equation

dA
S =184

Observe that

dA(C,s)
ds

= To(s) +iTs(s) + 2iT1(s)T + (Ta(s) — iTs(s)) >
and

[B(Z,5)A(L,8)] = [T3(s), Ta(s)] + 2i[Ta(s), Ts(s)1¢ + ([T5(s), Ta(s)] — i[Tu(s), Ta(s)]) >

Comparing coefficients in ¢ shows the equivalence between Lax pair equations and
Nahm equations. This different form of Nahm equations will be important for chapter
when we translate the conditions of a bow variety into the language of spectral
curves.

This also shows that the spectrum of A is independent of s [Hit83]: As the com-
mutator is skew symmetric we have % Tr A" = 0 for all n > 0. Therefore, also the
characteristic polynomial det(yId — A(Z,s)) is in fact independent of s and therefore
it makes sense to talk about a spectral curve for Nahm equations and not about a
different one for every different value of the parameter s. For this reason we call the
Nahm equations to be isospectral.

Finally, observe that
Aj=—Ay  Aj=—-Ay Al=A, (2.4)

as the Nahm matrices T; are u(2)-valued. This is the so called reality condition. Every
matrix polynomial A(() arising from Nahm equations this way satisfies the reality
condition. More implications of this fact will be discussed in chapter |4, Therefore, we
can write down the set S = {(7,0) € |O(2)] : det(yId — A({)) = 0} € |O(2)| being an
algebraic curve in the tangent bundle of CIP!, which is the spectral curve. The defining
polynomial P(7,{) = det(yId — A({)) is explicitly given by

P(1n,0) = 1 + 7(aol® + axl + az) + bol* + b10° + b0 4+ b3 + by
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with the following coefficients:

ap :—TrTz—iTrT3
0 =—2iTr Ty
a,=—TrT,+iTrT;

1 . .
bo :§(<Tz, To) — (T3, T3) + 2i(To, T3) + (Tr To + i Tr T3)?)

bl :Zi(TI‘ T](TI‘ Tz +iTr Tg) + <T1, T2> + i<T1, T3>)
by =(Ta, To) + (T3, T3) — 2(T1, T1) + (Tr T)? + (Tr T3)* — 2(Tr Ty )?
by =2i(Tr Ty (Tr T — i Tr T3) + (Ty, To) — i(Ty, T))

(2.5)

1 . .
by =5 ((To, To) — (T3, Ts) = 2i(Ty, Ts) + (Tr T, — i Tr T3)?).
Because the characteristic polynomial is independent of s, these coefficient must be as
well. In particular, we find that the 3 traces Tr T;, Tr T; and Tr Tz are preserved as well
as the the 5 quantities

vy = (T, Tz) — (T, To)

wy = (Ty, T1) — (T3, T3)

Ny = <T1,T2> (2.6)
wy = (T, T3)

ws = (T, T3)

These quantities will play an important role later when we construct a solution for
Nahm equations of rank 2.

2.4 Twistor spaces

The last point, we want to mention here is a theorem about twistor spaces, which we
will need later in chapter 5l This basic theorem was shown by Hitchin et al. [HKLR87]
and therefore, we will follow the construction of twistor spaces as it is presented there.

The sphere S? carries a complex structure given as the projective space CIP'. We have
complex coordinates for S? given as

(-G 1+l D)
@jm)_<1+C§W+@f'1+C§>'

Definition 2.28. Let M be a hyperkdhler manifold of real dimension 4n with complex
structures (I,],K). The twistor space of M is the product manifold Z = M x S?
of M with the 2-sphere equipped with a complex structure I, which is given on a

26
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tangent space T(,,)Z in the following way: Write the tangent space as the direct sum
TpplZ = T,Mo T;S* and denote by Iy the multiplication by i on T;S*>. Then the
complex structure I is given as

7y

1+C§' 1+C 1+¢

First, we have to observe that the almost complex structure I is in fact a complex
structure, what can be shown by the Newlander-Nirenberg theorem. There are several
versions of this theorem and we use the following: If for each (1,0)-form 6 (i.e. each
complex 1-form such that 16 = if)) we can write the exterior derivative as df = 6; A «; for
(1,0)-forms 6; and general 1-forms «;, then the almost complex structure [ is integrable.

Let ¢ be a (1,0)-form for the complex structure I and let 6 = ¢ + {K¢. Then we have

(142016 = i(1+0) (9 + {Kg)

meaning, that 6 is a (1,0)-form for I. Hence, ¢; + {K¢; for i = 1,...,2n and d{ form
a basis of the space of local (1,0)-forms for I, if ¢; for i = 1,...,2n form a basis for
local (1,0)-forms for I. We can now calculate the exterior derivative for those base
(1,0)-forms [HKLR87]:

df = d(¢ + {K¢) = dx' A V5, (¢ + {Ke) +dZ A K.

Since I is covariantly constant with respect to V5. the term V, 5.i(¢ + (Kg) is a
(1,0)-form for I hence, the first term is of the form 6; A «; as defined above. The second
term is also of that form by definition and this means we can write every (1,0)-form
as 0; A a; and therefore we can apply the Newlander-Nirenberg theorem. Hence, the
twistor space Z is a complex manifold of dimension dim¢ = 2n + 1.

We can extract some holomorphic data from this construction, which allow us to get
back the hyperkdhler metric of M. These data are explained in detail in [HKLR87] and
are given as follows:

e The projection map 77 : Z — CIP! is holomorphic and each (p, CIP!) is a holomor-
phic section of this projection. Those sections are called twistor lines. Geometrically,
the normal bundle to each twistor line is just the product 5% x T,M, but as a
holomorphic vector bundle, it is not trivial (see below).

¢ The normal bundle to each twistor line is given by the following trivialization:
Let (LIO, U;) be the standard coordinate charts on CP! with coordinate ¢ and
= g on the overlap. The normal bundle is now obtained by taking Uy x C*"
and U; x C?" and patching them together over Uy N Uj by the transition function
i¢1dy,. Hence, the normal bundle is C?" x O(1). This can be obtained by taking
the tangent space T,M = R*" together with the action of the complex structures
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I, ], K assembled into I as above. This defines a complex structure for T,M at a
point § € 52, hence I acts on R*" x C such that the complex vectors over ¢ build
an eigenspace of I corresponding to the eigenvalue i.

We have a holomorphic, complex symplectic form on the fibres of the projection
m:Z — CP! given as follows. If w; = w; + iw3 is a holomorphic 2-form of type
(2,0) for the complex structure I, written as Jw; = Y1 ; ¢; A ¢,,1; in a local basis

{@i} of (1,0)-form with respect to I, then

1 n
Ew = Z(gpl- + CK@i) A (@nyi + CK@uyi)
i=1

is a 2-form of type (2,0) for the complex structure I({) which is quadratic in (.
Evaluating on tangent vectors yields

W = wy + iw3 + 2w + (wy — iw3) %

For each { € CIP! this defines a holomorphic, complex symplectic form on the
fibres of the projection. Globally this defines a holomorphic section of the vector
bundle A%T}(2) over Z, where Tr = ker drt is the tangent bundle along the fibres.

We have a real structure on Z induced by the antipodal map on CIP! that takes
the complex structure I to its conjugate —I and that is compatible with all the
other holomorphic data. It is given by

T:MxS* 3 Mx 2
1
(10) (p,—g-) -

From this data we can reconstruct the hyperkdhler metric. We have the following
theorem from [HKLR87]:

Theorem 2.29. Let Z be a complex manifold of (complex) dimension 2n + 1 such that the
following properties are satisfied:
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1. Z is a holomorphic bundle 7t : Z — CP?,

2. the bundle admits a family of holomorphic sections each with normal bundle isomorphic

to C*" @ O(1),

3. there is a holomorphic section w € T(A?T}(2)) defining a holomorphic symplectic form

on each fiber,



2.4 Twistor spaces

4. Z has a real structure T inducing the antipodal map on CIP' and being compatible with

(1)-(iid).

Then the parameter space of real sections (i.e. sections that are invariant under t) with normal
bundle as in 2. is a 4n dimensional manifold with a natural hyperkihler metric for which Z is
the twistor space.
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3 Bows, bow varieties and Nahm equations

This chapter introduces the main object of this work, the bow varieties. In section
we will show following [Chell] how to construct them and in section we will
introduce Nahm equations and work out some of their properties, because solving
them is crucial for explicitly writing down bow varieties.

3.1 Bows and bow varieties

In this section we will define bows as generalizations of quivers and introduce bow
representations giving some additional structure on the bow. Further, we will introduce
the space of bow data corresponding to a bow representation. We will work out a
suitable description of this space and find a gauge group action. Finally, we will define
bow varieties as a hyperkdhler quotient of the space of Bow data corresponding to a
bow representation with the gauge group action. We will discuss the different moment
map conditions that can occur in this process for different bow representations.

3.1.1 Bows and bow data

Our starting point for this section will be a quiver. In representation theory a quiver is
a directed graph, i.e. a quiver consist of a set V of vertices and a set £ of edges together
with two functions f, g : £ — V assigning the sources and the target to an edge. So, the
edges can be viewed as arrows between the vertices. For the rest of this thesis we will
call such a directed edge an arrow.

We want to generalize this construction by replacing the vertices with distinct
intervals. According to Cherkis [Chell] we have the following definition.

Definition 3.1. A bow is a collection of intervals together with a collection of arrows.
Thus, it consists of:

* a collection Z = {I;} of closed distinct intervals parametrised by a parameter s,
such that I; = [p; 1, pi r]. We denote the length of the i-th interval with I;.

* a collection £ = {e;;} of arrow between the intervals. The arrow e;; leads from
the i-th to the j-th interval, i.e. if we denote the head of the arrow with & and the
tail with ¢, then we have h(eij) = pjL and t(eij) = PiR- ¢/ defines the same arrow
with opposite orientation and we write £ = {e'/}.
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3 Bows, bow varieties and Nahm equations

A bow is a generalization of a quiver in the sense, that it degenerates to a quiver, as
we send [; — 0 Vi.

We now want to define representations of bows in analogy of representations of
quivers which consists of a family of vector spaces associated to the points. We want
to generalize these concepts to bows. Cherkis defines bow representations as follows
[Chell]:

Definition 3.2. A regular bow representation is a triple (A, E, W) consisting of

* A collection A = {A%} of distinct points, the so called A-points, where A% € I;. For
each interval I; we have « = 1, ..., k; with k; > 0, i.e. we split off every interval
into k; + 1 closed subintervals. Denote the a-th subinterval with I?*. Observe that
the A-points belong to two subintervals. In particular, we have I = [Af"l,/\f‘]

Wlth A? = Pi,L and Ilki'i'l = [/\;(1‘, Pi,R]'

¢ A collection Ef — I of hermitian vector bundles over the subintervals with ranks
rk(E%*) = RY such that on the A-points the matching conditions

Ef|as C EfF e,

if R < R*™ or vice versa, if R* > R*™. We write E = {E*} for the collection of
hermitian bundles. Further, denote Ag C A the subspace of A-points, where the
rank of the bundles do not change.

e A collection W = {W,|A € Ap} of one dimensional hermitian spaces.

This definition gives a suitable generalization of the vector space part in the repre-
sentation of quivers.

We can now define data on such a bow representation. In the same manner as for
a quiver representation, where data can be defined as homomorphisms between the
vector spaces over the vertices along the arrows (i.e. a homomorphism is assigned to
each arrow), we have three different kinds of data for a bow representation (as we
consider vector bundles over intervals here instead of vector spaces over vertices, we
have more than one kind of data to define)[[Chelll]:

* The bifundamental data is the analogy of the data on the arrows of a quiver
representation. We assign a homomorphism to every arrow ¢;; € £ and second
one to the reverse arrow ¢/ € £. Thus, the space of bifundamental data is

BoB:= @ (Hom <E|t(6),E|h(e)> @ Hom (E|h(e)/E|t(E)>> )

ec&

¢ The fundamental data correspond to the hermitian spaces W. For every A € Ag we
have homomorphisms between W, and the corresponding fiber E|,. We define
the space of fundamental data as

»Fin b ]:out = @ (Hom (WA,E’A) D Hom (E’/\, W)\)) .
AEANg
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3.1 Bows and bow varieties

e Finally, the Nahm data define the behaviour on the intervals itself. They are
essentially given by four sections Ty, ..., T3 in the endomorphism bundle End(E)
on every hermitian bundle over each interval. Precisely, for an hermitian bundle
E — I we have the space Con(E) of connections on E of the form V = % —iTy
where T is a section in T'(End(E)). Then, we define the space of Nahm data as
follows:

N := B (Con(E}) ® End(E}) @ R%) .

Definition 3.3. The space of bow data (of a chosen bow representation R) is the space
Dat(R) given by
Dat(R) :‘En@fout@lg@g@/\/’-

Data sets are elements (I, ], B, A, (Ty, T1, T2, T3)) € Dat(R).

There is a 2-sphere of complex structures on Dat(R) coming from the identification of
the fundamental data, the bifundamental data and the Nahm data with quaterions, i.e.
these spaces carry a natural hyperkadhler structure. This structure shall be explained
now. Let us choose a 2 dimensional representation {e;},i=1,2,3 of the quaternionic
units with representation space S. In terms of Pauli matrices we have

. —i 0 . 0 -1 . 0 i
61:—1(73:<0 Z) 82:—10'2:<1 O> 63210'1:(1, 0>

If not stated otherwise, we will use this representation from now on. It may look a bit
inconvenient, but it will be very useful later, when we introduce a complex form of
Nahm matrices. With this we can write the data as follows [Chell]:

e For the fundamental data we write

Q:=P Qi: W = S®E(A)

AENg

where we define
.'.
Q) = GA> : Wy — S® E|,.
A
e For the bifundamental data we have
B™ := ®eceB, : EL — S® Eg, B" := @ueeBf 1 ER - S®EL
with

o (A
Be = A, :E’t(e)_>S®E‘h(e)/ Be = B, :E‘h(e)_>S®E’t(e)'
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3 Bows, bow varieties and Nahm equations

¢ For the Nahm data we write
T=10Tg+e1T1+e2RTr +e3R T3
together with its quaternionic conjugate

T " =1T)—e1 T —era @ Tr, —e3 Q T3.

The action of the quaternionic units is now via left multiplication
¢j: (dQ,dB*,dT) — ((e;®1)dQ, (e ® 1)dB, (e; ® 1)dT)..

As a hyperkdhler space Dat(R) has a metric (the direct product metric of the flat
hyperkahler metric on the 3 parts of the data) given by

ds* = TrdQ'dQ + Trd(B*)TdB* + % / Trg TrdT*dTds, (3.1)

which is compatible with the hyperkéhler structure. The action of the hyperkdhler
structure gives rise to 3 Kéhler forms w;(-,-) = g(-,¢;-) which are of the form

w:=e1 QWi+ eRwy+e3R ws

3.2
=TIm <TrdQ AdQt + TrdB* Ad(BF)t + % /dT A dT*ds> : (3-2)

3.1.2 Gauge group, moment maps and bow varieties

On Dat(R) there is a natural gauge group action preserving the metric. Let G be the
group of gauge transformations on the collection E of hermitian bundles over I, i.e.
a gauge transformation g € G is a smooth U(n)-valued function, where n = rk(E})
which may vary on different (sub)-intervals. If rk(E¥) < rk(E**!) we have

80A+) = <(1) g(g)>

where A_ and A, denote the limits from below and from above (analogously for
rk(E¥) > rk(EX™)). This gives rise to a gauge group action on the data (cf. [Kro04],[ChelT]).
It is given by (for simplicity we oppress the indices labelling the intervals and subinter-
vals):

To s) g(s)To(s)g 1 (s) + %L g1 (s)
Tz‘](;) gES)Y)“i(S)gl‘(l(Sg
. g(pL)Bg™ (p
SR I g(p;)z‘\g”(zﬂi) ' 39
I g(M)I
] Jg H(A)
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3.1 Bows and bow varieties

In terms of the quaternionic notation of the data this is of the form

T(s) g(5)T(s)g " (s) + Bl g1(s)
.| B 8(pL)B g™ (pr)
IS ¢(p)B-g 1 (p1)
Q g(A)Q

In this notation we observe immediately that the metric and the hyperkihler structure is
preserved under this action. Therefore, we are able to perform a hyperkihler reduction
[HKLR87].

Definition 3.4. [Che09],[Chell]: A bow variety is the hyperkahler quotient of the space
Dat(R) of data of a representation of a bow with the gauge group G acting on Dat(R)
as above.

M =Dat(R)///G. (3.4)

This moduli space is again hyperkahler as it is a hyperkdhler quotient.

As a bow variety is hyperkéhler, we have again a 2-sphere of complex structures and
M can be viewed as a complex variety in each of them. There is a natural action of the
complexified gauge group G€ on Dat(R), which will be explained in detail later. As
complex varieties M is isomorphic to the complex symplectic quotient of Dat(R) by
the complexified gauge group G (cf. [Kro04]):

M = Dat(R)/)/G = Dat(R) //GE.

We now want to perform the hyperkahler reduction to obtain an explicit description
of such a bow variety. As bows can become very complicated we want to restrict
ourselves to the most simple case which is good enough to obtain all kinds of boundary
conditions that can occur.
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3 Bows, bow varieties and Nahm equations

PL A Pr

Figure 3.1: Bow diagram for the computation of the boundary conditions

This is a bow consisting of one interval [pr, pr| together with a single arrow from
the right end to the left end of the interval and one arrow in the reverse direction.
We choose a representation with one A-point at s = A and bundles E;, — [pr, A] and
Er — [A, pr] both of the same rank n. We can add more intervals and more A-points
and the form of boundary conditions at the special points will remain the same. The
only case which is not contained here is the one of more than one arrow starting at
or leading to an interval. Conditions for that case are not difficult to obtain, but as
this work will mostly not consider those cases, it will not be shown here. This special
representation will not lead to an interesting bow variety as shown in [Tak15], but it is
sufficient to obtain all possible boundary conditions.

Let us denote by Gy the subgroup of G that consists of all gauge transformations
which are equal to the identity at the special points s = pr, s = A and s = pg. Then we
have

G/Go = Gp, x Gy X Gy, = U(n) x U(n) x U(n)

and therefore we can do the hyperkihler reduction in two steps, first by Gy and then by

G/Go (cf. [Che09]).
As the gauge group acts on the three parts of the data separately, we will obtain
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3.1 Bows and bow varieties

three moment maps related to each part of the data. We denote them by piNahm :

N — g* @ R® and analogously for the fundamental and the bifundamental part, where

HNahm = €1 ® }1,Nahm T €2 @ U2 Nahm + €3 @ }3 Nahm iN the quaternion representation.
Performing the first step we only need the Kahler form on the Nahm data which is

1 [Pr
WNahm =Im (2 / TrdT A dT+ds>
PL

—Im 1 /pR Te dTy —idTy —dTr +idT3 A dTy +idTy; dT, —idT3 ds
- 2 pL dT, +idT; dT,+idT; —dT, —idT; dTy—idTy

PR
= / (Tr(dT1 ANdTy+dT3 A de)el + Tr(dT2 ANdTy+dTq A dT3)€2
pPL

+ Tr(dT3 ANdTy+dT, A dT1)€3) ds.

Let go be the Lie algebra of Gy, which means elements p € g satisfy p(pr) = p(A) =
p(pr) = 0. The fundamental vector field of the Gy action on the Nahm data is then
given by

d
# _
Xo) = 4
_d
Cdt

- ([TO(S),p(s)] - dg(;)) |
[Ti(s), p(s)]

For the moment map we obtain (we only consider the Kdhler form wy here, the other
two are completely analogous, I is the interval [pr, pr])

exp (= to(s))-(To(s), Ta(s), Ta(s), T5(s))

<exp (—tp(s))To(s) exp (to(s)) + (% exp (— tp(s))) exp (tp(s)))
exp ( — to(s)) Ti(s) exp (tp(s)

by @i = [ Tr <p(s) A ([To(s), Ta(5)] + [T2(s),T3(s)])>ds+ J (Tdﬂ(s)) ds.

We can solve the second integral using integration by parts. The constant term vanishes,
as p(pr) = p(pr) = 0. We obtain

Lxt, W1 Nahm = /ITr <P(S) -d ([To(s), Ti(s)] + [Ta(s), Ts(s)]) >ds B /ITr <p(5)ddgs(s)> N
= /ITr (P(S) -d <[T0(S),T1(s)] + [Ta(s), Ta(s)] — d:’;ss)) )ds

=(o(s), dp1,Nahm)-
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3 Bows, bow varieties and Nahm equations

Thus, the moment map is exactly the left hand side of Nahm equations and the set
1~1(0) is given by functions Tp, Ty, T, T; satisfying Nahm equations

dﬁs(s) — [To(s), Ta(5)] + [Ta(s), Ta(s)]
) _ 173(5), Ta(s)] + [T3(5), i) 3.5)
dT;S(S) — [To(s), Ta(s)] + [Tu(s), Ta(s)].

Observe that there is a point in every orbit of the Gy action with Ty = 0. As the gauge
group is the group of U(n)-valued smooth functions, its Lie algebra are u(n)-valued

smooth functions. So choose p € g such that d’é—(ss) = —To(s). As Ty is analytic, this is
possible. Then the action with ¢(s) = exp p(s) sends Ty(s) to To(s) = 0. Thus, we
have a description for the hyperkdhler quotient

Mo = Dat(R) /}/Go = pinanm(0)/Go

as the space Dat(R), where Ty = 0 and the remaining Nahm data satisfies the (reduced)
Nahm equations

STi(6) =[T2(5), Ts(5)
S Ta(s) =[T3(5), i (5) 66)
L 13(s) =[1(), Ta(5))

Now we can do the second step and build the hyperkéhler quotient of M, with
G/Go = U(n) x U(n) x U(n).

As we now know that the T; satisfy Nahm equations, we have
i, @ = [T (p(6) A ([To(6), T )]+ [7a6), o) Jast [ 10 (G am) ) as
b o)
(S fo (00

=Tr (p(s) - dTi(s)

=Tr (p(s) -dTh (s)) N

=(p(s), du1,Nanm () [5; -

where we used integration by parts now for the first integral. As we want to obtain
the moment maps at the special points s = pr, A, pr, we have to choose the intervals
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3.1 Bows and bow varieties

I; = [pL,A] and Ig = [A, pr]. The moment maps for the Nahm data at the boundary
points are therefore (i =1, 2,3)

#iNahm (PR) =TR (pR),
, Ny Ry+
,uz,Nahm(/\ ) - T (/\ ) (3'7)
,ui,Nahm(/\ ) :T ( )
Hinahm(PL) = — TF(pL),

where the TL denote the Nahm data on the inteval I; and TR the ones on Ig.
Analogously, we obtain for the bifundamental data a Kidhler form

Warrow =5 Tr (dB* AdB —dA A dA")ey + % Tr (dA A dB — dB' AdAYe,
— 5 Tr(dB' AdAT+dA A dB)es

Together with the fundamental vector fields for the actions at s = pr and s = pr.

—pA Ap
A+p _pA+
# _ # _
Xp(pR) - BP and Xp(pL) - _PB
_pB+ B+p

we obtain moment maps

(B'A" = AB), payq(pr) = 5 (B* A"+ AB)

(BA—A'B), Hags(pr) = - - (A'B+BA).
(3.8)

i
‘ulBifund(pR) :E (AAJF - B+B) ’ ‘uZBmmd(PR) =

lelfund(pL) E <BB+ A+A) 4 luzBifund(pL) =

N = N =

Finally, for the fundamental data we obtain completely analogous

i 1 i
irana(M) = 5 (I =17), w2runa () = 5 (1 = 1), israna (V) = 5 (1111 + 1(13)9.)
Now (B.7), and give us boundary conditions for all special points namely the
A-points and the ends of the interval. For performing the hyperkdhler reduction we
need to consider the space ;4_1 (c) with ¢ = c1e1 + cze2 + c3e3. For a A-point we obtain

TR(A+) —Th(A) =

T (A+) = Ty (A=) =

(]*] 11*) +ogld

(1 J— ]*P‘) +old, (3.10)

N\HI\J\

TR(A,) — TEH(AL) = (]*I+ + 1]) +o3ld,
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3 Bows, bow varieties and Nahm equations

while we have for the left end of the interval we have
L (b4 apt)
TH(pe) = — 5 (A A— BB ) cild
Ty (pr) =% (BA - A+B+) — cold (3.11)
N e B
T (pL) = — 5 (A B' + BA) csId

and on the right end

TR(pg) = — % (AA+ - B*B) +oild
1

T3 (pr) = — 5 (B“A+ - AB) + co1d (3.12)
T (pr) = — é (B*A+ + AB) + c3ld.

These are the boundary conditions the data have to satisfy. They will extend to more
complicated bows and have exactly the same form for different A-points and for the
ends of different intervals with one exception: If there are more than one arrow starting
or ending at an interval, we will have data A; and B; for every arrow and the boundary
condition will be the sum over all those data.

Therefore, the bow variety will be the quotient of the space Dat(R), where the Nahm
data satisfy Nahm equations (3.6) and the fundamental and bifundamental data satisfy
the boundary conditions by the k-th product of U(n) with itself U(n)*
where k = #A-points + 2 #intervals.

3.1.3 Bow varieties and Yang-Mills instantons

To finish this section, we want to work out the relation between bow varieties and
Yang-Mills instantons. Therefore, we follow chapter 6 of [Chell]. First, we have the
following definition:

Definition 3.5. Let M be a 4-dimensional Riemannian manifold and E — M a hermitian
vector bundle over M. A connection d + A is called a Yang-Mills instanton, if its
curvature form F = dA + A A A is self dual and the Chern number of the bundle is
finite [,, Tr(F A F) < o0.

The idea is now to define a differential operator whose kernel can be written as a
hermitian bundle over the bow variety such that the induced connection is self dual.
This operator is built out of the boundary conditions for the bow variety - 3.12).

Let D:T(S®E) - T(S®E)® W & Er @ Eg be the Dirac operator given by

d Tk
ds ++ZT
p=| € , (3.13)
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3.1 Bows and bow varieties

where we use the quaternionic representation of the bow data. Its conjugate operator is
D' :T(S®E)®W @ EL® Egr — T'(S®E) given by

Dt = (‘:S ST Y 65— A)Qu + (605 — £(e))By + (s — h(e))BY).

/\EAO ec&

It is an easy calculation to see that the moment map is of the form
1#(Q,B,T) = Im(—i)D'D. (3.14)

Cherkis showed in [Chell] that the bow varieties of representations without any A-
points and with all bundles being of rank 1 for some special bow diagrams can be
identified with Ay-ALF spaces, i.e. with (Multi)-Taub-NUT spaces. This will also
be demonstrated in section We call this representation a small representation
and denote all the corresponding data with a subscript s. We now define a large
representation of the same bow diagram that includes A-points and vector bundles of
higher rank. The data of that representation are denoted with a subscript £. Every
such large representation of the same bow defines an instanton over the underlying
ALF space, as the following construction shows.

We choose the level sets of the moment maps to be ;' (—c) and p;!(c) and define
the twisted dirac operator

Di=De® IClE5 + ICIE2 ® Ds, (3.15)

where D, and Dy are of the form and the moment maps are of the form (3.14).
With our choice of the moment maps, we can directly calculate that the operator D} D;
is purely real, i.e. ImDfD; = 0. We have even more: Away from a degenerate locus
which does not lie in pg'(—c) x py ' (c) (cf. [Chell]) the operator is strictly positive
and therefore the kernel ker(D;) = @. Again according to [Chell], D; is a Fredholm
operator, which means the cokernel of Dy i.e. the kernel of D;L is of finite dimension.

This means, if we fix a bow solution y¢(—c) we obtain a hermitian vector bundle
ker(Df) — u;'(c). We can view this bundle as a subbundle of the trivial bundle,
where the fibres are given by the spaces of sections of S ® E¢ ® E; — 15 !(c). The trivial
connection induces now a connection on the subbundle ker(D]).

The gauge group G acts on the base ;! (c) as described above and simultaneously
on the bundle mapping the corresponding fibres into each other. If we trivialize the
bundle ker(D]) along the orbits of this action we can take the quotient to obtain the
bow variety M = u;!(c)/G and the connection descends to the quotient. Cherkis
shows in [Chell] that this connection is self dual and therefore defines a Yang-Mills
instanton over the underlying ALF space given by M.

Some techniques used for the construction of bow varieties (and later for the asymp-
totic metric) are similar to the ones that are used for describing monopoles. Therefore,
also the boundary conditions we obtain are similar. This is not surprising, because
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3 Bows, bow varieties and Nahm equations

in both cases Nahm equations play an important role and it is well known that these
equations can be obtained from Bogomolny equations for monopoles. For more details
about that correspondence see e.g. [Nah81]] or [Hit83] for the case of SU(2) monopoles.
For SU(n) monopoles things become more complicated, compare also [HM89].

3.2 Nahm equations

In this section we want to discuss Nahm equations. There are 2 basic known solutions
(namely solutions on a line for rank 1 and 2), which we will present as they are a basis
for the instantons we will consider later. Finally, we will present two different forms of
Nahm equations, which will be needed later in this work. These are a complex form
and the Basu-Harvey-Terashima equations, which are a lift of Nahm equations on the
double cover. At the end of this section, we will show as an application, that bow
representations of higher rank but without any A-points of the special bow diagrams,
that lead to Ax-ALF spaces, do not contain any new information, but are just the
multiple product of the ALF spaces with itself.

3.2.1 Solutions to Nahm equations of rank 1 and 2 and the Taub-NUT space

In this section we will recall some well known solutions for Nahm equations of low
ranks, especially for rank 1 and 2. Rank 1 only allows the trivial solution, as we will see,
but it is important nonetheless as we can write down bow diagrams of rank 1 such that
the corresponding bow varieties are the Taub-NUT space and higher A;-ALF spaces
(i.e. multi Taub-NUT spaces). The rank 2 Nahm equations are therefore the first case
that has a non-trivial solution which was constructed in e.g. [Dan93].

Starting with the rank 1 case, the Nahm matrices are u(1)-valued functions and as
such they commute. Therefore, the Nahm equations tell us that the T;, i = 1,2,3 have
to be constant.

Let us consider a bow consisting of one interval I = [py, pr] with Nahm data of rank
1 on it and an arrow leading from pr to pr. As we have seen above we can choose a
gauge such that Ty is constant. As the gauge group consists of U(1) valued functions,
we can choose the constant Ty € S'. Nahm equations $T;(s) = %e;[Ti(s), Te(s)] are
trivial now, because the commutator of rank 1 matrices always vanishes and the only
solution is T; = const for i = 1,2, 3. Hence, the Nahm data are just given by R3 x St
The fibres E; and Er of the hermitian vector bundle E — I over the end points pp,
and pg of the interval I are just identified with C and therefore, the bifundamental
data is given by two homomorphisms A,B : C — C, i.e. by two 1-dimensional
complex matrices. Thus, the bifundamental data can be identified with R*. The
remaining gauge group is now U(1) x U(1) acting on the boundary points, but as e.g.
¢(pr)Bg ' (pr) = €?:Be~r = Be!(#1=¢%) the action reduces to the action of a single
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3.2 Nahm equations

U(1). Therefore the bow variety is
R® x $' x R* JJuU(1).

This is the Taub-NUT space with scale parameter given by the length of the interval
I = pr — pr. Observe, that the identification H ~ R* and the Riemannian submersion
R*\{0} — R3\{0} whose fibres are S! induced by the moment map y = 3gij corre-
sponding to the one parameter family of right multiplications on H (cf. [GRG97]) leads
to the same construction of the Taub-NUT space as in section 2.1.4}

In a similar way, one obtains n-centred multi Taub-NUT spaces as the bow varieties
corresponding to bow diagrams consisting of n intervals with rank 1 Nahm data and ar-
rows between the intervals such that the diagrams forms a circle (cf. [Chell],[GRGI7]).

Let us now consider the first non-trivial case of Nahm equations on an interval
of rank 2. The following construction can be found in [Dan93]. We consider the
space C of quadruplets (Ty, T, T, T3) of analytic u(2)-valued function on the interval
I = [pr, pr] with Ty, T, and T3 having simple poles at s = py, such that the residues
form an irreducible representation of su(2), i.e. the residues being given as —30; where
0; are the Pauli spin matrices. The group G of analytic U(2)-valued functions acts on C
as in . We consider the 12-dimensional hyperkédhler quotient M1, = C/J/G) where
G denotes the subgroup of G consisting of transformation that are equal to the identity
at pr and pg. This quotient is given by the T; satisfying Nahm equations as we have
already seen.

There are 3 group actions on Myj:

e a U(2) = Go/G action where Gy is the subgroup of transformations equal to
identity at pr,

e a R3 action T; — T; —iMId for (Ag, A2, A3) € R,

* a Spin(3) action as follows: Let P € Spin(3) with P +— A € SO(3) and let g € G
satisfy g(pr) = P and g(pr) = 0. Then the mapping

d
To —gTog ' — d*fg‘l

T; =g (Z”l}ﬂ) gil
j

defines an action on M.

We obtain a 5 dimensional space N5 by taking quotients with respect to R® x U(1) and
with respect to SU(2). This can be realised by making the T; tracefree and choosing
To = 0. We have the SO(3) action T; — Zj a;;T; descending to the quotient. Details can
be found in [Dan93].
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3 Bows, bow varieties and Nahm equations

On Ns we have the quantities ay, ..., a5 of (2.6) being constant in s and can be taken
as coordinates. We have an SO(3) equivariant homeomorphism

%((xl + le) a3 Ny
(a1, 002, a3, 04, 005) o3 1207 — aq) s
a5 x5 %(le —2w7)

from N5 to the space of traceless real symmetric 3x3 matrices. This can be diagonalized
by an SO(3) matrix such that the eigenvalues are in increasing order. Therefore, we
find that in every SO(3) orbit there is an element with (T, To) = (T, T3) = (Tp, T3) =0
and (Ty, T1) < (Tp, T) < (T3, T3). This means the Nahm matrices are of the form

i
To =0, T; = Efio'i

where 0; are the Pauli spin matrices and the f; are real functions analytic on (p;, pr]
with simple poles at py, satisfying f2 < f2 < f? and

fi = fofs,
f = ffs, (3.16)
fa = fife

We can write down an explicit solution to these equations in terms of Jacobi elliptic
function. This solution is the following:

_ Deng(Ds)

fils) = st (Ds)
fals) =~ oni D), 617
D

fals) = ~ sng(Ds)’

Note that this solution can not be used immediately for describing bow varieties as we
have different boundary conditions there. In particular, the boundary conditions for
bow varieties do not admit the above R® action. Nevertheless, it is worth pointing out
that solutions to rank 2 Nahm equations are in terms of Jacobi elliptic functions.

The next question would be, how to use this solution to Nahm equations on an
interval to write down the bow variety of a representation consisting of only one
interval together with a single arrow but without any A-points of rank 2 (i.e. the same
bow representation that gives rise to the Taub-NUT space but with a rank 2 bundle
instead of a rank 1 bundle). This example (even for arbitrary rank n) is discussed at the
end of this chapter.
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3.2 Nahm equations

3.2.2 Complex form for Nahm equations

There are several ways to express Nahm equations. A first one have already been studied
in chapter 2, when we constructed the spectral curve for rank 2 Nahm equations. It
was the equivalence between Nahm equations and Lax pair equations. Another one
is the complex form due to Donaldson [Don84]. We can choose any of the complex
structures and find a complexification with respect to it. With the representation of
the complex structures we have chosen in terms of Pauli matrices, it seems natural to
demonstrate the complexification with respect to I represented by e;. We then define

a=To+ih (3.18)
,B =T, +1iT;3.
These are now functions taking values in the complexified Lie algebra g&. For the
case of Nahm matrices T; take values in u(n) the new functions « and f take values in
gl(n,C). In this context "with respect to the complex structure I" means that the action
of I in g€ corresponds to multiplication with i.
We obtain an action of the complexified gauge group G© on the data defined by

1, dg _
X — gug 1+£g1

Br—gBs!

(3.19)

and we obtain as before moment map conditions which we read as boundary conditions
on the special points and as complexified Nahm equations on the interior of the intervals.
These equations are

< (@tat) =[wa'] + [6 8" (3:20)
dp _
Fit [, B]. (3.21)

The first equation is real while the second is complex. These two equations are
equivalent to Nahm equations in their standard form (in particular, in this form the
equation for a is equivalent to the one for T7 while the equation for § is equivalent to
the ones for T, and T3. This is because we haven the complexification with respect to
the complex structure I). For the complex equation we have

dl, .dT: d .
T2 1190 = %P (o ) = [T, T3] + T3, T3] + i([To, T5] + [T, Ta)
which yields Nahm equations for T, and T3, whereas for the real equation we have

zl-cg; - im +a') = [w,a'] + [B, BY] = 2i([To, Th] + [T, T5)),
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3 Bows, bow varieties and Nahm equations

which simply is the Nahm equation for T;. The boundary conditions we obtain now
are the following:

BR(Ay) —BH(A-) =] +c.1d,

aR(Ay) —a(Al) :é (H+ _ ]+]> e, (3.22)
for a A-point,
BL(pL) =BA —c,1d
" (pr) :% (A*A _ BB*) ied (3.23)
for the left end and
BR(pr) =AB +c,1d
R (pg) :% (AA+ N B+B) ©ic1d (3.24)

for the right end of the interval. This is exactly the identification
M =Dat(R) /)G =u"1(0)/G = (u©)1(0)/G° = Dat(R) /G .

A great and widely discussed advantage of this form of Nahm equations is that (as
above) we can find a local gauge such that « — 0 and therefore the complex equation is
% =0(withg: B — B) with can simply be integrated (c.f. [Don84],[Kro04]). We have
the following theorem:

Theorem 3.6. [Don84] Let («,B) be a local solution of the complex Nahm equation (3.21).
Then there is a gauge g € G such that ¢(a, B) also satisfies the real equation (m

Thus, one is left with finding the right gauge, i.e. solving (only) the real equation.
The proof of this theorem uses variational methods. But here lies the problem why
this straight forward method of solving Nahms equations does not work for bow
varieties: The solution obtained via variational methods heavily uses Dirichlet boundary
conditions, while the boundary conditions given for bow varieties are of Robin type, i.e.
a linear combination of the value and the first derivative of g at the boundary points.

Nevertheless it is worth discussing the complex form for another reason. The form
of the boundary conditions (3.22)-(3.24) justifies the consideration of another form
of Nahm equations, the so called Basu-Harvey-Terashima equations, which will be
discussed in the next section.

3.2.3 The Basu-Harvey-Terashima equations

In this section we discuss the Basu-Harvey-Tershima equations (BHT equations) which
turn out to be the lift of Nahm equation to the double cover. These equations are
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3.2 Nahm equations

very useful because they are constructed in a way that the boundary conditions with
the bifundamental data at the ends of the interval and are automatically
satisfied. In this section we follow the argumentation in [Biel5].

We start with the U(n) x U(n) action on Mat, (C) x Mat,(C) given by

(g,h): (A B)— (gAh’l,th’l).

This is essentially the action of the gauge group on the bifundamental data in the
construction of a bow variety and we already computed the moment maps. For the
first U(n) it is

1
iy (A,B) = E(AA+ —B'B), (pu2+iuz)(A,B) = AB

and for the second U(n) we obtain
iv1(A,B) = %(A*A —BB"), (1, +iu3)(A,B) = BA.
The important observation here is that the function
F = ||ui(A, B)|]> - ||vi(A, B)|]> = %Tr(A*ABB+ — B'BAAT) (3.25)

is independent of i = 1,2, 3. This leads to the following theorem from [Biel5]|:

Theorem 3.7. Let m(s) € Mat,(C) x Mat, (C) be the curve of the gradient flow of the function
F = 3(||u1(A, B)||> = |[v1(A, B)||?). Then the U (n)-valued functions T;(s) = p;(m(s)) and
Si(s) = vi(m(s)) satisfy Nahm equations (3.6).

Proof. This can be proven by using the fact that the function F can also be obtained by

using u; and v; for an arbitrary i = 1,2,3. This means that the gradient vector field we
obtain in all 3 cases must be the same. Since we have

gV, Y) = dp*(Y) = w(X,Y) = g(IX,Y)
the gradient field is given by
IlXﬂl - IlXVl = 12X]42 - IZXVZ = I3X]13 - 13X1/3

and therefore Nahm equations can easily be calculated. Using du;(LX,,) = 0 (because
Xy, is constant for dus as the actions commute), dui(LX,,) = duz(X,,) and the
standard identification of the Lie algebra with its dual we have

. d
Ni(s) = g5|  (m(m(s))) = du(VE) = dpa (LXy, — LXu,)
s=0
= dpus(Xj) = [, pa] (m(s)) = [Ta(s), T5(s)]
and similarly for cyclic permutations and for the S;). O
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3 Bows, bow varieties and Nahm equations

The gradient flow equations of F, which are the BHT equations are given by

Als) =5 (A(s)B(5)B*(5) ~ BY(5)B(5) A(5)) 20
B(s) =5 (AT(5)A(3)B(s) ~ Bs)A(5)A'(s))
Defining
iTy(5) == 2 (A()A'(s) ~ BY(5)B(s)), Tals) +iT5(s) = AG)B(s)  (327)
and
i$1(5) == 2 (AT(5)A(s) ~ B)BY(s)),  Sals) +iS5(5) = B(s)As)  (328)

one can directly compute that for a solution to (3.26) the T; and S; both satisfy Nahms
equations. All in all we obtain the following result [Biel5]:

Corollary 3.8. The Basu-Harvey-Terashima equations (3.26) are equivalent to Nahms equations
for the T; (3.27). In addition they imply Nahms equations for the S, .

Of course the role of the T; and the S; is interchangeable in this corollary. In other
words, a solution to Nahm equations lifts to a solution to BHT equations and a solution
to BHT equations can be pushed down to two copies of solutions to Nahm equations.
This is, why we can view BHT equations as the double cover of Nahm equations.

This has two benefits now. First, we see that setting A(sp) = A and B(sp) = B for
some sy € R the definition of the S; and T; automatically satisfy the boundary conditions
(3.23) and in the complex form for the level set of 0 at that point. Second, we
carried the parameter dependency over to the A and B i.e. to the bifundamental data.
As the development of A and B along the gradient flow lines of F is equivalent to a
solution of Nahm equations we can now take a starting point, where the boundary
conditions are satisfied and follow that flow to obtain a solution to Nahm equation to
get a description of a bow variety.

3.2.4 Application: Bow varieties of higher rank without A-points

To finish the chapter about Nahm equations we want to give an application of the
correspondence between Nahm and BHT equations. We have already seen that the bow
variety of a single interval [pr, pr] with Nahm data of rank 1 together with a single
arrow leading from pr to py is the Taub-NUT space (for convenience we call a pair
of arrows, one leading from the right end to a left end of and interval and the other
connecting the same points but with reverse orientation, just as a single arrow from
now on). We now take the same bow diagram but with Nahm data of arbitrary rank n.
We will show that this setup also has only a trivial solution. Moreover, we show that
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3.2 Nahm equations

the solution is 7 times a copy of the solution of the rank 1 case. To do so, we need one
more ingredient from a later chapter which we anticipate here, as this calculation in
mainly an application of BHT equations.

For convenience we choose the interval to be [0, 1]. For the level set 1 ~1(0) we have
boundary conditions ats =0 and ats = 1 with ¢; = 0 = c4.. First observe
that the setup for this bow variety is independent of the choice of the level set 1 (c).
Taking a level set different from 1 ~1(0) such that ¢;,c # 0 we have the following. Let
(«, B) be a solution to Nahm equations with the given boundary conditions. Then (&, )
with &(s) = a(s) +ic1Id and B(s) = B(s) + c41d is a solution to Nahm equations (as
ic1ld and c1d are constant and central in u(#)) that satisfies boundary conditions with
c1 = 0 = c.. Therefore we only need to consider the case u~1(0).

So starting with the described bow diagram and lifting it to the double cover we
obtain 2 bow diagrams as follows.

B A
B
T;
L U2 VaVaVaVaVYavYaw/
S=O S:1 S=O S:']

Figure 3.2: Two copies of the same bow corresponding to Basu-Harvey-Terashima
equations

Taking A(0) and B(0) from the BHT-equations and setting A(0) = A and B(0) = B
with A and B from the diagram we obtain new conditions at s = 1 for both the T; and
the S;. To understand this compare the defining equations for BHT formalism (3.27))
and with the matching conditions of Nahm data with the bifundamental data
at the boundary points of a bow diagram in their real (3.11), and complex form
(3.23) and (3.24). For the T; we get

A(1)B(1) = B(0)A(0),  A(1)AT(1) — BT(1)B(1) = AT(0)A(0) — B(0)B*(0)
and for the S; we have
B(1)A(1) = A(0)B(0),  A"(1)A(1) — B(1)B"(1) = A(0)A"(0) — BT (0)B(0).

In particular, we obtain even more.
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3 Bows, bow varieties and Nahm equations
Lemma 3.9. If we just follow the flow of BHT equations we get

(AB)(s +1) = (BA)(s), <AA+ — B*B) (s+1) = <A*A — BB*) (s)
and

(BA)(s +1) = (AB)(s), <A*A — BB*) (s+1)= <AA+ - B*B) (s)

forall s € R.

Let us first discuss the consequences before proving the lemma. If we insert one of
these line into the definition of the function F defining BHT equations we obtain
F(s+1) = —F(s). Further inserting both of the above conditions into each other and
then into F we obtain F(s +2) = F(s) for all s. Thus, F is periodic (with period equal
to 2 times the length of the interval) and changes sign. Since F(s) cannot be negative
along a gradient flow curve, and F cannot have any poles as it is a polynomial in the
entries of A(s) and B(s) (which are given as solutions to Nahms equations and are
therefore analytic), F must be constant and equal to 0 along a gradient flow curve. Thus
we also obtain F = 0 along a curve.

On the other hand, we can use BHT equation to obtain

E(s) = 2Tr(A(s)AT(s) + B(s)B'(s)).

This means F = 0 if and only if A=0and B=0, ie. we have a stationary solution to
BHT equations. The boundary conditions in the above lemma then reduce to

AB=BA, A'A—-BB'=AA"-B'B. (3.29)
Let us now prove lemma
Proof. Let A(Z,s) := A(s) — &B'(s) and B(¢,s) := B(s) + EAt(s). Then we have
AB(G,s) == A(G,s) - B(G,s) = A(s)B(s) + G(A(s)AT(s) — BY(5)B(s)) — §B"(5) A" (s).

1 AB (C,S) 1
Observe that the polynomial part of —p s

<ILU3(§IS)>+ = A(s)A%(s) — B'(s)B(s) — &B*(s) A" (s).

Therefore define

ABy(G,s) = %(A(S)I‘V(S) — B'(s)B(s)) — {B'(s) A" (s).

50



3.2 Nahm equations

Further observe that

jSAB@,s) - [A<s>B<s>,A<s>A*<s> — BY(s)B(s)| +¢ |A(s)B(s), B () A"(s)]
- igz A(s)B(s), A(s)A*(s) - 19*(5)19(3)}+
~ [AB(Z,5), AB#@ s)]

so we have a Lax pair equation. The same holds for

d

1 BA(G5) = — [BA(Z,5), BA4(C, 9)]

with
AEs) = B(Es) AE5), BANEs) = 5(AT(5)A(s) ~ BE)B'(5)) — GAT(5)BY(5).

Now this is the point where we need to anticipate that there is a 1:1 correspondence
between these matrix polynomials satisfying Lax pair equations and linear flows
on the Jacobian of the spectral curve determined by these matrix polynomials. The
details of this correspondence will be discussed in the next chapter. All we need
to know for this proof is the existence of the correspondence, that the flows are
linear and that the direction of the flows is given by ABy and BAy respectively. Note
that the spectral curves for both polynomials are the same as they are cut out by
det(yld — X(&,s)) = 0, where X(&,s) = AB({,s) or X(&,s) = BA(¢, s) respectively and
we have det(nld — AB((,s)) = det(yld — BA(G,s)).

The boundary conditions at s = 1 now turn into

AB(&,s =1) = BA({,s =0), ABy(¢,s =1) = BA4(¢,s =0)

and
BA(g,s=1) = AB({,s =0), BA4(&,s =1) = ABy(g,s =0).

Both conditions mean that the flows intersect in a point with the same direction but at
different times. As the flows are linear this means they are the same but time shifted
where the shift is equal to the length of the interval. Further, the flow must be cyclic
due to the second intersection point with inverse time shift. All in all we obtain

AB(E,s+1) = BA(Z,s),  ABy(&,s+1) = BA4(E,s),

and also the other way around which directly translates into the conditions we wanted
to show. O

Now taking a stationary solution with the tightened boundary conditions we can
finally show that every such orbit contains a gauge in which the solution is trivial. The
remaining gauge group is a single U(n) acting on both A and B via conjugation.
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3 Bows, bow varieties and Nahm equations

For a stationary solution the complex form of Nahm equations reduce to (setting
a = A'A — BB' and B = BA)

[«, 8] =[ATA — BBY,BA] =0
[, '] + [B, 8] =[BA, (BA)"] = 0.

The first equation says that « and f commute, the second one means that § is normal.
« is hermitian via definition and thus also normal. Therefore, both « and B are
simultaneously unitary diagonalizable.

We can write

BA = diag(p1, ..., on)
AYA — BB' = diag(oy, ..., 0y)

with non of the p; and ¢; equal to zero (this is true since a and B are supposed to be
solutions to rank n Nahm equations). Therefore, A and B must be invertible and we
can write B = A~!-diag(p1, ..., o). It is easy to check that [BB',a] = 0 = [BBY, ]
and obviously the same holds for ATA. A'A and BB' are both hermitian and thus
normal and therefore also diagonal in this gauge. Putting this into the second boundary
condition we obtain BB' = BB and similar for A and therefore A and B are also
normal and as they commute, they are also simultaneously unitary diagonalizable.

So every orbit in #~!(0) contains a pair of diagonal matrices (A, B) and therefore the
bow variety is just the n-th direct sum of the solution of the rank one case with itself,
i.e. the n-th direct sum of the Taub-NUT space with itself.

This method can be generalized to a circle diagram below.
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3.2 Nahm equations

Figure 3.3: Cyclic bow diagram

This diagram consists of n intervals where we parametrise the i-th interval I; =
[si,, si,] such that all intervals are disjoint. The diagram consists further of n arrows
such that the arrow e; leads from the right end of the Interval I;_; to the left end
of the interval I;. For the diagram to become a circle we have ¢,,1 = e; leading
from the interval I, to I;. Cherkis showed in [Chell] that a bow representation of
rank 1 corresponds to an n centered multi Taub-NUT space, i.e. to an A,_1—ALF
space. We consider here a representation such that Nahm data are of rank k on every
interval. In our notation the data on the interval I; are given by Nahm matrices T! with
j = 1,2,3, while the data on the arrow e¢; leading from I;_; to I; is given by the two
homomorphisms A; : Ei‘siL — Ei*l‘SHR and B; : Ei,l‘sHR — EilSiL' We again lift this

bow diagram to its double cover to obtain BHT-equation which we can project to a
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3 Bows, bow varieties and Nahm equations

second bow diagram. We call the original bow as the first copy and set

T3(s) +iT5(s) =Bi(s) Ai(s)

where we define A;(s;, ) := A; and B;(s;, ) := B; for i = 1,...,n. With this definition the
boundary conditions on the left ends of each interval are automatically satisfied and on
the right end we have (here for the interval I;):

A?(SiR)Ai(SiR) - Bi(SiR)B;r(SiR) ZAi+1(Si+1L)A;r+1 (Siy1,) — B;r+1(5i+lL)Bi+l(5i+lL)
Bi(sig) Ai(siy) =Ait1(Si+1,)Bix1(5i+1,)-

iTi(s) :%(Af(s)Ai(s) — Bi(s)B] (s))

(3.30)

The second copy is the same bow diagram but with reverse orientation.

B%\/\/\/\/S\/\/V\/’%

Ai +1

Figure 3.4: Second copy of the cyclic bow diagram

This means the interval I; = [s;,, s;, | still carries Nahm data S;- but the arrow e; now
leads from the left end of the interval I;_; to the right end of the interval I;. This means
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3.2 Nahm equations

it is now represented by the following homomorphisms: A; : E;| — E;_4 and
p y g p S; Si—1
R =1,
Bi: Eiq, oo Ej|, . As the projection of BHT-equations we have
=l IR
© i 1
i5(s) =§(Ai(S)Af(S) — Bl (s)Bi(s))
S5(s) +iS5(s) =Ai(s)Bi(s)
and we obtain boundary conditions
Ai(SiR)A:‘r(SiR> - B?(SiR)Bi(SiR) :A;‘r(siL)Ai(siL) - Bi(SiL>B;‘r(SiL) (3 31)

A;(sir)Bi(siy) =Bi(si, ) Ai(si,)

at the upper end s;, of the interval I; and

Ai(siy ) Al (si,) — B} (si,)Bi(si,) =Ais1(siv1, )AL 1 (si1,) — Bl 1 (siv1,)Biva(siv1,)

Ai(si,)Bi(si,) =Ai+1(siz1,)Biva(Siv1,)
(3.32)

at the lower end s;, of the interval I;. Here, as the A;(s) and B;(s) come from BHT-
equations, note that they are the same and therefore we still have the identification
Ai(si,) := Aj and B;(s;, ) := B;. Combining the boundary conditions (3.30) with (3.32)
we can get rid of the A;,; and B, in the conditions and together with we are
left with

Ai(sig) A (sig) — B} (sig) Bi(si) =A]
Ai(si,)Af (si,) — Bf (si,)Bi
B
B

which are exactly the conditions we had for lemma 3.9/ so we can individually follow
the BHT flow on every interval and obtain a stationary solution and observe that there
is a diagonal solution in each orbit as before.

Now, boundary equations (3.30) and (3.32) must still be satisfied individually. First,
we observe that our remaining gauge freedom reduces to single U(k) action and this
means that all the A; and B; are simultaneously diagonalized by the same gauge
transformation.

Now, if all A; and B; are diagonal we can make a second observation. The second

equation of say (3.32) gives

I Al All o J]
Ai+1 - /\iAi ’ Bi+l - EBi
i

55



3 Bows, bow varieties and Nahm equations

for each j = 1, ...,k where A/ denotes the jj-entry of the matrix A and the A{: € C\{0}.
With this the first equation of (3.32) reads

e 1 L s L
I ALl 311 IRl — All A1] /IRl
MM AT A —ﬁBi Bl = AVAV — B/B!

11

L . i Bjj

for each j = 1, ..., k. This equation has a solutions A’A! = 1 or AJA] = —% <0. As
AV A,

A{: 7\? > 0 we have a unique solution A{: = exp(i gof) Thus, we have k individual solutions

to rank 1 Nahm equations on every interval and the solutions differ only by phases

from interval to interval.
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4 The spectral picture

In this chapter we want to give a description of bow varieties in the language of spectral
data. This includes two steps. First, we will give the equivalent procedure for solving
the differential equations on the intervals of a bow diagram in the spectral picture,
which will turn out to be way easier to handle. In the second part we will discuss the
boundary conditions at a A-point and their counterparts. Further, We have observed
that solutions to Nahm equations satisfy a reality condition. We will find a translation
to the spectral curve for this, too.

4.1 Nahm equations and flows on the Jacobian

In this section we finally want to explain the correspondence between solutions to Nahm
equations and flows on the Jacobian of the spectral curve as it was already mentioned
in earlier chapters. This is due to Arnaud Beauville and was constructed in [Bea90].
In particular, the correspondence is between regular matrix valued polynomials and
linear flows on the Jacobian without the canonical theta divisor of the spectral curve of
the given matrix polynomial.

4.1.1 The Beauville correspondence

We now want to give the crucial Beauville correspondence and as it is so important
for the rest of this work, we will also give a proof for it. To do so, we need one more
ingredient, namely Grauerts direct image theorem [GPR94]:

Proposition 4.1. Let L be an invertible sheaf on a spectral curve (S, Og) and denote by 7. L
the direct image sheaf (as defined in . Then, 7L is locally free and the cohomology groups
are isomorphic as C-vector spaces, i.e. for p > 0 we have

HP(S,L) ~ HP(CP?, . L). (4.1)
We have the following theorem [Bea90]:

Theorem 4.2. Let P(1,7) = n* + a1(0)n* ! + ... + a({) be a polynomial with a;({) being
polynomials of degree deg(a;) = jd in {, where d € IN is some fixed positive integer. Let
S € |O(d)| be the spectral curve given by the equation P(1,{) = 0 and let

M(P) = {A(Z) € alk(C)[C][ deg(A(Z)) = d,det(nldy — A(Z)) = P(1,0)}

57



4 The spectral picture

be the variety of square matrices of rank k with coefficients in the space of complex polynomials
in { of degree d, whose characteristic polynomial is equal to P, such that the group PGLy(C)
acts freely and properly on M(P) via conjugation.

Then, every line bundle L € J&~1(S)\® has a free resolution of the form

d—A(Q)
0 —— O (—d — 1) 50 00) (-1 —— L —— 0 (4.2)

with A(Z) € M(P). This in fact gives a 1-1 correspondence between the quotient M(P)/PGLy(C)
and the Jacobian variety J8~1(S)\© of the spectral curve S without the canonical theta divisor.

Proof. Let L € J&1(S)\@ be a line bundle. First, we show that the cohomology of L
and hence the one of 77, L is zero. Observe, that the condition that L does not belong to
the theta divisor means that H°(S,L) = 0. With the Riemann-Roch theorem @ we
then have

—dim H'(S,L) = dim H%(S,L) —dim H'(S,L) = deg(L) +1— g =0,

hence H'(S,L) = 0 as well. With Grauerts direct image theorem we obtain
HO(CIP!, m.L) = HY(S,L) = 0 and H'(CPP!, m,L) = H'(S,L) = 0. This now gives
us a description of 7L the following way. We have

deg(L) +1— g =dim H(S,L) — dim H!(S, L)
= dim H°(CP!, 1,L) — dim H'(CP?, . L)
= deg(m«L) + rank(7t.L)(1 — gcpt)
= deg(m.L) +k

again by using Grauerts direct image theorem and twice the Riemann-Roch theorem.
As deg(L) = ¢ — 1 we have deg(m.L) = —k. Thus, in this case rank k bundles with
degree —k are all isomorphic to O(—1)%* (compare with the argument on p.22), hence
we have an isomorphism

¢:O0(-1)% = m.L. (4.3)

This isomorphism has a representation matrix B(). In a basis B of H(S, L(1)) it is the
matrix that represents the multiplication as it was explained in section 2.3.3.

Now, 7. L is also a module over 71,Og and therefore we have an additional structure
given by a morphism of algebras U : 7.0s — End(7.L), i.e. by a homomorphism
A m.L — m.L(d) satisfying P({, A({)) = 0 [RNB89]. The matrix A({) is regular for
each { € CIP! since L is a line bundle and thus P(Z, ) is the characteristic polynomial
of A({). Hence, A({) € M(P). We obtain the same data A({) € M(P) when we take
the conjugation ¢ 1Ag : O(—1)%F — O(d — 1)®* and as any isomorphism O(—1)% —
7. L is given by conjugating ¢ with an automorphism g € GL;(C) of O(—1)%* we have
a map

Jacs1(S)\® — M(P)/PGL(C).
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4.1 Nahm equations and flows on the Jacobian

The inverse mapping is given by mapping a conjugation class of matrix polynomials
A(C) € M(P)/PGLi(C) to the line bundle L(—1) where L is the bundle given by the
exact sequence (4.2). For more details of this see [Bea90] or [AHHI0]. O

4.1.2 Flows on the Jacobian variety

We now have a correspondence between matrix polynomials on the one hand and line
bundles on the spectral curve on the other hand. For the purpose of describing bow
varieties we want to consider flows of the matrix polynomials. In particular, we want
to consider flows in M(P) such that Nahm equations are satisfied. We will find an
expression for this flow in the spectral picture, which will be shifting the variation to a
local frame in which the Lax pair equations are satisfied.

In order to do so and to describe flows on the Jacobian, we need a better understand-
ing of the line bundles involved, i.e. of the cohomology group H'(S, O).

We have already seen that all spaces of isomorphisms classes of holomorphic line
bundles of a fixed degree are isomorphic to each other and to the Jacobian. We have also
seen that any two holomorphic line bundles of the same degree d differ only by a line
bundle of degree zero. This means, if F and F are of degree d with transition functions
c and ¢ respectively, we find a line bundle L of degree zero with transition function
f such that F = F ® L with their transition functions satisfying ¢ = cf. Therefore,
to obtain a flow on the space of isomorphism classes of holomorphic line bundles of

degree d and thus a flow on the Jacobian, we only need to vary the degree zero line
bundle. Thus, the flow will be

fl—>./—"t3:f®Lt

with transition function c(t) = cf(t) for ¢ the transition function of F and f(t) the
transition function of Lf. To do an explicit construction, we need to now the transition
function f(t) of L!. In the following we will construct this function. Recall that they are
given as classes in H!(S, O*).

We have a short exact sequence of sheaves, which is the basis of this. In our case it is
the following sequence

det(yldi—A(C
0— 0‘0(2)‘(—2]() Y i) ©) O|O(2)| — Os — 0.
The key point is that we can identify
Olo@) = Ol0@)|(=2k) ® Ojo@)|(2K),

because a section s on the tensor product will be just the product of a section s~ on
the left factor and a section s* on the right factor. As s~ and s™ are sections of the
named specific bundles, they satisfy s; ({,7) = (*s; (¢, 17) and 57 ({,77) = T s (¢, 1)
respectively on the overlap, so the product s = s~s™ is a holomorphic function. With
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4 The spectral picture

this given, the sequence above is just the cokernel sequence. As det(nIdy — A({)) is a
section of O|p(2)|(2k), the image of the first map are the holomorphic functions f on
|O(2)] that can be written as a product of a section of O ()|(—2k) with this special
section det(yIdy — A({)). As the sequence is the cokernel sequence the sheaf on the
right must be the cokernel
Oop)
2(O|0(2)(—2k))

where « is this map det. The sequence is exact by construction. If we have a look at the
image of B, we see, that for a holomorphic function f on O|p(;)| we can always take

the quotient ) and obtain a section of O|p(z)|(—2k), such that f lies in the

m
kernel as long as det(yIdy — A(()) is not zero. Therefore the cokernel can be identified
with the space of holomophic functions on |O(2)| which have support on the subset
of points ({,7) that satisfy det(nIdy — A({)) = 0 and this is exactly the spectral curve.
Thus, we have

Oo@)
2(O)02)(—2k))

From the short exact sequence of sheaves we obtain the long exact sequence of coho-
mology groups. This looks as follows

= Os.

= HY(|0Q)], 0(=2k)) “ A9 t1102)1,0) & HY(S,0) = HA(|0(2)], O(=2K)) = ...

We are interested in the group H!(S, O). Therefore, we note that H>(|O(2)|, O(—2k)) =
0, because the standard cover (U, U;) of the total space |O(2)| is a Leray cover, so
the cohomology group of the total space is the same as the one of this cover and this
vanishes as there are no threefold intersections, because the cover consists only of
two open sets. Since the sequence is exact, we can describe H'(S, 0) as H'(|0(2)|,0)
modulo the kernel of B, which is exactly the image of det(yId; — A((Q)).

Now, from the definition of sheaf cohomology we have a description of the group
H'(|O(2)|, ©) namely as the set of holomorphic functions on the intersection
Up NU; = C* x C (which is also the kernel of the map to the space of holomorphic
functions on triple intersection as there are no triple intersections) modulo the image of
J:0(Uy) & O(Uy) — O(UynUy), which are holomorphic functions on the intersection
that extend to Uy and Uj respectively. Using the series expansions for holomorphic

functions, we obtain
fFECm=>_> am'd

i=0 j=—o0

for holomorphic functions on C* x C. Holomorphic functions on Uy 2 C? have a Taylor
expansion in ¢ and 7, so we have

F@m) =Y agn'y

i,j=0

60



4.1 Nahm equations and flows on the Jacobian

and the quotient contains functions with a Laurent series of the form

) -1
f@n)=> > ay'd.
i=0 j=—o0

Analogously, for holomorphic functions on U; 2 C? with Taylor expansion in { and

B o0 . o0 1 o0
FCmn=Said =3 ﬁg(%)’(z)f = gy,
i,j=0 i,j=0 i,j=0

we obtain for the quotient functions with a Laurent expansion of the form

00 -1
fem=> > and.

i=0 j=—2i+1

This is the description of an arbitrary function in H!(]O(2)|, ©). To obtain H'(S, O) we
have to take this modulo det(y1dy — A(Q)) = #* +a1(0)n* ! +... + ax({) = 0, where the
a; are polynomials in ¢. This means, whenever the parameter i in the sum above reaches
k so that we have a term proportional to 77* we identify it with —aq ()"~ — ... — ar(Q)

so that we can write
k—1

N
= ¢

for some fixed N € IN and polynomials p[{] which actual forms depend on the
polynomials a;({) in the determinant. This in now representation of a class in H'(S, O).
As we are interested in H!(S, O*) we can just take the exponential of it and obtain
exp f({,n). As this does not have any zero, it corresponds to a degree zero line bundle
L, which is, what we wanted to construct. A linear variation of the element in H! (S,0)
gives us a family of degree zero line bundles L' with transition functions exp(tf(Z,7)).

Thus, the flow on the Jacobian is the flow of line bundles with fixed degree d
F — F ® L' with transition function cexp(tf({,#)) where c is the transition function
of our starting point F.

i

4.1.3 Linearity and relation to Lax pair equations

In this section, we will show the equivalence of a solution to Nahm equations and a
linear flow on the Jacobian variety of the corresponding spectral curve without the
theta divisor following [HSW99]. This will be done by writing Nahm equations as Lax
pair equations (this was shown in chapter [2) and showing that we can obtain a solution
by locally varying the frame, i.e. shifting the evolution to the base.

We start with a family of sections each of them being in H°(S, F ® L!). Such a section
has a local representation (s(t),5(t)) on Uy and U; respectively. Let o7 (t), ..., 0,,(t) be a
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4 The spectral picture

holomorphically varying local frame for L’. The section is then represented by functions
(si(t),5i(t)) satisfying
Si(t) = exp(tf (5, 1))esi(t)

on Uy N U;. Taking the derivative with respect to t we have

agz;(tt> = f(&m) exp(tf (5, n))esi(t) + exp(tf(glﬂ))casggt)
s;(t)

= Zf 7, AL ]15] )+exp(tf(§ ’7)) ot

using 7s; = Zj Ajisj as in 1b We can write the Laurent expansion for the term

f(Z,A(2)) and split it into a polynomial part in { and one in {~! to obtain a global
section of L. Thus, writing f = f + f~ where the constant term belongs to f* we
can arrange the last expression as follows:

Z is; =exp(tf(C,n)) (aSl + Zf]zg])

The left hand side is holomorphic in { while the right hand side is holomorphic in {~?
and thus the pair

ds; d5;
( Z ji Sjr at +Zf]z ])

on Uy and Uj respectively defines a section T;(t) of L.
Now the ¢; have been defined to be a frame, so there is a matrix representation of
this section corresponding to that basis, i.e. we have

H=> M
j
where M depends holomorphically on t and satisfies

Z i5 = ZMJIS]

or equivalently

%Sti - Z ( i+ Mﬁ) j- (4.4)

J

Now, recall that we have (2.3) for the matrix A(t,{) defining the spectral curve (now
with a frame varying in t). Differentiating this equation with respect to ¢ and inserting
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4.1 Nahm equations and flows on the Jacobian

on both sides the condition (4.4) for the derivative of a section we just calculated we
obtain

> (f+ M) Agse = 3 (fif + M) s,
i i
. aSl‘
aS]‘

JdA
— Z <at>]'i Sj + ZAjig
] ]
d0A +
= Z <8t> ”Sj + Z A]‘i <fkj + Mk]‘) Sg.
]

ji ik

This means

JdA
Z <at> “S]- = Z < ( ];L + M]’,‘) Akj — A]'i (f]:]r + Mk]'> >Sk
i ji ik
and hence SA(L D)
£,

) [, Al ) + M), AL D)) 5)
This is now almost a Lax pair equation. All we have left to do is to conjugate Alt, ¢ ) in
the following way. Conjugating A means changing the moving frame, we have chosen
arbitrary to the frame in which the evolution of the matrix A is in Lax form. Let us
choose a holomorphic GL(C)-valued function P in the parameter ¢ such that

dP(t) _
T —M(t)P(t). (4.6)
Then A = P! AP satisfies the equation
WAL pr(¢ Al ), Al 0), u7)

which is a Lax pair equation. Finding the correct moving frame is done by solving
the linear system of ODEs . Hence, we have shown that a linear flow on the
Jacobian of the spectral curve S defines a moving frame for |O(2)| such that the matrix
A(t,{), which defines the spectral curve S, satisfies a Lax pair equation and thus Nahm
equations.

Here, the direction of the flow was given by the transition function

- pildly’
fem =3 P
i=1

as we have shown above. Then, we second matrix occurring in the Lax pair equation is
exactly the polynomial part the this direction. This is of course not unique, as we can
add arbitrary powers of A to this expression and still satisfy the Lax pair equation.
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4 The spectral picture

4.2 The real structure

For a triple (Ty, To, T5) satisfying Nahm equations we have already seen that the matrix
polynomial
A(Q) =T +iT3 + 2Ty  + (Tr — iT3) Z°
A A A
0 1 2

defines a spectral curve via S = {det(yId — A({)) = 0}. The function Ay, A; and
Aj satisfy a so called reality condition given by Aj = —A; and A} = A;. If S is real
(see below), the corresponding invertible sheaf F € Jacs!(S) satisfies also a reality
condition [Hit83] and [Bie07]. In this section we want to work out some properties of
this reality condition.

The antipodal map on CP! induces an anti-holomorphic involution on the total space
|Ocpt1(2)| given by

71 |Ocpt (2)] = [Ocp (2)]

o (54

called the real strucure. It is obviously anti-holomorphic and satisfies the condition
2 =1d.

For Nahm equations the spectral curve S is real in the sense that it is invariant under
the real structure. Observe therefore that in the standard open cover (Up, U;) of S we
have 7|y, (Up) = Uy and 7|y, (U1) = Up and thus Ty, nu, (Ur N Up) = Up N U;.

The real structure induces an anti-holomorphic involution ¢ on the Jacobian as
follows (cf. [BieO7]): Let L be a line bundle on S that is trivialized by an open cover
{U,} with transition function g,s from U, to Ug. Then o(L) is trivialized by the
open cover {7(U,)} with transition functions g,4(7(Z,7)). In particular this means the
following: Let s be a local section of L on an open set U. In the standard cover s is
represented by the tuple (s, s0) of functions satisfying

5 (ég) — g0, M)so(T,1)-

The real structure now gives us a new transition function defined by
. (17 —
o1 <C' €2> 1= g10(7(8, 1)),

where the local section is given by functions (3y, 51) satisfying

1 1
So <€,172> §1 <C’§1'72> = 8(C, 1)

Taking in particular the bundle O(k) for some fixed k we have a transition function
10l 1) = % This induces the transition function gp; (%, %) = on o(O(k)). This
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4.3 Boundary conditions

means 0(O(k)) = O(k) and hence, the real structure preserves the degree of line
bundles.

The real structure also preserves Jacs !(S)\@ as the following argument shows.
Writing ¢(s) = T*s, a local section s = (s1,50) on L induces a local section on ¢(L)
given by (T*so, T¥s1). Hence, if L does not have any non-trivial global section, then (L)
also does not have any. We have the following definition and proposition from [Bie07]:

Definition 4.3. A line bundle L of degree d = ik on S, i € Z is called real, if L =
o(L)* ® Og(2i). We write ]ac:ﬁ{_l(S) for the corresponding subspace of Jacs~1(S) and
OR for ®©N ]acﬁ{l(S).

Proposition 4.4. There is a 1-1 correspondence between ]acﬁ{l (S)\ORr and conjugacy classes
of gl (C)-valued polynomials A(L) = Ao + A1 + Ax{? such that A({) is reqular for every ,
the characteristic polynomial of A({) is

P(7,0) ="+ a (" ' + ..+ ak(Q)

where a;({) is a polynomial in { of degree 2i and such that there exists a hermitian matrix
h € GLi(C) with

hAh™t = — A, hA R = AT, hA = —A].

Proof. Jac$™1(S)\@ is real if and only if A() = Ao + A1l + AyZ? is conjugated to
— Al + AT — ALZ%. Let h be the matrix that realizes this conjugation. Then (h)~!h
centralizes A({). If (k") ~1h does not belong to the centre of GLi(C), the A(Z) belongs
to the reductive subalgebra Z((h)~1h) and ker(yId — A(Z)) is not everywhere 1-
dimensional. This contradicts the assumption that A({) belongs to a line bundle.
Hence, h is hermitian up to a central factor (cf. [Bie07]). O

4.3 Boundary conditions

We now know how Nahm equations induce a linear flow on the Jacobian, but we still
have to investigate what happens to the boundary conditions, when the evolution of
Nahm equations passes a A-point. These are the rank 1 jumps over each A-point inside
the interval. This was treated by Hurtubise and Murray [HM89] and we follow the
argumentation of their chapter 3.

We start with two sets of Nahm data, one being T/ ! on the interval [Ap—1,Ap] and
another one Tip on [Ap, Api1] (i = 1,2,3). Let us write

Ap(t,0) = T (£) +iT§ (t) + 2T} (1) + (T (t) — T (1)) (4.8)

Both Nahm data shall be of the same rank k and the boundary condition is the one of a
rank 1 jump, i.e. both limits

AT(E) = lim Ay (1)
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4 The spectral picture

and

A(Q) = Jim Ay(10)

exist and we have

AT(Q) = AT(Q) = (uo — Qu) (i + Gito) " = u(§)u*(g)" (4.9)

for all {. Here ug, u; € CF are column vectors. Observe that this condition is equivalent
to (3.10) when we set I = up and | = s{.

Then we have det(r7Id — A*({)) = 0 defining the spectral curve S,_; which corre-
sponds to the Nahm data on [A,_1,A,] and analogously det(n7Id — A™(Z)) = 0 defining
the spectral curve S, corresponding to the other Nahm data on [Ap, A, (1] (recall that the
spectral curves are independent on the parameter t as Nahm equations are isospectral).
Let us assume that the Nahm data are generic, meaning that S, N S,_1 consists of 2k
distinct points.

We define the following sheaf on S:

K; = coker(nld — A,(t,0)) : (’)(—2)@" — O%k
and its dual
K; = ker(yld — A,(t,0))T : O%F — O(2)%*.

Let the subscript adj denote the adjoint, such that
(71d — Ay (£,0))T (y1d — Ap(t,0)) 1y = det(y1d — Ap(t,))Id (4.10)

holds and we have
Im(y1d — Ap(t,{))ag C K

over S, with equality if (7Id — A, (t,{)) is of corank one, meaning that (7Id — A,(t,7) )zdj
is of rank one. In this case K; is a line bundle. If the corank of (7Id — A, (t,{)) is greater
than one, the adjoint vanishes.

K), can be defined on both S, and S, 1. Our first aim is to show that Ky, isa line
bundle on both spectral curves. Using and the matrix determinant lemma (stating
det(A + xy") = det(A) 4+ y" Ayqjx where A is a square matrix and x,y are column
vectors) we have

det(ld — A*({))" = det(yld — A™(0)" —u*(Q)u(l)")

=det(yIld — A= ()") — u(D)T(y1d — A= (2))"u* (7). (4.11)

Over Sp

(71d — A=(2)) " (y1d — A~ ())aqit* (§) = det(yld — A~ (7)) u*({) =0 (412)
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4.3 Boundary conditions

and over S, 1

(1d — AT (£) " (y1d — A7 ()" ()
= (n1d = (A7(Q) = w*(Q)u(@)")) (y1d — A=(£)) Ty (0)
= (n1d — A7(2)" (y1d — A~ (0)) 2" () —u* (Q)u(Q) " (y1d — A™(2))agiu* (Q)
= det(yId — A™(0))u*(§) — u*(Q)u(g)T (n1d — A™(§))igu* ()
= u*({) det(yld — A* ()"
" (4.13)

by using . . Hence, (y1d — A= ()L agjtt” (¢) defines a section of K3, over both
Syand S, 1. (qu A= (D) agj is non-zero on S, away from the 1ntersect10n Sy NSy
(cf. -) and (yld — A*(Z))L adj 18 MON-Zero on S, 1 away from the intersection for
symmetry reasons. The gener1c1ty condition of the Nahm data now implies that these
both expressions are also non-zero on the intersection. Therefore, K, is a line bundle
on both S, and S, 1.

We need the following two lemmas from [HM89]:

Lemma 4.5. Let E be the divisor on Sy, cut out by S,_1 and let f be given by

Frn,0) ==/, -1/0).

Then there is a divisor D such that f vanishes on D and D + ¢(D) = E if and only if f(f*)T
vanishes on E.

Proof. Let f(f*)T vanish on E. Then also f; f; vanishes on E for all i,j. E being real
means that we can write E = Y my(py + T(px)) where py are points of S. Let f; vanish
at py with multiplicity gx; and at T(px) with multiplicity 1 ;. We have gy ; + hy; > my
foralli,j, as f; f]* vanishes on E. Let us set gy = min; gx; and hy = my — g. Then f;
vanishes at D = > (gxpx + hxt(py)) for alli and D + o(D) = E. O

With this we can prove the following lemma:

Lemma 4.6. There is a partition of S, N S,,_1 into divisors D and o (D) such that over S, and
over S,—1 we have Ky, = O(2k —1)[-D].

Proof. (yId — A*(é))zdju*(g) is of degree 2k — 1 and hence we have a map
Ky, = O(2k — 1).

Using the last lemma to show that this map vanishes on the appropriate divisor D, it is
sufficient to show that (yId — A~ (g))ad]u*(g) u()T(yld — A~ (g))ad] vanishes on S, N
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4 The spectral picture

Sp—1. From 1) we know that on S, N S,_1 we have u(Z)" (71d — A*(g))gdju*(g) =0.
Now, (yId — A*(g))gdj is of rank 1 over S,_; and thus can be written as an outer

product vw?, where v and W are column vectors. Hence we get uTvwTu* = 0, so either
uTv = 0 or wlu* = 0. Then, (yId — A‘(g))gdju*(g) =0oru(Q)T(yld— A= ()" = 0.
For more details why the map only vanishes on D see [HM89]. O

This leads directly to the behaviour of the flows of Nahm data at such boundary
points.

Proposition 4.7. At a rank 1 jump of solutions to Nahm equations we have
where T(Sy,,—1) = Sp—_1,p and the line bundles at A, are equal to
Os, (2k —1)[=S,_1,p] € Jact~(S,)
and
Os, ,(2k = 1)[=S,_1,] € Jacs (S, 1).
Considering the flow of K; for t € [A,, A, 1] we have

att = A, and

Ky, = O(2k —1)[=S,, 1]

p+1

att = )\p+1.
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5 Bow varieties over an interval

In this chapter we describe precisely the bow variety of the following bow diagram.

B

A

)\0 )\1 )\2 vee )\r )\r+1
Figure 5.1: Bow diagram with » A-points

It consists of a single interval [Ag, A,+1] with  A-points located at Ay, ..., A,. Further
we have a pair of arrows denoted by A and B connecting the endpoints of the interval.
The rank of the solution to Nahms equations is equal to k on every subinterval. This
means M is the moduli space of u(k)-valued solutions to Nahm equations on the
interval [Ag, A,+1] which have a rank 1 jump at each A; for i =1, ..., 7 given by

T3 (M) + T3 (M) = (T3(A) +iT3(M)) = B
T () —iTH(A) =
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5 Bow varieties over an interval

and boundary conditions
Ty +iT} +2iT{¢ + (T —iT3)¢* = (B+ AT)(A — BY) +cr(¢)1d
at Ag and
LM T+ 24T+ (T — T2 = (A= BTE) (B + AT() +cr(¢)ld

at A,,1. Here T}, i =1,..,r + 1 denotes the solution T; to Nahm equations on the i-th
interval [A;_1, 7], A, B € Matyx(C) and cr, cr are quadratic polynomials in { satisfying
the reality condition.

Observe that if we let the length of all intervals [A;_1, A;| go to zero, then M is the
quotient of the set of solutions of

r

[A=B',B— A7) =Y (L JFO)Ui = T + (cL(2) — cr(2)) (5.1)

i=1

by U(k). If ¢ (¢) — cr() = al, then M with the complex structure corresponding to
= 0 is biholomorphic to the moduli space of framed torsion-free sheaves on CIP? with
rank r and ¢, = k [Nak99]. For arbitrary (c1({) — cr({)), M with Ay = ... = A,4; has
been interpreted as a moduli space of instantons on a non-commutative R* [Nek98].
Therefore, for arbitrary A; and arbitrary cr, ck we call M a deformed instanton moduli
space. For r = 1 these moduli spaces have been investigated in [Tak15].

In the first part of this chapter we will describe the moduli space in in the language
of spectral curves as it was introduced in the previous chapter, whereas in the second
part we will find an asymptotic metric for the bow variety.

5.1 The bow variety

5.1.1 Factorization of matrix polynomials

In order to describe the bow variety of the above bow diagram in terms of spectral
curves and line bundles we need some results about matrix polynomials first (also cf.
[BBC22]).

We start with the flat hyperkihler manifold T*Mat,(C) = Maty(C) & Maty(C)
with its standard tri-hamiltonian U (k) x U(k) action as it has been discussed in chapter
3.2.4. We can view the moment maps as sections of O(2) @ gl (C) over CIP' and write
them as quadratic polynomials

(@) = (A—B')(B+A"(),

v(Q) = —(B+ AD)(A - BYO). 2

As explained in the last section u({) and —v({) define 1-dimensional real, analytic
sheaves F and F’ via the Beauville correspondence, which are both supported on
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5.1 The bow variety

the same spectral curve S, because det(yId — A()B({)) = det(yld — B({)A({)). This
means, we can relate F to F'.

Let us assume that the roots of det A({) are disjoint from the roots of det B({) and
let Ay (resp. Ag) be the Cartier divisors on S given by # = 0 on the open subset
det B({) # 0 (resp. on the open subset det A({) # 0).

Then we have the following statement.

Proposition 5.1. With the above definitions F' = F(1)[—A4].

Proof. First, observe that [As + Ap] ~ Os(2). As the roots of det A({) are dis-
joint from the roots of det B({) the open subsets U; = {detB({) # 0} and U, =
{det A({) # 0} are a locally finite open cover of S. Observe, that # = 0 is equiva-
lent to det A({) detB({) = 0 on S. Hence, on U; 1 = 0 < detA({) = 0 and on U,
7 =0 < detB({) = 0. On U; N U, we have det A({), B({) # 0 and thus we can take
det A(Z)/ det B({) as a transition function of the bundle [A4 + Ap].

Now, let C = cokerB({). Then we have short exact sequences that we can assemble
into the following diagram such that sub diagram consisting of the rectangle commutes.

0 0
y A(Z)B(C) L
-
0 —— Opept (—3)%F ———5 Opepr (—1)%F F 0
lB(C) lB(C)
1-B(0)A(D)
0 » Oepr (—2)%F Or?é]l)l —F— F'(1) — 0

Here, the two sequences in the columns are Beauville correspondences. We naturally
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5 Bow varieties over an interval

have 77 : C — C(2) such that the following diagram commutes.

0 —— Orcept

0 0

l
(_3)@]{ UﬁA(C)B(g) (_1)@](
B(¢) l

|
————— Orcept

~B()A()
0 —— Opepi (—2)8F — ok ——— f/f) ——0
0 C ! C2) —— Oy, — 0,
| ! !
0 0 0

This means F'(1) = F[Ap] and the claim follows because [As + Ap] ~ Os(2). O

We now ask whether a given quadratic polynomial T((), corresponding to a real,
analytic sheaf, can be factorized as in (5.2). Generically, the answer is yes:

Proposition 5.2. Let T({) be of form and suppose that
1. the polynomial det T({) has 2n distinct zeros {1, ..., (on,

2. the corresponding eigenvectors v; € ker T({;), i = 1, ...,2n are in general position, i.e.
vj,, ..., Ui, are linearly independent for any choice iy < ... <i, €1,...,2n.

Then T({) can be factorized as (A — B*()(B + A*().

Proof. After rotating CIP! we can assume that { = co is not a root of det T(Z). Let AU
o(A) be a decomposition of the set of zeros of det T({). Theorem 1 in [Mal82] implies
that there is a decomposition T(g) = (C; + D1{)(Cz + D2{) such that A is the set of
roots of det(Cy + D2{). Applying the real structure shows that (DI — C1¢)(—Df + CI7)
is also a factorization of T({). We can rewrite these factorizations as

T({) = (C1Dy' 4+ 2)(D1Co + D1DyZ) = (—D3(C3) ' +2)(C3Df — CiC7).

Theorem 2 in [Mal82] implies now that C;D;! = —D}(C})~, i.e. D{'C = —C;'D}.
In addition, comparing the constant coefficients of the two factorizations, we have
CiGC = —D;DI. Hence

(Dy'CHt = Co(D]) ' = —¢;'DIDY(D]) ! = —C;'DY = Dy,

Therefore D; 'C} is hermitian (and invertible). We can write it as —gdgt, where g is
invertible and d is diagonal with diagonal entries equal +1. Then:

T(7) = (C1 + D12)gg ' (Co + Daf) = (C1g + D1g0)d(—¢'D] +g'Ci7).  (5.3)
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5.1 The bow variety

The uniqueness of monic factors of T({) implies that the map A — d is injective. Since
both sets have the same cardinality (equal to 2¥), this map is surjective, i.e. there is a
choice of A such that the corresponding 4 is the identity matrix, and becomes the
desired factorisation. O

5.1.2 Bow variety as deformed instanton moduli space

In this section we want to describe the bow variety in terms of spectral data. For every
subinterval Iy = [Ag, A1), ..., [, = [Ar, Ay41] we have a linear flow on the Jacobian of the
corresponding spectral curve S, ..., S;. For the spectral curves Sy, ..., S,_1 the boundary
conditions on both ends of the corresponding subintervals are rank 1 jumps. The
translation of these kind of boundary conditions where discussed in the last chapter
(following [HM89]) and we found that on S, we have

E/\p+1 = Osp (2k - 1) [_DP,P“’l] (54)
att = A, and
Ly, = Os,(2k—1)[~Dp_1,] (5.5)
att = Ap. On the other hand, we know that
L, =~ L1~ Ly, 5.6)
Putting and into we obtain
LYv+17 A [Dy, 1 — Dy_1p] ~ Os,. (5.7)

This is true for all spectral curves S, forp =1,...,r — 1.

It remains to identify the conditions on Sy and S;. They both have a rank one jump
on one end of the interval, i.e. following [HM89] we have £, = Og, (2k —1)[—D,_1,]
and L), = Og,(2k — 1)[—D12). Using the linear flow we obtain bundles

Ly, = L™ M%) (2k —1)[=D; ]

0

at the left end t = Ay and

Ly, = L' (2k—1)[-D,_1,]

1

at the right end t = A, of the interval.

Now, the boundary conditions on the left and the right ends of the interval are
given by (3.11) and (3.12). Hence, the spectral curves Sy and S, can be identified
with each other. Therefore, for any quadratic polynomial ¢ = ¢({) denote by ¢, the
automorphism 7 + 17 4+ ¢() on TCIP'. We denote by S. the image of Sy under ¢,
and equivalently the image of S, under ¢,. It follows that on Jacs'(S,), B({)A({)
represents the line bundle Léff/\l (2k —1)[—¢¢, (D12)] and A(Z)B({) represents the line
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5 Bow varieties over an interval

bundle L/S\Z“ — (2k — 1) [~ g (Dr—1,)]. We can view these line bundles as F and F' in
proposition This means, we obtain the condition

LM (2k = 1)[~¢e, (D12)] = Ly (2k = 1)[~ e (Dr-1,)] ® Os, (1) [~ A4,

ie.
LM (1) (9o, (Dr2) — e (Dr-1y) — An] = O, (5.8)

where A4 is the divisor cut out by det(A({)) = 0 and 57 = 0. In addition, the spectral
curves S, Sy, ..., Sy—1 satisfy some non-degeneracy conditions meaning that the linear
flow of line bundles on the Jacobian of each of them does not meet the theta divisor.
Conversely, given generic spectral curves S, Sy, ..., S,—1 satisfying these conditions
together with trivializations and we obtain a unique gauge equivalence class
of solutions to Nahm equations in M using chapter 2 of [HM89] and proposition

5.1.3 The bifundamental data

In this section we show how to treat the bifundamental data belonging to the ho-
momorphisms A and B of the arrows in the bow diagram. Let M be the mod-
uli space of solutions to Nahm equations on an interval with r A-points. We have
M = M x T*Matyx(C) J/(U(k) x U(k)) as hyperkdhler quotients, where M is the
bow variety. We will use this to show that M is isometric to an instanton moduli
space as complex symplectic manifolds. To do so, we view both sides as complex
symplectic quotients first. Then, the hyperkahler quotient is the Kédhler quotient of the
zero-set of the complex symplectic quotient of M x T*Maty ;(C) by the complexified
Lie group GLi(C) x GLx(C) with the compact Lie group U(k) x U(k). The aim is
now to relate these two kinds of quotients to each other. Therefore, we need a better
description of the complex symplectic quotient. The idea is to identify the complex
symplectic quotient with a geometric invariant theory quotient (GIT quotient) by using
a Kempf-Ness theorem [KN79]]. We follow chapter 3.1 in [Nak99].

Let X be a complex affine variety cut out by polynomials fi, ..., fy and let A(X)
be its coordinate ring. Let G be a compact Lie group acting on X and let G be its
complexification. The G action on X induces a G¢ action on A(X) and we denote by
A(X)GC the ring of invariants of this action. Then the affine algebro-geometric quotient
X //GE of X by G® is defined as Spec(A(X )G°) and can by identified with the space of
orbits of stable points (i.e. closed orbits such that the stabilizer of every point is finite).
This quotient can be identified with a symplectic quotient #~1(0)/G via a Kempf-Ness
theorem (for details on this see e.g. [Nak99]). However, this construction needs the
value of the moment map to be equal to zero. In our case this is the value of the moment
map p1 given by the real part of c.({) — cr({), which is not zero. Fortunately, we can
generalize this concept to the GIT quotient by lifting the problem to a holomorphic
hermitian line bundle over X. This can be done by choosing a (unitary) character
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5.1 The bow variety

AR : G — U(1) and its complexification x : G — C*. With this we can lift the G€
action the following way:

g (vz)=(g-xx(g) " 2) (5.9)

in a local trivialization. As we can simply choose the trivial bundle X x C for our
purposes, let us restrict to that case now. Then, the space of GC invariant sections of
X x C can be identified with the sum over spaces A(X)GC'Xn of polynomials satisfying

f(g-x) = x(8)"f(x),
since f € A(X)%“"" implies f(x,z) := f(x)z" € A(L)S A"

Definition 5.3. Let X be a complex affine variety with coordinate ring A(X). Let G act
on X as above and let x be the above defined character. The geometric invariant theory
quotient (GIT quotient) is given as

X/ .GE = Proj (@A(X)GC'X") .

n>0

We have the following geometric interpretation of a GIT quotient as the space of
equivalence classes of semistable points in X where equivalence is defined by the
intersection of orbits (cf. [Nak99]).

Definition 5.4. A point x € X is called y-semistable, if there is a function f € A(X)C A"
for some n > 1 such that f(x) # 0. We denote the set of x-semistable points by X*(x).

In the trivialization above this happens precisely, if the closure of the orbit Orbc(x,z)
does not intersect with X x {0} for all points (x,z) with z # 0. On X**(x) we can
define an equivalence relation by x ~ y if and only if Orbsc(x) N Orbgse(y) € X*(x)
and the intersection is not empty. Then,

X[, X7/ ~.

To see this, take a representative x in X%/ ~ such that the orbit Orb.c(x, z) is closed
for z # 0 for the lifted G€ action. For such a representative Orbsc(x) is closed in
X*(x). Hence, the quotient X**(x)/ ~ is bijective to the set of G orbits in X such that
Orbc(x,z) of the lifted action is closed for z # 0.

We have two important theorems now. One is again a Kempf-Ness theorem, which
yields an equivalence between the zeroes of the moment map on X and the critical
points of a certain function on the lifted orbits as in the case of an algebro-geometric
quotient. In fact, the critical points of that (modified) functions lie precisely over the
zeroes of the moment map (also cf. [DK90]).

For the other theorem, note that we obtain different lifted G€ action on the line
bundle depending on how we choose the character x. If the action on the bundle is
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5 Bow varieties over an interval

linear (for a definition see below), this uniquely defines a moment map on X and vice
versa, which we shell denote by .

In our case, the affine variety X will be the zero set of the complex moment map and
we will obtain identifications

<m§1 (Re(cr(g) —cr(D))) N u61(0>>/G = (y;l(o) N y51(0)>/c = 1c'(0)/,G.

So, the advantage of this construction is, that different choices of the character can
represent different values of the real moment map, which we need to cover our situation.
We have the following definition and theorem from [Bry97]

Definition 5.5. Let (X,w) be a Kahler manifold and G¢ acting on X as above. A
linearisation of this action is a holomorphic action of G¢ on a holomorphic, hermitian

line bundle 7r : L — X covering the action on X and such that G acts unitarily on the
tibres of L.

Observe, that we obtain a linearisation when we lift the G€ action as in (5.9). Then
we have:

Theorem 5.6. A choice of a linearisation uniquely determines a moment map on X and
conversely, a choice of a moment map uniquely determines a linearisation.

For a bow variety consisting of only one interval and one arrow (as in our case) the
moment map ., has been calculated in detail by Takayama [Iak15]. He used only one
A-point, but the calculation for of them is completely analogous. At the boundary
points A9 and A, 1 we obtain values y, = ur — 2¢.+/ild, where ¢ are constants.
Hence, there is a choice of the lift i.e. a choice of the term x~!(g) in for which we
have

<m§1 (Re(cr(£) — cr(2))) N ual(O)) / G= (y;1<o> n %1(0)) / .

The final step is the identification with the GIT quotient by a Kempf-Ness theorem.
Therefore, we define a modified function defined on the lifted orbits. It is given as
follows:

p(x,z) : GC — ]R_|_

(5.10)
g~ log([|(x,2)llg - (x,2))

For this function, we have a Kempf-Ness theorem, i.e. an identification of the critical
points of p with the zeroes of the moment map u, (cf. [Nak99] or [DK90]). In particular,
if we take a path g = exp(t({1 +i{2)) in G&, we can take the derivative of p(, ) in that
direction and obtain, that a critical point p’( xz) = 0 is obtained if and only if on the

base yy = 0. On the other hand p, . attains a critical point if and only if the orbit
Orbc(x,z) is closed in X x C.
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Now, we return to our problem. We have already seen that (considering the complex
structure I corresponding to 0 € CP') we can write Nahm equations in a complex
form with B(s) = Tx(s) +iT3(s) and a(s) = iT1(s) on each interval with rank 1 jumps
at each A-point Aq,..., A, M is then biholomorphic to the quotient of the space of
solutions to this the complexified gauge group, i.e. by the group of GLi(C)-valued
gauge transformations, which are equal to identity at s = Ag and s = A, 1 and match
at the Aq,..., A, (also cf. [Don84] and [Hur89]). This biholomorphism preserves the
complex symplectic form.

We can apply a gauge transformation on each subinterval to make &« = 0 and
B = const. Recall therefore, that the action on « is & — gag~' + ¢¢~!, which we can
make identically zero. In this gauge the complex Nahm equation = [B, 4] is easily
solved by f = const. Hence, we obtain constant ; for each [A;_1,A;], i=1,..,r+1and
Biv1 — Bi = Ij]i for I; € Ckand J; € (Ck)*. Therefore, we obtain a complex symplectic
isomorphism

¥Y:M— T*GLk(C) X T*Matk,,(C)
pt = (B(A0), g(Ar41), L))

with I = [Iy,..., I,] and | = [J1, ..., J,]T (cf. [Bie97] and [Kro04]).

Now, the complex symplectic quotient of T*GL,(C) x T*Maty ,(C) x T*Maty(C)
by GLi(C) x GLi(C) can be performed in two stages. First, we take the quotient of
the left copy of GLi(C), which acts trivially on I and | and we obtain T*Maty ,(C) x
T*Maty x(C). The remaining symplectic quotient by the right copy of GL(C) is then
the one for the case Ag = ... = A, 1. But these spaces have been interpreted as instanton
moduli spaces on a non-commutative R* by [Nek98] as long as c.({) — cr(Z) # O.
Hence, if this condition is satisfied we have the same stability conditions and therefore
M is isomorphic as a complex symplectic manifold to the corresponding space of
instantons.

5.2 The asymptotic metric

In this section we will finally calculate the asymptotic metric for the bow variety. In
this context asymptotic means that we let the length of the subintervals go to infinity.
The structure will be the following. We will describe some building blocks given
by the space of solutions to Nahm equations on the whole real line with a rank 1
jump at s = 0. Via a twistor construction we will then find a metric for this building
blocks, which will work as follows: We have theorem (Thm 3.3 from [HKLRS87]),
which gives us an identification of the parameter space of real sections of some 21 + 1
complex dimensional manifold Z with certain properties with the (real) 4n dimensional
hyperkéhler manifold M whose twistor space is equal to Z.

Therefore, the strategy is to construct the twistor space and its real sections of the
building block and observe that they are the same as for the Gibbons-Manton manifold.
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5 Bow varieties over an interval

From this we conclude with the above theorem that the metric on the building block
is the Gibbons-Manton metric. To obtain the asymptotic metric of the bow variety we
will take multiple copies of these building blocks and glue them together by taking the
hyperkahler quotient. This will represent the subintervals together with the A-points.
We will need one additional building block representing the arrows which will be built
in the same way. We will therefore obtain a metric on a bow variety with » A-points
on a single interval with the length of the 4 1 subintervals going to infinity. Lastly,
we will proof that the constructed metric is indeed the asymptotic metric of the bow
variety.

5.2.1 The Gibbons-Manton metric

As we will find the metric on each of the building blocks by comparison with the well
known Gibbons-Manton metric [GM95], we will start this section with the construction
of that metric.

It was shown by Pederson and Poon [PP8§] that every hyperkéhler metric can be
written locally in the form

g = ®dx-dx+® 1(dt 4+ A)?

with local coordinates (t,x), x = (x1,x2,x3) with x; = (x},...,x¥) and t = (#,..., t5)

where A is a 1-form satisfying certain PDE’s but depending only on x. Hence, the
metric depends only on the matrix ®. For the Gibbons-Manton metric this matrix is
given by

_1_ 1 i =
v D T 1=

D;; = 1 e,
=3l ifi#]

(5.11)
where v is the mass parameter.

Starting with a flat hyperkahler manifold M = Hzk(k=1) x (1 x R?)¥ we can achieve
the Gibbons-Manton manifold as a hyperkdhler quotient following [GRG97]. Taking
the flat metric on M to be ¢ = g1 — g» where g is the metric on M; := HzKk-1) and
g2 is the one on M, := (S! x R3)¥, we choose coordinates gij, i =1,..,ki <jon M
and (t;,x;) on M. The metric g; is invariant under the left diagonal action of Tk(k-1)/2
given by g;; — €'ig;; and the metric g is invariant under translations of T*.

Using the homomorphism ¢ : Tkk=1)/2 _, Tk given by (cf. [Bie98])

k i—1
(tij)i<j — ( H tl‘]‘ tjil)
1 =1,k

j=i+1  j=

Ly

we obtain a T*k=1)/2 action on the product by t - (mq,mp) = (t - my, $(t) - my). With the
above coordinates, we obtain a moment map condition of the form

1
S i = Xi = Xj
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5.2 The asymptotic metric

and in [GRGI7] it is shown that the hyperkéhler quotient Mgy of (M, g) with this action
is the Gibbons-Manton metric. The T* action on M, induces a free tri-Hamiltonian
action on Mgy for which the moment map is (xy, ..., x) (cf. [Bie98]). This makes Mgy
into a T¥ bundle over the configuration space Cy(IR®) of k distinct points in R3.

5.2.2 The building blocks

In this section we will define the building blocks for the bow variety and find coordi-
nates for them.

We recall from [Bie99] the moduli spaces Ifk,k(c, ¢’) and their metrics. These can be
viewed as spaces of solutions of rank k to Nahm equations on R with a jump of rank 1
att =0.

Let us write Fi(k, ¢) for the moduli space of solutions to Nahm equations on R > 0.
These solutions satisfy the following conditions [Bie99]:

¢ The T; are analytic at t = 0 and approach a diagonal limit as t — +oo exponen-
tially fast with (T (+0), To(+00), Ts5(+0)) being a regular triple,

* The gauge group has a Lie algebra consisting of functions p : [0, +o0) — u(k)
such that:
1. p(0) = 0 and p has a diagonal limit at t — +oo,

2. (0 — p(4o0)) and [p, 7] decay exponentially fast for any regular diagonal
matrix T € u(k),

3. cp(400) +lim; o (p(t) — to(+00)) =0,
e Fi(k,c) has a tri-hamiltonian action of U(k) x T, where the U (k) action is given
by a gauge transformation with an arbitrary value at t = 0 and the T* action
is given by gauge transformations which are asymptotic to exp(—th + Ah) for a

diagonal & and A € R; the moment maps for these actions are (T7(0), T>(0), T3(0))
for the U (k) action and (T;(400), To(+00), T3(+00)) for the T* action.

In fact, the assumptions on the Lie algebra translate to a gauge group consisting of
functions g : [0, +00) — U(n) such that

1. g(0) = 1 and ¢(t)g~'(t) has a diagonal limit, say s(g),
2. ¢(t)g71(t) —s(g) and T — Ad(g(t))T both decay exponentially fast,
3. exp(es(g)) limy, o () exp(—15(g))) = 1

The values 0 and +oo now give the tri-hamiltonian actions of U(k) and T*, where the 3.
assumption is just that g(t) is asymptotic to exp(—th + Ah) as stated above. With this
definition we can identify the moduli space Fix(c,c’) with the hyperkdhler quotient
Fi(k, c) x Fi(k,c') x HF by the diagonal action of U (k).
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5 Bow varieties over an interval

If we write T;" for a solution to Nahm equations on R > 0 and T;" for a solution on
R < 0 we have the following boundary condition at = 0: There exist vectors I, J* € C*
such that

(T +iT)(04) — (T, +iT;)(0-) =1J,

(5.12)
TF(0.) ~ Ty (0-) = 511t = ')

Using the results of Biquard [Biq96|] we have the following theorem from [Bie98] and
[Bie99] to find a biholomorphic identification for F x(c,c’):

Proposition 5.7. Let n be a nilpotent algebra containing the diagonal matrices, 0 the algebra of
diagonal matrices and b = 0 + n. Further let N = exp(n). Then there is a biholomorphism
between an open dense subset of

GLk(C) XN b

and an open dense subset F(n) of Fix(c, ") containing of all the solutions to (&, B) = (To +
iTy, T, +iT3) to Nahm equations such that the intersections of the sum of all positive eigenvalues
of ad (iTy (+00)) with the centralizer of B(+00) is contained in n.

The charts are then given by [g,d +n] ~ [¢',d" +n] if and only if n € n, n’ € v and either
n C nand 3m € N such that gm~! = ¢’ and Ad(m)(d + n) = d’ + n' or vice versa.

Here, the element ¢ € GLi(C) is the value of the gauge transformation g(¢) att =0
which sends (0, B(+c0) 4+ n) to («, B).

For i x(c, ¢') we obtain via the same construction a biholomorphism to b x (GLg(C) X n
b’) x C%, so let us write (b_, (g,b), (IJ)) as local coordinates with (cf. [Bie99])

gb g t=b_+1J%. (5.13)

Observe that we only have one GL;(C) in the product space as Fx(c, ') was defined
as a hyperkahler quotient by a diagonal action.

Further, recall that we have an open dense subset where f(+c0) is regular. This
corresponds to n = 0 and hence to b = b’ = 9, i.e. on that subset we have a repre-
sentation in which b_ and b, are given by diagonal matrices B, = (B;,..., 8, ) and
B; = (B, By) with p7 = BT if and only if i = jand ¢ = 7 for i,j € {1,..., k}
and 0,7 € {+,—}. This means there can be at most one of the ;" being zero and
hence at least one of the matrices 7, or B must be invertible (say f;). Further,
IJT must have full rank, because otherwise f; and B} would share an eigenvalue
(because of ) which contradicts p # B for i # j or o # . Therefore, non of the
components of | can be zero and hence ] is a cyclic vector for B;. (To see this take
(B7)"] = An—1(B;)" ]+ ...+ A1(B; )] + AoJ for some n < k. Induction on n leads to
the contradiction f; = (8,) 1)

Knowing this we have two results from linear algebra [HJ12]. First, the columns of
the matrix

B=(B) T, Bg ) )"
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5.2 The asymptotic metric

are an ordered basis for C¥ and the representation matrix of B, in that basis is in form
of a companion matrix

0 0 —ap
, .
B = 9 R S (5.14)
: . .0 :
0 v v 0 1 —ap,y

In that chart b, must also be of the form (5.14), hence we have a description of the chart

as pairs ((g-,B;), (§+,B;)) with g_B,¢-" and g. B g;" both are of the form (5.14).
But we also know that the transition matrix to that basis is the matrix B defined above.
Therefore, we obtain (together with (5.13))

g- = Bd, g+ = Bdg

with d being some diagonal matrix that is equal to g_ in the chart where b_ is diagonal.

The second result is the following: Let f(x) = x* 4+ a_1x* 1 + ..+ a;x + ap be a
polynomial with companion matrix A(f) as above such that the entries on the last
column are the coefficients of the monomials. Then f has exactly k pairwise distinct
zeros B, ..., By if and only if A(f) is diagonalizable with VA(f)V~! = diag(B, ..., Bx)
where V is the Vandermonde matrix

LA B B
V=V(B,.p)=|: :
1 B B2 .. B!
This transformation is not unique. In fact, we obtain a family of transformations given
by right multiplication of the Vandermonde matrix with diagonal matrices. We end up
with

g+ = V(By, . B) ' diag(uy, . u)

where all of the uilL are non zero. As the Vandermonde matrix consists only of the

B we can choose the coordinates in that chart to be (87, u;"). Comparing these two
formulae we obtain

diag(uf, ... u) = V(B],.., B )Bdg,

5.15
V(B B ) Bd. (15)

diag(uy, ..., u; )

5.2.3 Twistor space of the building blocks

To obtain a metric for this building block we have to calculate the twistor space. Let
{ be the affine coordinate on CP'. For every hyperkihler manifold admitting an
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5 Bow varieties over an interval

SU(2)-action rotating the complex structures the twistor space can be trivialized using
two charts { # co} and { # 0} with { = 1/ on the overlap.

Proposition 5.8. Let Z denote the twistor space of Fix(c,c’). In the above trivialization we
have

- BE

bi =>5
i =0 exp(—c*B7/ Duy

1

Proof. For a moduli space of solutions to Nahm equations we can achieve the above
trivialization by putting (cf. [Dan94])

7=t gt + @) - ()
wt = ot~ (B4

over { # oo and

it = B et 1 ) - (a0,

S N
= (0t - :3@

over { # 0. Then on the overlap ¢ # 0, c© we have
7t = ’g

it =u* — ’7;

We obtain immediately that B~ — 7~ /2.
For the u;~ observe that (writing B = B(B;, ])) the product

V(BT B)B(By ) = G V(BT - BE)B(B ],

thus with d = dexp(—c'B;/{) and § = exp(c'B; /{)gexp(—cBS /() (cf. [Bie99]) we
obtain the formulae for uii. O

The real structure is given by

g i,
B _[ij, (5.16)
oo () e I BT )

i jAi j=1
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5.2 The asymptotic metric

and can be obtained from the real structure of the moduli space of solutions to Nahm

equations
g— E = —= u— —ut + ﬂ
¢ ¢’ 4
as it was calculated in [Bie98].
The next step is to find a family of real sections. Following [HKLRS87] they are given

as

=
+

B =z +2xF( -z (5.17)

for i = 1,..,k and where pi" := (zi",x") € C x R satisfies p/ = p; if and only if

i=jand o = 7 for 0,7 € {+,—}. These curves will be denoted by Sii and can be
thought of as spectral curves of individual monopoles (cf. [Bie99]). We need to know
the behaviour of the u7 along those sectlons We have Prop. 5.3, i. e the u7" behave
like sections of the bundle O(2k —1) ® L with transition function §2k : exp( ctn/0).
This is true as long as the curves S; do not intersect. Hence, we need to know what
happens at the intersection points. Real sections intersect in distinct points ([HKLRS87]),
hence we have 3 cases to consider: the intersections S;“ N S;r, S: N S]T, which can be
treated analogously to the first case, and finally S N S; fori #j.

In all 3 cases setting 7 (Z) = 7 (C) we have an algebraic equations of second order

which has the two solutions { = ”1] , ]l T, where a " is given by

=L U (5.18)

with

it =r = \/(x;’ - xf)2 + |27 — z].T|2 (5.19)

and o, T € {+, —} labelling the case of intersection we are working with (i.e. ++, +—,
—+ and ——).

For convenience, we will from now on suppress the upper indices ¢7 and reintroduce
them when they are needed for calculating the metric.

So let us start with the intersection of S;” N Sj_ or equivalently S N S;r. With the
argumentation in the beginning of this section, f; and B have pairwise distinct
eigenvalues and thus ] is cyclic for B, . Hence, B and therefore also g+ are invertible at
the points a;; and a;;. We follow the lines in [Bie98] to observe that uii has a single zero
at a;; and is nonzero at 4;; and that all other uf with s # i, j are nonzero at both 4;; and
aji.

The i, j-entry of V=1 (8], ..., ﬁki) the inverse Vandermonde matrix is given by [Bie98]

Wi = (=1 'S, _i(By, s B} B —Br)
-
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5 Bow varieties over an interval

where S;(x1, ..., X¢) denotes the i-th elementary symmetric polynomial with Sy = 1. The
product diag(ui, ..., u,f) exp(n) for n being generated only by a single matrix, which
has every entry equal to zero except the i, j-entry, is of the form

uy (7)
p(0)

up (9)

where the only non-zero off diagonal entry is the i, j-entry p({). In order to obtain an
invertible limit, we need the expressions W,;({)u;(Z) and W,;(Z)u;(Z) + Wyi({)p(Q) to

have finite limits at { = a;; for all n = 1, ..., k. For n = k we find W; = 1/ Hn#i(ﬁf —

B3 ), which has a single pole because of the n = j term in the product, as aj; is an
intersection point of ; with ;. Hence, we obtain u;(a;;) = 0. Further, the i-th column
may not be equal to zero to obtain an invertible limit. Since the entries of that column
are of the form Wyu; for n = 1,..,k and u; has a zero at { = aj;, this can only be
achieved by W,,; having a pole cancelling out the zero. The only poles arising in any of
the W,,; though are, whenever the product contains a term ,81i - ,B]jE which is a single
pole. Hence, the zero of u; has to be a single zero.

All other W,;;, n =1, ...,k and I # i,j do not contain terms of the form 1/(,81» —Bj)

and thus non of the u;({) may have a zero at { = aj;.
Finally, for u; we have that Wy;({)u;(Z) + Wii(7)p() needs to have a finite limit. This

f(Qu;i(©)+¢(8)p()

we can write as B0 Q) with f and g having a finite limit at { = Aj;. Then, for

n=k—1we find

FO1(0) Sis B1O) + 8O Sii Bi()
50— B0
FQui(Q) + 5©p(@)
BO-p0  2P@

Wi—1,j(0)1i(2) + Wir,((D)p(0) = —

= —f(Du;(0) -

1£i

where the latter term has a finite limit because of the Wj; term and so the first term and
thus u;() must also have a finite limit at { = a;;. Because of the symmetry of u; and u;
when exchanging the intersection points a;; and a;; this means that both u; and u; have
no other poles and equivalently no other zeroes as the one of u; at a;; and u; at a;;.

For more than two curves intersecting in the same point, we need to take a larger
generator of the algebra n which makes the computations more complicated but the
structure of them remains the same. For each j # i the point { = aj; contributes a single
zero of u; such that u; has exactly k — 1 zeroes (counting multiplicities).
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5.2 The asymptotic metric

Now, we have to consider the case Sf N Sj’ (or vice versa). Observe, that for I, ] € Ck

the matrix I ]T has rank one and hence all n x n minors vanish for n > 1. Thus, for a
diagonal matrix d we have the formula (cf. [Bie99])

det(d + I1JT) Hd +Z (1 ]anl)

l#n

We had (5.13) in the chart, where f~ is diagonal and hence we have det(B; — B 1d +
IJT) = 0. Defining d = B; — B;"1d we have on the intersection S;" N S; thatd; = 0and
d, # 0 for all n # j. The formula for the determinant now is det(d + IJT) = L;]; Hl#j d;
which has to vanish, thus we obtain [;]; = 0 at both 4;; and a;;. As I; and J; are sections
of O(1) they have exactly one zero, hence I; vanishes on a;; and only there and so
does J; on aj; or vice versa. If we take d = B, — B, Id instead, we obtain from the
non vanishing of the determinant det(d + I] T that I;]; does not vanish at ajj or aj; for
| # j. This means that exactly the j-th column of the matrix B = ((8;)*!J,... 8, ], )T
vanishes at either a;; or a;;. With ¢ = Bd and g, = Bdg the same is true for g+ and
with g+ = V(B ..., BY) 'diag(us", ..., ui") we find that both u and ;" vanish at either
ajj or aj; and no other uj" vanishes at that point. As before, each j= 1 .,k contributes
a single zero ¢;; which is either a;; or a;.

Thus, we finally obtain a formula for the ul.i fori = 1,...,k, where we need to
introduce the upper indices 07 € {4, —} again:

= AF [ = a®) [ (@ — cf)es” (e me), (5.20)
i <k
j<

The c?].t can be either a?].EjF or a].ij. The coefficients A" satisfy the condition

—t
AFA; = 1_[(xljE — xji + rf]Fi) l_I((T(xii —xf)+ rf]F:F)

j#i j<k
j<k

which is induced by the real structure (cf. [Bie98] and [Bie99]), where ¢ = +1, if

+ +F e oTF
¢ = aj; and 0 = 11fcl]_az.]..

5.2.4 Topology and metric of the building blocks

Before calculating the metric we need to have some topological considerations. We
have the following theorem [Bie98]

Proposition 5.9. The space Fyx(c—,c ') is topologically a torus bundle over Ci(R?) x C(R3),
where C(R®) denotes the configuration space of k distinguishable points in IR3.
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5 Bow varieties over an interval

The tri-hamiltonian action of T¥ x T¥ on Fx(c™,c*) defines a moment map on
R® x R?* given by

<(T1(—|—oo), T1(—00)), (To(+00), To(—00)), (T3(+00), T3(—oo))>.

The proof was done in [Bie98] by identifying the hyperkihler quotient of M(1;", .5, 73") x
H* x M(1,7,, 75 ) by the diagonal action of U(k) with the space of T x T* orbits
that are mapped to (t+,77) and showing that the hyperkihler quotient is a single
point. This can be done by showing that the action of the complexified group GL;(C)
on the zero set of the complex moment map has closed orbits of the form GL;(C)/T¢
for some subtorus T in U(k) and then showing that the hyperkéhler quotient and the
complex symplectic quotient coincide.

Writing x;- for the i-th diagonal entry of (Tj(=o0), Tr(£00), T3(+00)) and x, € R,
v=123 for the vector of v-coordinates of the (xl ,X; ), we have the hyperkahler
moment map of the TF x T* action given by x;,x; and we can make a Gibbons-
Hawking ansatz for the metric and write

3
g=> dx/®dx, + (dt + A)T® '(dt + A), (5.21)
v=1

where dt is the diagonal matrix of 1-forms dual to Killing fields and A is a connection
1-form. Hence, the only thing left to do is to calculate the matrix ®. This is done by
comparison with the Gibbons-Manton metric, which is also of the above form and has
some specific matrix ®.

To achieve this the last ingredient is the complex symplectic form on the twistor
space. It is given by [Bie98]:

du 4 AR Faur A Adg
Zu NBT =D g TN )

i=1 i<j i=1 1 i<j

Because of the product rule, we conclude that every factor occurring in the u;" con-
tributes separately to ®.

Now we can compare the real section computed here with the one of the Gibbons-
Manton metric, which are computed in [Bie99]. The factors ({ — u?i[)eci (%i=Zi%) in the uii
are exactly the ones of the Gibbons-Manton metric (5.11), hence their contribution to ®
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is the following

1 .
ct — =T for ®;;,i <k
i<k "
j#i
1 C
e for @;;,i # j;i,j <k
ij
_ 1 .
c — — for (bl'j,l >k
7.,
j<k i
j#i
1

—_— for @;;,i # j;i,j > k

The remaining terms also contribute terms of the above type but with a sign ambiguity
[Bie98]. Thus, we obtain a 2k x 2k matrix ® for Fx(c~,c") of the form

Cit Yoppi it ifi=]
@ = {_S/ i (5.22)
1’1‘]'
with
o ct fori<k
"l fori>k
and

-1 fori,j<korij>k
Sji =
g (_1)€ij forigk,j>k0ri>k,j§k

where €;; = 0 if cz.j; = aij and €;; = 1 if cz.i = aif. The r;; are the rii depending on
whether the index i (resp. j) is < k or > k (+ is for < k).

There is one more building block corresponding to the matrices A and B in the
description of the bow variety that represent the arrows. In the asymptotic region,
where the T; approach a diagonal limit exponentially fast, these matrices have to be
also almost diagonal. Therefore, this building block will be H* with its standard flat
metric.

5.2.5 Asymptotic metric

Now, that we have a good description of all the building blocks, we are in the position
to write down an asymptotic metric for the bow variety by gluing together the metrics
of the building blocks, which means by performing the hyperkahler quotient of

;
ka,k(c;,cf) x HF
i=1
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by the torus. This product has a tri-hamiltonian action T¥ x T* on the first r factors
and a T action on the last factor. Let us denote the action of T¥ x T* on the i-th factor
Fex(c;,¢f) by T;" x T given by gauge transformations asymptotic to exp(Ah — th)
as t — +oo with A € R and I € u(k) being diagonal. Further let Ty denote the
standard action of T* on H* (t,q) — ¢(t,q) and T,_; the T* action (t,q) — ¢(t~',4) on
HF. Now we want to take the hyperkihler quotient with respect to the torus action.
Gluing the building blocks together means we need appropriate matching conditions.
We want to glue together the space Fii(c;, c/) at +oo with Fei(c;,,, ¢/ ;) at —oo for
eachi =1,..,r — 1. This means the i-th factor in (T¥)"+1 is embedded diagonally into
T x T, such that the level set of the hyperkdhler moment map is equal to zero for
all copies of TX except from the first and the last (r + 1-th copy). There we have level
sets equal to (cr, ..., cr) for the first copy and (cg, ..., cr) for the last copy, where ¢, and
cg are points in R® determined by the quadratic polynomials c1,({), cr({) defining the
bow variety (5.8).

As before, writing x;" for the i-th entry of (Ti(400), T}(40), Ti(4+0)) and x; for
the corresponding value at —oco on Fix(c;,c;") we obtain now k points for every of
the r — 1 middle intervals (instead of 2k points as calculated for the building blocks)
because of the matching condition. If we write x;; with j = 1, ...,k for the points on

the i-th interval [A;, A;14], then each x;; has to be equal to xJr for Fiex(c;,c;) but also

equal to x;” for Fex(cr ). This gives us k(r — 1) pomts in R3. We get another k

i+17 z+1
points from the factor IH¥. If we write H = S! x R3 we get k points yy, ..., yx € R® given
by the hyperkdhler moment map. The matching conditions on the first and the last
intervals are then X, =yjtcr for the x;” for Fix(cy,cf) and xf =y, + cr for the x;'
for Fix(c, ,cf) and j = 1, ..., k. Therefore, in the end we obtain kr points in R>.

On this glued spaces we want to introduce the notation of intervals which will be

needed later. Consider the gluing of Fx(c;,c;") with Fgx(c;,;, ¢/ ;) and denote the
gluing point 400 in Fy(c;, ;") respectively —oo in Fi(c;,, c;f, ;) with co;. We find that

00; € [Aj, Ajy1] in this glued space, so we need a new definition and a new notation for
this to make clear that this is not an interval in R. We set

[[Ai, Aiga]] = [Ai, 00) U (004, Aiy1] (5.23)

with the matching conditions described above (meaning that solutions to Nahm
equations are continuous at co; and gauge transformations are exponentially close
to exp(a;h; — th;) with a; € R and h; € u(k)). We use the same notation for each
connected subset of [[A;, A;11]], whenever oo; is included in that subset.

With the discussion in the previous sections we can write down the metric for every
block. The metric on H is given by the Gibbons Hawking ansatz with @ = ||y|| 7},
while the formula for each of the Fix(c;,c;") can be described by the 2k x 2k matrix ®
as in (5.22) with all ¢;; = 0. The latter statement will be shown later.

The asymptotic metric on the hyperkéhler quotient is then given by the kr x kr matrix
® where all the 2k x 2k matrices for the building blocks are added together viewed as
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5.2 The asymptotic metric

submatrices of bigger kr x kr matrices. Taking into account the matching conditions
this is done the following way: For each i = 1, ..., we label the 4 k x k blocks of the

matrix ® as
D1 | P2 )
d =
( Dy | P

and define the kr x kr matrix ¥' as a block matrix consisting of 7% k x k blocks

i i
11111 Tlr

Y| | ¥r

(a,b) 0 otherwise

fori =1,..,r —1. For i = r we define ¥ as ¥}, = ®1, ¥}, = ®1p, ¥}, = ®»1 and
Y1, = @11 and all other ¥}, equal to zero. Finally, for Y0 we define the (1,1)-block as
diag(||y1]|7%, - ||yx||!) and all other blocks equal to zero. The asymptotic metric is
then defined by the new matrix ® = S/, Y.

There are two steps left. First, we need to determine signs ¢;; in the matrices @ of
(5.22). Secondly, we have to show that the model metric is asymptotically close to the
metric on the bow variety. For both of these steps we need some estimates on the
solutions and on the tangent vectors. To obtain them we need a mapping between both
spaces.

Theorem 5.10. Let M be the model space described above with metric § and M the bow variety
with metric . There is a complex-symplectic isomorphism

$:M— M.

Proof. First, observe that we have shown in chapter that the bow variety M can
be split off into a part that contains the information about the Nahm data and the
fundamental data and a part that contain the information about the bifundamental data
given by T*Maty x(C) which we could identify as a complex symplectic quotient with
an instanton moduli space, because the stability conditions are the same. Therefore,
we can restrict ourselves to M here and still know that we can solve the real Nahm
equation with the boundary condition of M, i.e. with the boundary condition induced
by the bifundamental data being satisfied.

We need to introduce an intermediate space M as the space of solutions («, B) to the
complex Nahm equation (3.21), which are constant and diagonal on each

[[Ai + ¢, Air =],
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5 Bow varieties over an interval

for some ¢ < min{@,i = 1,..,r =1} (cf. l) and satisfy the boundary
condition (5.12), modulo gauge transformations satisfying the matching conditions
g(t) = exp(h;jt — p;) in a neighbourhood of co; for some diagonal matrices h; and p;.
Notice, that the real Nahm equation (3.20) does not need to be satisfied on M;.

constant & diagonal solution to complex Nahm equation

A

k1

jrj:wp K g(t)=exp(h;t-p;) \ Jrj:nl;l
I | |

I | |

A A+C Fo0j=-0;, Ais17C Aisa

glued together

Figure 5.2: The intermediate space M;

The map ¢ will be the composition ¢ = ¢o¢; where ¢; : M — M and ¢o : M — M.
We want to define these two maps and give their inverse mapping. The map ¢ is
given by a complex gauge transformation as in Prop. sending a solution («, )
of Nahm equations to a constant and diagonal solution of the complex equation on
[[Ai + ¢, Aiyr — ¢]] with g(eo;) = 1 and g(t) = 1 on each [A;, A; + 5] U [Aiy1 — 5, Aiga].
The inverse mapping is given by solving the real Nahm equation via a complex
gauge transformation that is exponentially close to exp(h;t — p;) near oo; for some
diagonal matrices ; and p;. For this we first choose a bounded gauge g; on each
(—o0j_1,Aj) U (A4, +00;) satisfying the matching condition at A; to solve the real equation
there. The T* action extends to a global (C*)¥ action (using corollary 8.2 of [Bie99]),
which allows us to replace the g; on the subinterval with a global gauge transformation
<(s), which solves the real equation and satisfies the condition near the oo;.

The map ¢, : M; — M is given by restricting the solutions to the complex equation
to the union of [[A;, % +2)‘ 1)) U [[2 +2/\ ©1Ait1]] viewing them as solutions to the complex
equations on [A, Ax_1] and then solving the real equation as in Hurtubise [Hur89]
and knowing that the boundary conditions belonging to the ends of the intervals are
satisfied. The inverse mapping is given as follows: We take an element («, ) in M
and use a complex gauge to make it constant and diagonal on each [A; + ¢, A1 —¢].
We cut this off at the center of each interval and extend the solution to the complex
equation trivially to [[A;, Aij1]]-

The map ¢ respects complex symplectic forms as it is a composition of complex
gauge transformations with restrictions and extensions of constant solutions which both
respect complex symplectic forms. Hence, ¢ is a complex symplectic isomorphism. []

We can now obtain estimates on the solutions to Nahm equations. As in both the
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5.2 The asymptotic metric

bow variety M and the model space M the bifundamental data are represented by
a quaternionic space that carries the standard flat hyperkéhler metric, we only need
estimates for the other part, which carries the information about the Nahm data. We
start with the model space and consider a regular solution («, ) to Nahm equations on
the half line [x, +00). Regular means that that the eigenvalues of B at 4o are all distinct,
i.e. min{|B;;(4o00) — Bjj(+00)|;i # j} > & > 0. For every € > 0 we can conjugate & and
B into lower triangular matrices on [x + €, +o0) and obtain a priori estimates

o ()] + |Bij ()] < Me™ i (5.24)

fori>j, t>x+e, Rz‘j = |Rea;;(+00) — Reaj]-(+oo)| + |,Bii(+o°) — ,Bjj(+00)| and M, A >
0 being constants depending only on ¢ and € and

|Reocz-z-(t) - Reocii(+oo)| <K (525)

forall i, t > x + € and K > 0 being a constant depending only on é and €. This has
been shown in [Bie96]]. The real Nahm equation then yields

n n

ZiRe“ii = (o, afi + [B7, Bli = ) (i — i) + Z(:Bjigji — BiiBy;)

=1 =1

n
=> | (il* + 1Bji*) = (lais* + B4 )
=1 «,B lower triangular = one term =0 Vj

n

i—1
S = (P + 1817 + D (lail* + [Bjil)
=1

j=it1

< (Jji)* + 1B;il*)
—

-
Il

n
<7 (lagi] +18i)?
i+1

.
Il

n 2
S (Me—)\R,'jt>

j=i+1

+

Integrating this expressing from t to +oco and redefining the constant M yields
M _oare
\Rezxii(t) - Reaii(—koo)\ < fé‘ , (526)

where R = min R;;. We have the gauge freedom to make Ima;; constant on [x + €, +00).
Further, we can use ¢; to obtain estimates on the intermediate space. Let (& ) =
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¢1(a, B), then & is constant and diagonal on [[A; + ¢, Aj11 — ¢]] and equal to a(oo;)
because of the condition g(co;) = 1. Hence we obtain the following estimate:

0 ift e [)\i,/\i + %] U [/\i+1 - %,/\pﬂ],

' (5.27)
(’)(R% exp(—AR;t)) ift € [[Ai+c Aivg —c]].

& (t) —a(t)] = {

As the commutator of two lower triangular matrices is strictly lower triangular, we
obtain % B(t)ii = 0 so even stronger estimates for f. Hence, using ¢, we obtain (after
cutting off solutions) a solution (&, B) to the complex equation satisfying

F(&,pB) := jt(& +a") + [&,a"] + [B, B'] = O(exp(—AR)) (5.28)

for the expression in the real equation. The construction in [Don84] and chapter 2 of
[Hur89] shows that there is a unique element of the quotient G¢ /G such that every
element g(t) in the orbit sends (&, B) to a solution of the real equation satisfying the
boundary condition (i.e. the rank one jump) and hence to an element of M. The
above estimates yields the following estimates on this gauge transformation:

§'g— 1] = O(e ™) (5.29)

uniformly on [Aq, A¢]. To show this we start with a convexity theorem (Lemma 2.10
in [Don84]), where we have estimates . Following the construction we obtain
a solution to the real Nahm equation on the interval [A;, Ai;1] via a complex gauge
transformation g;(t) with g;(A;) = gi(Ai11) = 1, ¢7g; uniformly bounded by O(e k)
and |gf(t)gi(t) — 1| < (t — w;)ce *R near A; and near A;;1 analogously. This solution
will not satisfy the boundary conditions, but the last inequality shows that the jump at
the boundary points is of order(e~*R). Hurtubise shows in Lemma 2.19 - Prop 2.21 of
[Hur89] that there is a unique complex gauge ¢’ such that the boundary conditions are
satisfied. In this construction the transformation g’ is measured by the logarithm of the
biggest and the smallest eigenvalue ¢ and 6 of g''¢’ as in Lemma 2.10 of [Don84]. The
construction yields estimates on the jumps of the derivatives of ¢ and 6 (i.e. A¢ and
A are of order e *R) at the boundary points and on ¢ and 6§ themselves too, which
are given by ¢(y;) = cAd + (e~*R) and similar for 6. Hence, ¢ and 6 are both of order
e~ and sois |gtg —1].

These are the estimates we need on the solutions. We continue with estimates on the
tangent vectors. Writing a = fo + it; and b = t, + it3 for a tangent vector (to, t1, 2, t3),
then 2 and b have to satisfy

a=[a',a] +[B', 1]

b= [B,a] + [ba] 530

as well as the matching conditions at the boundary points. As above, taking x]i =
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5.2 The asymptotic metric

(xji,z].i) on every factor Fix(c;,c;") and y;j on H¥, we define

R* = min |x{ —xji\ + |z —z]ﬂ; i#j,
Z* =min |z —z]i|,' i #j,
+

S =min|x; — x| +[z; —z;

and analogously for the H* factor. Then we have the following proposition from [Bie99]:

Proposition 5.11. For any J,€,v > 0 there exist constants M,C, A > 0 depending only on
k,e, 6, v with the following properties:

Let ((a=,B7), (a*BT)) be a representative of Fx(0,0) with Z* > 5 >0,S > v > 0
and R*,R~ > C as above and ((a—,b™), (a*tb")) a tangent vector at ((a—,p~), (a™BT)).
Further, let

A% =™ (=00)[* + [b™ (—00)[* + [a ™ (400) [* + [b7 (+o0) [°.
Then for all t > € the following estimates hold:
4 () — 0 (—e0) | + b~ (1) — b (—o0)| < Me K 4, (531)
|t (£) — a* (400)| + b (£) — bt (+00)| < Me M A, (5.32)

Proof. The proof is as in [Bie99]. As the proofs are completely analogous, we only
consider (a™, ) and omit the superscript +. We only need to consider the normalized
case A =1 and the can again assume that « and p are lower triangular for |f| > €. Let
us choose C such that the right hand side of is small compared to Rgl and the

right hand side of is small compared to R~!. Then, writing y for the diagonal
components of a and b and x for the off-diagonal components, the tangent equations
(5.30) yield

y=A(t)x, |A(t)| < Me K, (5.33)

by using the estimates on & and B and the fact that the tangent equations are linear in a
and b. Differentiating them again we have

i = [a', [a",a] + [B*, b]] + [B*, [B,a] + [b,a]],
b=1[p,[a',a] + [B",b]] + ([, a] + [b,a],a]

This is again linear in @ and b and we obtain by direct computation
i=D(t)x+B(t)y, |B(t)] < Me !, Is>0Vz:Re(D(t)z,z) > s?R%|z|%.  (5.34)
This is true, because the diagonal entries of D are of the form

j—1 k i—1 k
2Re((wii — ajj)*) + 2|Bii = Bjjl* + Y _ BuiBuj + D BinBju+ > BinBin+ DO Buibi
n=1 n=1

n=j+1 n=i+1
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5 Bow varieties over an interval

where the last four terms are exponentially small (cf. (5.24)) and the off diagonal
terms look more complicated but are also exponentially small. As R was defined as
the minimum over terms of the form of the remaining first two ones here, the second
inequality follows. The first inequality follows directly from the computation of the
coefficients of the diagonal terms in 2 and b.
Let ty € [€, +00] be the first point for which |x(to)|?> + |y (to)|* < |a(+00)|*> +|b(+0)]? <

1. Then X := sup{x(t)|t € [e, 4]} and Y := sup{y(¢)|t € [€, +c0]} are finite and we
can integrate to find

y(t) —y(to)| = 1~ (5.35)
Now, consider the solution to (5.34) with D(t) = const such that we have
X = A’R?% + B(t)y.

With the above discussion for y and |B(f)| we can make the last term as small as
we wish and obtain a stable solution ¥ ~ ¢~*Rf. With an appropriate choice of the
multiplicative constant, we can use the comparison theorem (Lemma 1.8 of [Bie96]) to
obtain

x(8)] < |x(tg)|[MYe *R(—t0), (5.36)

Therefore, the estimate holds for t > t( (taking larger R if necessary). For the
proposition to hold we need to show the estimates for t € [¢, ty]. To see this we need
to calculate the length of the vector ((a=,b7), (a*,b")) in the metric of F(—¢, €). Let
so € [—oo, —€] be the number with the same properties for =, ,a~,b~ as ty for
atBT,a",b". We have

L?> /s:o(la‘(lf)\2 b7 — a7~ (—00) > — b7 (—o0) [*)dt

4 [ OF + 1o (0 ~a(—o0) P~ b (—e9) )t

S0

[P o (0P ropa 63

+ /e (at (O +6H (O~ Ja* (+00) P — [b* (+o0) )t

—+o0
+/¢ (Ia* (O + b7 (1) — |a* (+00) 2 — [b* (+o0)|?)dit.

The first and the last line are bounded, because we already showed that the estimates
hold for t > t; (and analogously for s < sp). This can be seen by replacing |a*(t)|?
with |a* (£00) + a*(t) — a*(d00)|? and similar for |b*(t)|?>. Hence we have (here the
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5.2 The asymptotic metric

calculation is for the + case suppressing the superscript)

(D) + [b(£)2 = |a(e0) [* — [b(c0) |*)dt

—
3
N

= /too(\ﬂ(w) +a(t) —a(c0)* + [b(00) +b(t) — b(e0) |* — [a(e0) [* — [b(c0)[?)dt

< /too((!a(oo)l +la(t) —a(e0)])? + ([b(e0)| + [b(t) — b(e0)])* — |a(o0) |* — [b(0) [*)dt

</ " (2(Ja(e0) |+ [b(eo)])(Ja(t) — a(eo)| + [b(¢) — b(eo)])
+ (a(t) — a(eo)| + [b(t) — [b(e0) %)t
< [ (@la(eo)| + [b(e0))Me KA + (Me R 4)%)dt

MA

- M?A%
:2(|a(°°)‘+|b(00)|)ﬁe ARty 4 27 L0 ,=2)Rty

2AR ’

which is bounded. Hence, we can write
+o00
/ (la* () + 67 ()7 = |a* (+00) > — [0 (+00) [P)dt < p(k, 6, €)
fo

which can be made arbitrary small by changing C (i.e. taking larger R). The expressions
in the three middle lines are non-negative because of the definition of the points fy and
so- Writing T for the sum of the first and the last line we have T < L2 + 2p. From the
actual form (5.22) we find a bound L? < P for some P > 0 depending only on k€, 4, v.
Hence, T < P'. If both t; and —s are smaller than 2e we are done (by replacing €
with 2e¢), thus let us take ty > 2e. Since the integrands in the second and fourth line
are non-negative there must be a point #; € [¢,2¢] with |a®(#)[> + [bT(#)|> < P'/e.
Repeating the argumentation in the beginning of this proof with t; replacing to shows
that the estimate holds for t > 2e. A similar argument works for sg < —2¢. O

We can strengthen the last results to the following [Bie99]:

Lemma 5.12. We the same assumptions as above we obtain estimates (with Riﬂ]? = |xF —

1
+ -
|+ 1z =z ])

—ARt

a5 (=) + b ()] < Me ™",

(5.38)
—ARF
(1) + b (5] < Me *'A

foralli#jandt > e.
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5 Bow varieties over an interval

Now we have all estimates we need for determining the signs in (5.22) and showing
that the model metric is asymptotically close to the metric on the bow variety.

Lemma 5.13. All ¢;; in the formula are equal to zero.

Proof. Using the form for the norm of a tangent vector to Fi(c™,ct) with
€ = ty) = —sp = 1 we find by the same calculation that for sufficiently large R we have
[o]| > pA2.

On the other hand, if we take we can calculate the length of a tangent vector
to a point x € Fx(c™,c™) explicitly. We choose the point x such that S(x) > v > 0
as before and R arbitrary large. Then all terms in the metric proportional to 1/R are
arbitrary small, therefore only the terms proportional to —H(x%);l_j” contribute where
i<k, j>kori>k j<k Now, we find a tangent vector v at x such that if any
€jj = 1, the corresponding term above contributes to the length of the tangent vector
as < cA?/v because ||x; — xj|| > S(x) > v for such a pair x; and xj. Hence, we have

||o|| < cA?/v and this is a contradiction. O
Let
R =min{||lys — yoll, ||%ia = xi|| : i=1,...,vr =1, a,b=1,...,k; a # b}
and
Z = min{||w, — wp||, ||zia — zp|| : i =1,...,r =1, a,b=1,..,k; a # b}

where x;, = (xj;,Re zj,,Im zj;) and y, = (y,, Re w,, Im w,). Observe that for R — oo
the spectral curve degenerates to a union of lines, since we obtain diagonal limits for
the Nahm data. We have the following theorem:

Theorem 5.14. Let
U(7,6,C) = {z € {x y}|Z(z) 26 >0, R(z) > C, {"®F > 7|¢|* v{ € RV},
where C = C(y,d) is given in a way such that all above estimates hold. Then,
¢*g < (1+Me g (5.39)

on U(7y,9,C) for some A, M > 0 depending only on 6 and -y. Here, the map ¢ is given as in
5.101

Proof. First, observe that the spaces T*Mat;(C) and HF representing the bifunda-
mental data both carry the standard flat hyperkéhler metric (which can be written in
appropriate coordinates in the Gibbon-Manton form with ® = ||y||~! as above). As
we have seen, the map ¢ guarantees that the boundary conditions of the solutions of
Nahm equations with the bifundamental data are satisfied. Therefore, we can again
restrict ourselves to the Nahm data. The proof is the same as the one of theorem 9.2 in
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5.2 The asymptotic metric

[Bie99]. As v > 0 the metric is positive definite and quasi isometric to the flat metric.
Let (a,b) be a tangent vector to U(+y, d, C) of norm equal to 1 in this metric. Then

Z(!ﬂ(ooz')l2 +1b(eo)[?) < B,

where B depends only on 7. By the same argument as above we obtain estimates of the
form (5.31) and (5.32). For t € [[A; + €, Ai11 — €]] we have

|a(t) — a(o0;)| + [b(t) — b(eo;)| < Me "B, (5.40)
We also have the stronger estimates from lemma Writing the metric § of the model
space as in (5.37) with € =ty = —sp = ¢ we obtain by the same calculation as before
r Aitc
Z/ (Ja()? + |b(H)2)dt < MB. (5.41)
i=1 )\l‘—C

We now use the map ¢ = ¢1¢, to compare with the metric of the bow variety. The
map ¢; was given by an infinitesimal gauge p(t) which can be uniformly estimated by
O(e ™). Conjugating with such a gauge transformation pap~! and pbp~! still satisfy
the estimate and further |||(pap~!, pbp~1)|| — 1| = O(e~*R). This is not yet the
tangent vector d¢(a,b) to the intermediate space, because this has to be constant
and diagonal on each [[A; 4+ ¢, Aj41 — c]]. To obtain this tangent vector, we use an
infinitesimal gauge transformation p; with p;(c0;) = 1. This changes the norm of
p(a,b)p~! by something of order e~*R [Bie99] and the estimate still holds.

As in the construction of ¢ we continue by restricting d¢;(a,b) to [A1, ..., Ar]. Now,
the norm of d¢(a,b) in the metric § of the model space is the same as the norm of the
restriction (4, b) of the tangent vector to M in the metric g of the bow variety, because
d¢s(a, b) is constant and diagonal on the union of [[A; + ¢, Ai+1 — c]]. To obtain a tangent
vector to the bow variety, we need conjugate by the complex gauge transformation g(t)
as shown above such that the real Nahm equation is satisfied. Using and the
estimate on the gauge transformation (5.29) we find

|l1gag ™", gbg™"|| — 1| < Me ™R (5.42)

for some M, A > 0 depending only on - and é. The vector g(2,5)g~! needs to satisfy
the conditions to be the tangent vector d¢(a,b) to the bow variety. This can
be achieved by a complex infinitesimal orthogonal gauge transformation [Bie99] and
therefore, the norm does not increase. O

5.2.6 Example

To finish this chapter, we want to consider an explicit example of an asymptotic metric
for this type of bow variety. We choose a bow diagram as above and consider a
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rk 2 rk 2 rk 2

}\O ?\1 }\2 )\3

Figure 5.3: Bow diagram for a single interval with two A-points

representation consisting of two A-points and all hermitian vector bundles are of rank
2. Hence, we have the following bow diagram:
This means the model space is the hyperkdhler quotient of
Foo(cy,cf) x Baales, cp) x H?
by the torus action. On each of the [, (c; ¢;") we have coordinates ('x;,'x; ,'x{,'x5)
with i = 1,2. The moment map condition for the level set of zero at +oo for [, (c;, ¢} )
and —oo for F,,(c;, c; ) which we glue together yields

() = (g, 2x) =2 (xa,x2).

These coordinates x; are the same as the x ; for the middle interval [A1, Az] as above.
Since we have only one middle interval, we can drop the first index in the subscript.
We obtain another two points y1,y2 for the factor H2. The level sets of the moment
map at the boundary points —co for F,5(cy,¢f) is ¢, and the one at +oo for [, (c; )
is cg as in (5.8). The moment map conditions are then

(1Xf/ 1XE) = (y1+ecLy2+er)
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and

(2x1+,2x2+) = (y1+Cr, y2 +CRr)-

Hence, the rk = 2 - 2 points we obtain as coordinates are (x1,x2,y1,y2). We have to
calculate the matrix ® in the Gibbons-Manton metric to obtain the asymptotic metric

for this bow variety. For the two building blocks 1:"2,2(61-_, cj’) we obtain matrices

: Py | D
ip— (1| w2
Dy | "D
which are assembled together with a contribution diag(||y1||~}, ||y2||~!) from the H?
part to a matrix

®— ( '@y + 2P + diag(||y1]| ! [yl ") | ' Pi2 + 2P0 >
1Dy + 2@y | 1Dy + 2y

The two matrices of the building blocks are the following. For 152,2(61_ , cf ) we have
coordinates (1x1_ , 1x2_ , 1xf , lx; ) = (y1+cL, y2 + cr, x1,x2) and therefore, we obtain the

contribution
1(111 o 1 o 1
) |\Y11—Y2|\ |\Y1+61L—X1H |\Y1+ClL—Xz||
1p = vl 2 Tyt Tyeteol
Tl ol Tyatexll 38 Tl
Syl Tlyzte—xl| [ha—xa] 44
with diagonal entries
11111 = Cl_ — 1 + ! + ! ’
lyr =yl llyr+ec—xall * [lyr+ecL — x|
1a22 = Cl_ — 1 + 1 + ! ’
ly1 =vyall * lly2+e—xll  [ly2 +cL — x|
U S 1 . 1 ,
x1 =x2||  lyr+eL—xall * [ly2 +cL — x|
. 1 1 1
%= el Ty rer—all | lya el

For the second space Fyo(c5

7
tification (le_,zxz_,fo,zx;)

is the matrix

c5) the coordinates are (>x;,2x, ,%x]",2x] ) with the iden-
= (x1,X2,y1 + Cr, y2 + cr). Hence, the contribution to ®

2, 1 B 1 B 1
1 [1x1 —xa]] [My1+cr—x1]| [ly2+cr—x1]|
a3, Ty T
2 — H’il—XzH 2 . [[y1ter—x]] H}1’2+CR—X2H
- — a
||Y1+61R*X1|\ HY1+61R*X2H 133 Hyzﬁyzl\
- - — a
[ly2+cr—xa| [[y2+cr—xal] [ly1—y2ll 44
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5 Bow varieties over an interval

with diagonal entries

T S —— ! - !

T2 T g =l T Tlyi+er—xal] | Tly2+ ek —xal|

2000 = ¢y — L + ! + !

272 T k=l lyr +er —xl]  [ly2 +er — x|
1 1 1

2 +

asz3 = C, — + +

P2y vl lyn rer—xall | [y +er — x|
1 1 1

25144ZC2+

- + + .
llyr—vy2ll  lly2+cr—xil|  |ly2 +cr — x|

Here, c; and cr denote vectors having every component equal to ¢y, or cg respectively.
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6 Outlook

In this thesis, we described bow varieties as hyperkéhler quotients of the solution space
of Nahm equations with certain boundary conditions and we also gave an algebraic
description in terms of flows on the Jacobian variety of some spectral curve defined by
the Nahm equations using the Beauville correspondence.

This gave us enough information to explicitly construct the bow variety consisting
of one interval with one arrow and a representation with » A-points and Nahm data
of rank k on each subinterval (i.e. we described Nahm data with r rank 1 jumps) in
chapter 5| We also found an asymptotic metric for it, which gave us the interpretation
of a deformed instanton moduli space over the Taub-NUT space.

There are several possible generalizations of this which are worth to consider. One
would be taking the same bow, but choosing a representation with different ranks of
the Nahm data on the different subintervals. The inner boundary conditions would
not stay the simple rank 1 jump, but Hurtubise and Murray also discussed that case
in [HHM89] for the conditions on the spectral curve. Bielawskis construction of the
asymptotic metric does have methods for different ranks, too, so it seems that our
constructions should be adoptable to that case.

Another generalization would be to discuss deformed instanton moduli spaces over
higher Ax-ALF spaces. Our construction should also work in that case and should
produce similar results, because the boundary conditions stay more or less the same.
On the inner of each interval, we still have rank 1 jumps and the boundary conditions
corresponding to the arrows also remain the same, as we still get the same spectral
curve on the subintervals the arrows connect. We simply have more of these kinds of
conditions to consider.

Of course, we could always choose more complicated underlying quivers and try to
adapt our construction, especially the ones Cheris identified with Dy-ALF spaces. But
these more complicated bow varieties contain more difficult boundary conditions on
the arrows and more work is needed to find a suitable expression for those cases.

Finally, one could expect that our bow variety M is isometric to the moduli space of
instantons on a non-commutative Taub-NUT, because in a recent but not yet finished
series of papers ([CLHS21b]) Cherkis shows that for c;, = cg the bow variety is isometric
to an instanton moduli space on a (commutative) Taub-NUT space.
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